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Abstract

The electromagnetic 2-D scattering from a red blood cell
model is analyzed by using Muller boundary integral
equation (MBIE) method. The accuracy and smoothness
of the solution are improved by applying Nystrom-
type discretization. We present numerical results on a
single RBC in the different major phases of mitosis.
The simulations show that the cell shape, as well as the
cell orientation, have a large influence on the scattering
properties of RBCs.

1 Introduction

The scattering of electromagnetic waves by dielectric
particles is a problem of interest in many applications
ranging from remote sensing to radar meteorology
and biological sciences [1]. Red blood cells (RBCs),
also known as erythrocytes, are the major scattering
particles in whole blood due to their dominant
volumetric concentration and high scattering cross-
section [2]. Scattering cross section values of an RBC
provide essential information on the morphological
properties of the cell. The boundary IE (BIE) techniques
are one of the most popular computational tools in the
scattering of waves by 2D homogeneous dielectric bodies,
being more economic than volume IE. The spurious
eigenvalues are absent for the Muller boundary integral
equation (MBIE), which is a pair of coupled second-kind
IEs for the field components tangential to the scatterer
contour [3], [4]. In this paper, we present a comparative
study of scattering from a single healthy RBC. Scattering
cross section values for different RBC shapes and different
cell orientations are obtained accurately and efficiently
using Muller boundary integral equation (MBIE) technique.

2 Problem Formulation and MBIE Method

Consider a two-dimensional model of a blood cell Di with
permittivity, εi(λ ), permeability, µi(λ ), and cross-section
contour L. The host medium De has εe(λ ), and µe(λ ),
respectively (Figure 1). The time factor e− jωt is assumed
and suppressed throughout the paper. In a single-shell
model, the biological cell is considered as a homogenous
conducting particle enclosed in a conducting shell. A brief
view of the structures of the diffferent-shaped shell models

in a homogeneous suspending medium is depicted in Figure
2, and the equivalent complex permittivity of the cell is
calculated by [5]:
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with γ = 1+ d/R, where εmem and εcp are the complex
permittivities of the cell membrane and cytoplasm,
respectively. R is the radius of the cell and d is the
membrane thickness. The boundary contour of a blood
cell at different stages of cell division can be properly
parametrized in polar coordinates by Cassini’s oval [6]:

r(θ) =
√

b2 cos2θ +
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b4 cos2 2θ +a4−b4. (2)

By varying parameters a,b in (2), we obtain boundaries
from circle and oval to a dumbbell-shape contour.

Figure 1. Problem geometry and the parametrization of
the contour.

(a) Circular Cylinder
(b) Elliptical Cylinder

Figure 2. Single shell models for different-shaped
biological cells in a homogeneous suspending medium.

The Muller-type boundary integral equations [3] for
unknown equivalent currents at the boundary of 2-D
scatterer are formulated as follows:

U(~r)+
∫

L K11(~r,~r′)U(~r′)ds′−
∫

L K12(~r,~r′)V (~r′)ds′ =U i(~r), (3)
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where ~r = (x,y) and ~r′ = (x′,y′) are the integration and
observation points, respectively. U corresponds to the field
components Ez or Hz depending on polarization, in the
domain Di (Figure 1). Furthermore, V (~r′) is the limit
value of the normal derivative of the total field on the
closed contour L of the scatterer from the inner side of it,
the normal unit vector ~n is directed to the outer domain
De, ds′ is the elementary arc length, and the constants
are pi,e =

1
µi,e

in the E-polarization case and pi,e =
1

εi,e
in

the H-polarization case. The primary field and its normal
derivative are U i and V i, respectively.

The kernels of the MBIE have the following form:
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where G(i,e) = G(i,e)(~r,~r′) = (i/4)H(1)
0 (k(i,e)ρ) are the

Green functions of the corresponding homogeneous media,
ki = ke

√
εiµi, and ρ = |~r−~r′|.

For the case of piece-smooth contour [7], [8], we appro-
ximated unknown equivalent currents in (5), (6) with a
step-constant function. In our case, when the boundary is
smooth and has a regular 2π-periodic parametrization, the
Nystrom-type descretization [4], [9] using trigonometric
approximation of integrand functions is more convenient,
as it leads to exponential convergence of numerical
solution.

For the near-field computation, we use (3), which is valid
both in Di and De. The far-field pattern can be obtained
using the asymptotic expansion of the Hankel function for
large arguments [10]:

U f ar(θ) =
∫

L e−ike(xcosθ+ysinθ)
{

ike(~n ·~r)U(~r)+ p ∂U(~r)
∂n

}
ds. (7)

Bi-static RCS is σ(θ) = |U f ar|2/(4ke).

3 Numerical Results

We consider a single RBC in three different major phases
of cell division as depicted in Figure 3. The cell radius is
R = 5 µm and the cell membrane thickness is d = 10 nm.
The permittivity of the extracellular fluid (outer space) is
εe = 1.77ε0. The permittivities of the cell membrane and
cytoplasm are εmem = 1.85ε0, εcp = 1.96ε0, respectively
[11]. Numerical simulations are performed at 30 THz,
corresponding to the output frequency of a typical CO2
laser.

In Figure 4, we present the near-field patterns of a single
RBC in three diffferent major phases of mitosis under the E-
wave excitation at the incidence angle of 72o with respect to
Ox axis. The plots in Figure 5 show the bistatic RCS values
of a single RBC at all incidence angles, and it can be seen
that the cell shape and orientations have a large influence
on the scattering properties of RBCs.

(a) (b)

(c)

Figure 3. Particle shapes defined by (2) for different values
of the parameters, for the symmetric case: a) a = 1, b = 0
(Metaphase); b) a = 1, b = 0.5 (Anaphase); c) a = 1, b = 0.9
(Telophase).
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Figure 4. Near-field values of a single RBC; k0a = 3.14,
E-wave excitation: a) a = 1, b = 0; b) a = 1, b = 0.5;
c) a = 1, b = 0.9.
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Figure 5. Bistatic RCS values of a single RBC; E-wave
excitation at all incidence angles: a) a = 1, b = 0; b) a = 1,
b = 0.5; c) a = 1, b = 0.9.

As depicted in Figure 6, the maximum difference of bistatic
patterns between circular and elliptical-shaped red blood
cell models is observed at the incidence angles of 117o and
297o with respect to Ox axis due to the structure of the
ellipse. From Figure 6, it can be seen that the scattering
properties of the dumbbell-shaped cell is quite different
from the values of the circular cell as compared with the
elliptical cell. In other words, total scattering cross section
of a dumbbell-shaped cell deviated much more from the
circular cell. The amount deviation can be used to detect
the different phases of mitosis.

4 Conclusions

In this paper, electromagnetic scattering properties of
healthy red blood cells (RBCs) are examined by using
Muller boundary integral equation (MBIE) method.
Scattering problems involving different RBCs with
different orientations are solved accurately and efficiently.
By comparing scattering cross section values obtained
for different RBCs with different orientations, it may be
possible to distinguish different major phases of mitosis of
the cell.

(a)

(b)

Figure 6. The difference plots of bistatic patterns for
circular and a) elliptical, b) dumbbell-shaped red blood cell
models.
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