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Abstract 
 
This paper considers transmission over a 

fully asynchronous multi-access waveform channel. 

Sparse signaling turns out to maximize achievable 

transmission rates on this channel, as for the derived 

capacity-optimal signaling, number of transmitted 0’s 

greatly exceeds number of transmitted 1’s. Simulation 

results are also presented for a turbo coded 

communication system that utilizes the derived sparse 

signaling and achieves promising transmission rates. In 

addition, the sparse-signaling approach turns out to be 

beneficial also in case of frequency-hopping CDMA.  

 

1. Introduction 
 

This work is originally motivated by code-division 

multiple access (CDMA) technology used in optical 

CDMA networks, CDMA military communication 

systems and 3G wireless cellular phones that use code-

division multiplexing as a means to share multiple-access 

channel medium [1],[2]. Some future applications and 

extensions of this work can be also envisioned for the 5G 

(fifth generation) wireless systems that also rely on non-

orthogonal transmission techniques [3]. Due to practical 

implementation issues, single-user demodulation and 

decoding have been mostly adopted in the 

abovementioned technologies, as single-user 

demodulation and decoding offer lower demodulation and 

decoding complexity when compared to the multi-user 

demodulation/decoding.  

 

Traditionally, “non-sparse” signaling has been used in 

various communication systems relying on uniform 

(equiprobable) usage of +1 and -1 or 0 and 1 chip symbols 

[1],[9]. However, several recent results have demonstrated 

that non-uniform sparse signaling can significantly 

improve performance of CDMA systems that use single-

user demodulation and decoding at the receiver for 

symbol-synchronous transmission [4]-[8]. In effect, such 

capacity optimized signaling relies on sparse use non-zero 

symbols on the multi-access channel, which in turn yields 

better achievable information rates due to reduced multi-

user interference on the channel. Transmission with 

capacity-optimized sparse signaling also leads to non-

Gaussian multi-user interference, which has smaller 

variance than the traditional Gaussian distributed multi-

user interference which occurs for in case of uniform 

signaling.  
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Figure 1 Symbol-asynchronous continuous-time multi-

access waveform channel from this paper:  

(a) Conceptual illustration showing two symbols from 

each interferer (Xi
+
 and Xi

-
), affecting the desired symbol 

X1  sent by  user 1. 

(b) Overall schematic block diagram of a K-user symbol-

asynchronous multi-access transmission system. 

 

The structure of this paper is as follows. Section 2 reviews 

channel model of the considered multi-access 

communication problem with symbol asynchronous 

transmission. Section 3 presents  relevant information 

rates for this channel that illustrate potential benefits of 

using sparse signaling in terms of achieving channel 

capacity and significantly outperforming traditional (non-

sparse) signaling. Section 4 presents simulation results for 

a coded communication system that uses the derived 

sparse channel signaling. Section 5 contains discussion of 

the frequency-domain dual problem and Section 6 

provides discussion, concluding remarks and directions 

for future work.   
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2. System Model 

 
We consider a K-user continuous-time binary multiple-
access channel where each user transmits independently 
without any synchronization or cooperation with other 
channel users. Consequently, waveforms from different 
users arrive on the channel with different delays and the 
symbol-asynchronous arrival of waveforms from different 
users on the continuous-time channel is conceptually 
illustrated in Figure 1 (a). We will also assume that the 
user-delays take random values from a uniform 

distribution over the symbol-interval, i.e. [ ]0,k cTτ ∈ , 

where kτ is the delay of user ‘k’ and Tc is the symbol 

interval. All users are symmetric and single-user 
demodulation is used at the receiver, as is shown in system 
block diagram in Figure 1(b).  
 
If, without any loss of generality, user 1 is considered as 
the target user during the symbol-interval [0, Tc], the 
received signal on the K-user continuous-time channel can 
be written as,  
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where X1 is the binary symbol sent by user 1 during time 

interval [0, Tc], k
X − and 

k
X + are the previous and current 

symbols of user ‘k’, as shown in (1), s(t) is the continuous-
time modulation waveform used by the users and n(t) is 
the additive white Gaussian noise (AWGN) affecting the 
received signal. The single user matched filter is used at 
the front end and the result is a discrete-time channel 
output for target user 1, 
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where we consider s(t) to be a unit-intensity rectangular 
pulse on the symbol interval [0,Tc] to obtain (3) from (2). 
Furthermore, n1 is the Gaussian noise sample affecting the 
received signal in addition to multi-user interference 
(MUI). For the remainder of this paper, we consider binary 
transmission with symbol X1 taking values 0 and 1 with 
corresponding probabilities p0 and p1=(1-p0). 

 

3. Sparse Signaling to Achieve Capacity 
 
For the channel model from equation (3), we have 
numerically evaluated the mutual information on this 
channel as a function of channel input probability p0. This 
was done by averaging I(X1; Y1) over multiple realizations 
of the independent, identically distributed channel delays 
uniformly distributed on interval [0, Tc]. To eventually 
determine the sum capacity of this multi-access channel, 
Figure 2 shows the numerically evaluated information rate 

K×I(X1;Y1) as a function of p0 for K=70 users and different 
values of the channel signal-to-noise ratio (SNR). 
 
It is interesting to note, that appropriate sparse-signaling 

(very low value of p1=1-p0) allows achieving the largest 

information rate on this channel, as it lowers detrimental 

multi-user interference yet preserves sufficient sum-rate 
on the channel. Table 1 contains the exact values of 

capacity achieving p0 and corresponding sum capacity in 

bits per channel use.  

 

Figure 2 shows that traditional non-sparse signaling that 

relies on p0 close to 0.5 is significantly less efficient in 

terms of achievable data rates than signaling with 

optimized p0. One can also observe that the capacity-

achieving signaling will be very energy efficient, as it 

relies on sending mostly ‘0’ symbols that do not require 

transmitting waveforms with energy, as opposed to 
sending ‘1’ symbols .  

 

Figure 2: Numerically evaluated mutual information on 

the considered multi-access channel versus the probability 

of sending zero symbol for K = 70 users with channel 

SNR 10, 20, 30 and 40 dB.  

Table 1: Capacity Values and corresponding capacity 

achieving optimum channel input probability values 

achieved with binary signaling and AWGN for K = 70 

channel users. Values are obtained using the histogram 

based amplitude quantization method. 

SNR value 

(dB) 

Capacity (bits per 

channel use) 

Optimum input 

probability  of 

symbol ‘0’ 

10 1.3345 0.9910 

20 1.5714 0.9920 

30 1.7835 0.9920 

40 1.9205 0.9920 



4. System Performance Simulation 
 

In addition to numerical channel capacity and information 

rate analysis in Section 3, we have also designed and 

simulated a coded communication system that uses the 

capacity-optimal sparse signaling. The overall system 

architecture is based on Figure 1(b), where the Encoder 

module at the transmitter consists of a rate 1/3 Berrou’s 

parallel concatenated code (without puncturing) [10] and 

a discrete-time modulator.   

 

At the transmitter end, each user’s information bits get 

first encoded using the considered turbo error-correcting 

code with pseudo-random interleaver of size 20,000. 

Then, the turbo encoded bits are passed through a 

discrete-time modulator from [5,6] that ensures through 

zero padding and additional interleaving that channel 

symbols 0  and 1 are used with probabilities close to the 

capacity-achieving ones from Section 3. Consequently, 

the discrete-time symbols are passed through a 

continuous-time waveform generator and sent through the 

AWGN channel. After the appropriate matched filtering at 

the receiver (and eliminating the zero-padded symbols), 

the discrete-time noisy samples are soft-decision 

demodulated and iteratively decoded by the turbo 

decoder. Random interleaving/de-interleaving is used 

between constituent decoders of the turbo code, and the 

BCJR algorithm is used by each constituent decoder at the 

receiver side.  

 

The system performance is shown in the simulated bit-

error rate and packet-error rate curves in Figure 3 (a) and 

(b). The needed sparse channel usage discussed in Section 

3 was achieved through setting

 
1 0.0160 / 2chp P= =   at 

discrete-time modulator and the channel SNR was set to 

22 dB. Consequently, up to K= 117 could be supported 

with target BER not exceeding 10-4 after 18 decoding 

turbo iterations. Thus the achieved spectral efficiency at 

this target BER is given by 

              

1
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5. Extension to Frequency-Domain Signaling 
 

The usage (and capacity benefits) of sparse signaling can 

be extended to frequency-domain signaling, which can be 

viewed as a dual of the considered time-domain problem 

from previous two sections. In particular, we can consider 

frequency-hopping CDMA [11], where the total 

bandwidth available for transmission is divided into sub-

bands by using different sub-carriers.   

 

As conceptually illustrated in Figure 4 for orthogonal sub-

carriers, during each time-slot a frequency-hopping 

CDMA user transmits data symbol using a narrow-band 

modulated signal inside a selected sub-band. The used 

band is usually based on a user-specific pseudo-random  

 

 

Figure 3 System simulation of sparse sub-Nyquist 

signaling with binary transmission. Berrou’s 1/3 rate 

parallel concatenated code is used for error-correcting 

code. Both multi-user interference and AWGN are 

channel impairments: (a) BER against the number of 

channel users; (b) Packet-Error Rate against the number 

of channel users after 18 decoding iterations. 

 

frequency-hopping pattern, as conceptually explained in 

Figure 4 and its caption. Different frequency-hopping 

CDMA users will have user-specific pseudo-random 

hopping patterns, allowing a receiver to tune into 

transmission of a desired user by following this pattern. A 

receiver applies single-user demodulation/decoding 

approach, due to implementation complexity reasons, thus 

treating interfering signals from other users as noise due 

to multi-user interference.  

 

At a given time and frequency slot, the received signal 

after matched filtering can be described as 
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where the model assumes Xi=0 when user i is not using 

the given frequency-time slot or is sending a ‘0’ data 

symbol, while Xi=1 if binary symbol ‘1’ is sent by user i. 

Using similar capacity analysis method as in Sections 3 

and 4, one can determine the capacity optimal signaling 

for frequency-hopping CDMA system with single-user 

demodulation/decoding. The optimum channel input turns 

out to be based on sparse signaling with p1 being 

approximately 1/K, while using “non-sparse” signaling 

with p1≈p0≈1/2 in frequency domain yields information 

rate by about 14 percent smaller than the sum-capacity of 

0.84 bits per frequency-time slot. One way to explain this 

result is that it is desirable to allow only certain number of 

users to be active and send data symbols, while the 

remaining users keep quiet,  reducing multi-user 

interference in each given frequency-time slot.  
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Figure 4: Conceptual illustration of frequency-hopping CDMA 

with K=2 users, where one CDMA user (Green) has frequency-

hopping sequence 1, 5, 2, 3, … and another CDMA user (Red) 

has frequency-hopping sequence 2, 3, 2, 1, … 

 

 

6. Conclusion 
 

The sum capacity of an uncoordinated asynchronous 

multiple access channel with single user demodulation at 

the receiver has been studied in this paper.  When no 

approximation of the multi-user interference on the 

considered waveform channel was done, optimized sparse 

signaling has been shown to significantly outperform 

traditionally used uniform (non-sparse) signaling.  

 

Our current and future work includes obtaining closed 

form expressions for the information rates on the channel, 

extending the results to non-binary signaling and 

optimizing the coded system design in order to achieve 

near sum-capacity performance. Furthermore, we are 

exploring the use of other modulation waveforms and 

spectrally-efficient frequency-division multiplexing 

affected by inter-carrier interference instead of orthogonal 

frequency division multiplexing. 
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