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Abstract

The high-frequency asymptotic procedure developed for
the diffraction by an elongated body is proved to reduce the
initial problem to a mathematically correct boundary-value
problem for the parabolic equation. The analogue of “time”
η varies on an interval [−1,1]. The problem is considered
in the class of functions with not too singular behavior near
η =±1 and the solution is understood in the frame of lim-
iting absorption principle. Uniqueness theorem is proved
and the explicit representation for the solution is checked
to satisfy the required properties.

1 Introduction

The classical parabolic equation method [1] when applied
to problems of high-frequency diffraction by strongly elon-
gated bodies meets some difficulties because of the compe-
tition between the large asymptotic parameter and the rate
of elongation. This results in the underestimation of the in-
duced currents magnitude in the light-shadow transition re-
gion. The special asymptotic approach based on the use of
the parabolic equation method in the scaled spheroidal co-
ordinates was suggested in [2] and then further developed in
[3, 4, 5] and other papers. The derivations in these publica-
tions were carried out formally, which is usually accepted in
diffraction theory, and therefore require mathematical jus-
tification. The goal of the present paper is to justify some
issues of the asymptotic procedure. We do that for scalar
problem.

2 Reducing the Problem to Parabolic Equa-
tion

We consider diffraction of a plane harmonic wave of fre-
quency ω incident at a small angle θ to the axis of prolate
spheroid (x2 + y2)a−2 + z2b−2 = 1 with the semiaxes b and
a, b> a. The time factor is assumed to be e−iωt and is omit-
ted elsewhere. The scattered field U satisfies Helmholtz
equation

4U + k2U = 0 (1)

at the exterior of the spheroid. The total field U +U i, where
U i is the incident wave

U i = exp(ikxsinθ + ikzcosθ) , (2)

satisfies the Dirichlet boundary conditions on the surface
and U is subject to the limiting absorption condition at in-
finity.

We introduce the focal distance p =
√

b2−a2 and consider
the case kp� 1. The elongation of the spheroid is charac-
terized by the parameter χ = (ka)2/(kp), which we assume
on the order of one. Besides we assume that the angle θ is
small, so that α ≡

√
kpθ = O(1). The last two assumptions

allow to consider the problem of diffraction as the problem
with a single asymptotic parameter kp.

We search for the scattered field in the form of Fourier se-
ries

U(x,y,z) =
+∞

∑
n=0

Un(r,z)cos(nφ) (3)

in cylindrical coordinates (r,z,φ). This reduces the problem
to independent harmonics.

Further we introduce spheroidal coordinates (η ,ξ ), such
that

r = p
√

1−η2
√

ξ 2−1, z = pηξ . (4)

In view of the assumption that χ =O(1) the coordinate ξ in
a vicinity of the surface takes values close to 1. Therefore,
we scale it by introducing τ:

ξ = 1+
χ

kp
τ. (5)

The coefficient in (5) is chosen such that τ = 1 on the sur-
face of the spheroid.

The asymptotic representation of each Un is searched ac-
cording to the parabolic equation method in the form

Un = eikpη
∞

∑
j=0

un, j(η ,τ)

(kp) j , (6)

where we assume the dependence of un, j on η and τ to
be such that differentiation with respect to these arguments
does not change the asymptotic order of terms with respect
to kp.

By substituting the representation (6) into the Helmholtz
equation, which should be first rewritten in coordinates
η ,τ , we get the recurrent system of equations

Lnun, j +Nnun, j−1 = 0, (7)



where

Ln = τ
∂ 2

∂τ2 +
∂

∂τ
+

iχ
(
1−η2

)
2

∂

∂η
− iχη

2

− n2

4τ
+

χ2τ

4
, (8)

Nn = χ
2
τ

2 ∂ 2

∂τ2 +
3
2

χ
2
τ

∂

∂τ
+

χ

4
(
1−η

2) ∂ 2

∂η2

− χ

2
η

∂

∂η
− χ

4
n2

1−η2 .

We restrict our analysis to the leading order terms un,0 only,
for which the equation (7) is homogeneous. Below we dis-
card the index zero, that is un stands further for un,0.

3 Main Results

The boundary value problem at the leading order consists
of the parabolic equation

τ
∂ 2un

∂τ2 +
∂un

∂τ
+

iχ
(
1−η2

)
2

∂un

∂η

+

[
χ2τ

4
− n2

4τ
− iχη

2

]
un = 0, (9)

and the boundary condition

un(η ,1) =−ui
n(η ,τ), (10)

where the right-hand side is the leading order term of the
incident wave asymptotics:

ui
n = 2 in exp

(
i
2
(
χτ−α

2)
η

)
Jn

(√
χτα

√
1−η2

)
.

(11)
We consider the boundary-value problem (9), (10) in the
class of functions for which we set the restriction on the
possible singularities at η →±1:

un ∈ L2(Ω0), (1−η
2)

∂un

∂η
∈ L2(Ω0), (12)

where Ω0 is arbitrary small neighborhood of the points η =
±1, and we also require a sufficiently quick decay of the
solution with respect to τ→+∞ in the case of ℑχ > 0. The
solution for real χ is understood as the limit as ℑχ → 0.

The last requirement can be formalized as

un ∈
√

τun,∈ L2,
√

τ
∂un

∂τ
∈ L2. (13)

Analysis of the problem allows the following results to be
obtained.

Theorem 1 For a medium with damping, the BVP (9), (10)
in the class (12) and (13) has a unique solution.

Theorem 2 The solution to the BVP (9), (10), (11) in the
class (12) and (13) can be represented in the form of the
integral involving the Whittaker functions M and W :

un =
−2 in

π(n!)2
√

1−η2

+∞∫
−∞

(
1−η

1+η

)it ∣∣Γ( n+1
2 + it

)∣∣2
×

Mit,n/2(iα2)

α

Wit,n/2(−iχτ)
√

χτ

Mit,n/2(−iχ)
Wit,n/2(−iχ)

dt. (14)

Theorem 3 (a) For every R ≥ 1, the attenuation func-
tion u given by Fourier series u = ∑

+∞

n=0 un cos(nφ) be-
longs to C∞(ΘR), where ΘR = {(η ,τ,φ)|η ∈ (−1,1), τ ∈
[1,R), φ ∈ [0,2π)}.

(b) For ℑχ > 0, the attenuation function u decays exponen-
tially as τ → ∞.

The proof of Theorem 1 is based on the scheme of [6]. That
is, we make the boundary condition to be homogeneous and
get the nonzero right-hand side F in (9). Then we intro-
duce the set H as the closure of all smooth (complex valued)
functions u satisfying the conditions (12) and the boundary
condition u|τ=1 = 0 in the norm

‖u‖2 =
∫∫ (

τ|uτ |2 +
n2

4τ
|u|2 +δ · τ|u|2

)
dη dτ (15)

with some fixed δ > 0. We note that the set H becomes the
Hilbert space if we introduce the inner product according to
(15)

[u,v] =
∫∫ (

τuτ vτ +
n2

4τ
uv+δ · τuv

)
dη dτ.

We define the weak solution V of the boundary-value prob-
lem

LnV = F

as an element V ∈ H that satisfies, for every test function
w ∈ H the identity

−
∫∫

τVτ wτ dη dτ +
iχ
2

∫∫
(1−η

2)Vη wdη dτ

+
χ2

4

∫∫
τV wdη dτ− n2

4

∫∫ 1
τ

V wdη dτ

− iχ
2

∫∫
ηV wdη dτ =

∫∫
Fwdη dτ, (16)

where subscripts denote derivatives.

Further, we suppose that two different solutions V1 and V2
exist and consider their difference V = V1−V2, for which
F = 0. We substitute w =V in (16) and separate the imag-
inary part. Then by integrating by parts in (16) we come to
a contradiction.



The result of Theorem 2 is based on the use of the integral
transform [7]

F(η) =
1√

1−η2

+∞∫
−∞

(
1−η

1+η

)it

P[F ](t)dt, (17)

P[F ](s) =
1
π

1∫
−1

(
1+η

1−η

)is F(η)√
1−η2

dη , (18)

which reduces the equation (9) to an ordinary differential
equation. We represent its solution in terms of Whittaker
functions and use their asymptotic properties to check that
the integrals converge exponentially as t →±∞. The anal-
ysis of the right-hand side of (14) when η →±1 requires
the study of the zeros t of the dispersion equations

Wit,n/w(−iχ) = 0, (19)

for which we proved that

ℑt <−1
2
. (20)

For the proof of Theorem 3, the crucial estimate∣∣∣∣Wit,n/2(−iχτ)

Wit,n/2(−iχ)

∣∣∣∣2 ≤ τeℑχ(1−τ) (21)

assuming ℑt = 0, τ ≥ 1, ℑχ ≥ 0, was obtained by H. W.
Volkmer in [8]. This estimate enables us to prove uniform
convergence of the Fourier series for u by Weierstrass M–
test.

4 Generalizations

The above results allow some generalizations. In particular
Theorem 1 remains valid for the case of Neumann boundary
condition. In formula (14) one need to change the last factor
to

Mit,n/2(−iχ)+2iχṀit,n/2(−iχ)

Wit,n/2(−iχ)+2iχẆit,n/2(−iχ)
,

where dot denotes derivative of the function. With that
change Theorem 2 becomes true for the case of the Neu-
mann boundary condition.

The only difficulty that remains to overcome in the case of
the diffraction problem with the Neumann boundary condi-
tion is to prove the result of Theorem 3. We have not done
this yet, because instead of (21) we need to estimate the
ratio ∣∣∣∣∣Wit,n/2(−iχτ)+2iχẆit,n/2(−iχτ)

Wit,n/2(−iχ)+2iχẆit,n/2(−iχ)

∣∣∣∣∣ . (22)

The problem of diffraction of an electromagnetic field by a
perfectly conducting spheroid is also reduced to parabolic
equations. However, in the electromagnetic case there is
a system of two such equations for each harmonics. This

system can be split if the new unknowns Pn and Qn are in-
troduced as

Eφ
n = Qn +Pn, iHφ

n = Qn−Pn,

where Eφ and Hφ are the transverse components of the elec-
tric and magnetic fields. At the leading order with respect
to kp functions Qn and Pn satisfy the parabolic equations

Ln−1Qn = 0, Ln+1Pn = 0. (23)

Therefore uniqueness Theorem remains true.

The expression for the scattered field becomes more com-
plicated (we do not present here the formulas, which can
be found in [5]). It is possible to justify the derivations and
prove convergence of the integrals. However, the analysis
of the representations for Pn and Qn as η→±1 requires the
zeros of the dispersion equation

Wit,n+1/2(−iχ)Ẇit,n−1/2(−iχ)

+Ẇit,n+1/2(−iχ)Wit,n−1/2(−iχ) = 0 (24)

to be studied.

Further, one needs to establish uniform convergence of the
Fourier series for the attenuation functions, which is re-
quired for the proof of Theorem 3. This will be the subject
of further research.
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