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Abstract

The present paper aims at introducing a general critique of
some existing approaches to electromagnetic energy, fol-
lowed by a theory of stored energy explaining a recent ex-
periments proposed by the authors to define stored energy
as recoverable energy.

1 Introduction

The topic of energy in antenna theory seems to be both
old and new. Since the emergence (in the late 1940s) of
an independent discipline within the engineering sciences
mainly concerned with the theory and applications of radi-
ating structures, there have been several proposals for un-
derstanding the nature of electromagnetic energy residing
in the radiation field [1]. But this is also a “new topic” be-
cause within the last decade several new approaches and in-
sights have been gained in this domain as well.1 In fact, en-
ergy in electromagnetic theory still attracts the attention of
both theorists and applied engineers looking for new ideas
for devices capable of harvesting or directly manipulating
field energies.2

The goal of this paper is to revisit the topic of electromag-
netic energy at a very fundamental level but mainly in re-
sponse to some recent developments in the field. In [4],
the traditional concept of reactive energy, as formulated tra-
ditionally in the literature [2], was reevaluated in a very
general manner, where the reactive energy of an arbitrary
antennas was computed in a closed-form in terms of the
excitations amplitudes of the radiating TE and TM modes.
However, it was also found that the concept of “reactive
energy density” is physically untenable, in spite of the use-
fulness of total energy in studies involving matching band-
width estimation through the antenna Q-factor. This lead in
[5] to a new approach to electromagnetic energy, where it
was proposed to distinguish three different types of local-
ized energy , stored energy in addition to the well-known
reactive energy. The bulk of [5] was devoted to localized
energy, but also a new definition of stored energy was pro-
posed there by defining the later as recoverable energy ob-
tained through a time-domain solution. This definition was
carried over quantitatively by recent experiments conducted

1For a general review and some literature on the subject, see [2].
2See [3] for discussion and some more references.

by the authors to measure the stored energy of dipole and
loop antennas [6] through a time-domain approach. The
present paper aims at extending the arguments of [5] and
[6] to the time domain, where we show that, contrary to sev-
eral papers published in the last few years, the total energy
in the time domain is infinite. The proof is given in details
in Sec. 2 where we carry out a general argument that was
mentioned (but not fully given) in [3] though only in the fre-
quency domain. Here, the original line of thought of [5] and
[3] is expanded to cover the time domain as well. It will be
shown that in spite of recent published approaches to energy
in the time domain, the time-dependent energy densities in
any unbounded exterior region is always infinite at any time
instant. This will be used then to show that no global ver-
sion of Poynting-like energy conservation theorem is pos-
sible in radiation problems (Sec. 3). We then compare the
results just obtained for classical radiation fields with quan-
tum theory, where it will be found that much more simi-
larities between classical and quantum energies exist than
what has been thought before. A formal argument will be
given in Sec. 4 to show that in the time domain it is pos-
sible to salvage the quantum results by redefining energy
in terms of energy difference/change instead of the typical
absolute definition of classical theory. This will allow us
to propose a formal and rigorous definition of recoverable
energy in Sec. 5 with a simple expression for its evaluation
that only involves the total radiated power in the far field.
The expression turns out to be identical to the one used in
an experiment to measure stored energy by recording re-
coverable energies in the time domain [6].

2 Divergence of Total Energy in Both Fre-
quency and Time Domains

We start by constructing a complete general proof that the
total electromagnetic energy in the exterior region of a
generic antenna diverges at any time instant. The proof will
proceed in two steps. First, we show that the total elec-
tric and magnetic field energies in unbounded exterior re-
gions is infinite at every frequency. Next, we use the Fourier
transform method to construct the total energy in the time
domain, then show that the latter also would become infi-
nite for unbounded domains.

Consider an antenna generating time-harmonic fields
E(r)exp(iωt) and H(r)exp(iωt), where ω is the operating



frequency. We assume that the radiating antenna is enclosed
within a volume Vs while the exterior region Vext = R−Vs
is filled with a homogeneous infinite medium with permit-
tivity ε and permeability µ . The time-averaged electric and
magnetic energy densities are given by [1]

we (r) =
1
4

εE(r) ·E∗ (r) , wm (r) =
1
4

µH(r) ·H∗ (r) , (1)

respectively. From these expressions, the total electric and
magnetic energies Ee and Em in the exterior regions can be
obtained by integrating (1) over the entire exterior region
Vext:

Ee =
∫

Vext
d3r we (r) , Em =

∫
Vext

d3r wm (r) , (2)

According to the well-known Wilcox expansion, we can ex-
pand the radiated field in a power series of the radial dis-
tance r as follows [3]

E(r) =
e− jkr

r

∞

∑
n=0

An (θ ,ϕ)

rn , H(r) =
e− jkr

r

∞

∑
n=0

Bn (θ ,ϕ)

rn ,

(3)
where An (θ ,ϕ) and Bn (θ ,ϕ) are frequency-dependent
complex-valued vector angular wave-functions and k =
ω/c, where c = 1/

√
µε . Therefore, substituting (3) into

(1), we find:

we (r) =
ε

4

∞

∑
n=0

∞

∑
m=0

An ·A∗m
rn+m+2 , wm (r) =

µ

4

∞

∑
n=0

∞

∑
m=0

Bn ·B∗m
rn+m+2 .

(4)
To compute the total energy, we transform the integrals in
(2) into spherical coordinates using d3r = r2 sinθdϕdθ , af-
ter which it becomes possible to write

Ee (ω) =
ε

4

∞

∑
n=0

∞

∑
m=0

Γ
A
mn (ω)

∞∫
rmin

dr
rn+m , (5)

where

Γ
A
nm (ω) = 〈An,Am〉 :=

∫
4π

dΩAn (Ω;ω) ·A∗m (Ω;ω) (6)

Here, Ω stands for solid angles and rmin is the radius of
the minimal sphere completely enclosing the exterior re-
gion Vext.3 Expressions identical to (5) and (6) can also be
written for the magnetic energy.

It is clear after inspecting the radial integrals in (5) that

∞∫
rmin

dr
rn+m =

{
+∞, |n−m|= 0,1,
<∞, otherwise. (7)

Therefore, the total electric energy diverges for three terms
in the Wilcox expansion, i.e., the terms n = m = 0, n =
1,m = 0, and n = 0,m = 1. None of these terms is dispens-
able. For example, the case n = m = 0 corresponds to the

3Since we are interested in investigating the divergence of the total
energy, the difference between the complete integrals (2) and the (5) in-
volving the minim sphere r = rmin is not important for this paper.

far field, which is always present in radiating structures.4

Repeating the same procedure for the magnetic field, we
finally arrive to the general conclusion:

Ee (ω)→ ∞,Ee (ω)→ ∞, ∀ω ∈ [0,∞] . (8)

That is, the total electric- and magnetic-field energies in
any infinite region exterior to the radiating sources is infi-
nite at every frequency.

We now show that the conclusion (8) concerning the diver-
gence of antennas’ total energies holds in the time domain
as well. The time-dependent energy densities are given by
[1]

we (r, t) =
ε

2
|E(r, t)|2 , we (r, t) =

µ

2
|H(r, t)|2 . (9)

We then use the Fourier transform to find the fields in the
time domain through the relations:

E(r, t)=
∞∫
−∞

dω

2π
E(r;ω)e jωt ,H(r, t)=

∞∫
−∞

dω

2π
H(r;ω)e jωt .

(10)
To compute the electric energy density, we use (10) in (9)
to conclude that

we (r, t) =
ε

2

∞∫
−∞

dω

2π

dω ′

2π
E(r;ω) ·E∗

(
r;ω

′)e j(ω−ω ′)t .

(11)
Next, we insert the Wilcox expansion (3) of the electric field
into the expression (11), arriving at

we (r, t) = ε

2

∞∫
−∞

dω

2π

dω ′
2π

e j(ω−ω ′)te− j(k−k′)r

×
∞

∑
n=0

∞

∑
m=0

An(Ω;ω)·A∗m(Ω;ω)
rn+m+2 .

(12)

A similar expression can be derived for the magnetic en-
ergy density. The next step is based on the time-dependent
exterior energy densities defined by

Ee (t) :=
ε

2

∫
Vext

d3r |E(r, t)|2 ,Em (t) :=
µ

2

∫
Vext

d3r |H(r, t)|2 .

(13)
Expanding the entire-space integrals (13) into spherical co-
ordinates, we find

Ee/m (t) =
∫

4π

dΩ

∫
∞

rmin

dr r2we/m (r, t). (14)

Finally, by inserting the energy formulas (12) into (14), the
following expressions can be reached

Ee/m (t) = ε

2

∞∫
−∞

dω

2π

dω ′
2π

e j(ω−ω ′)t

×
∞

∑
n=0

∞

∑
m=0

ΓA/B
nm (ω)

∞∫
rmin

dr e− j(k−k′)r

rn+m ,
(15)

4The other two terms occurring when |n−m| = 1 corresponds to a
logarithmic singularity and appear to have been not observed before.



where k′ = ω ′/c, ΓA
nm (ω) := 〈An,Am〉, and ΓB

nm (ω) :=
〈Bn,Bm〉. The derivation of equation (15), however, re-
quired interchange of the dr and dΩ integrals with the dou-
bly infinite Fourier integrals dωdω ′, then interchanging the
dr and dΩ integrals with the double series. It can be shown
that all these interchanges are permissible but details are
omitted.5

Careful analysis of the radial integral in (15) reveals that

Inm (ω) :=
∞∫

rmin

dr e− j(k−k′)r

rn+m

=


+∞, ω = ω ′, |n−m|= 0,1,
< ∞, , ω = ω ′, |n−m| 6= 0,1,
oscillatory, ω 6= ω ′, |n−m|= 0,1,
< ∞, ω 6= ω ′, |n−m| 6= 0,1,

(16)

Therefore, the energy integral is again not convergent,
though we see here a new source of the divergence trou-
ble: the oscillatory term in the third case of (16). How-
ever, it turns out that the final conclusion is the same as
in the frequency domain situation because the radial inte-
gral Inm(ω,ω ′) must be frequency integrated over all fre-
quencies according to the total energy expression (15). In
other words, because the oscillatory divergent case in (16)
is bounded, the other unbounded cases will dominate the to-
tal integral, forcing us to eventually encounter the divergent
infinite result

∞∫
−∞

dω dω
′Inm

(
ω,ω ′

)
=+∞. (17)

Consequently, from (15) and (17), we reach the following
general result:

Ee (t)→ ∞, Ee (t)→ ∞, ∀t ∈ R. (18)

That is, the total electric and magnetic energies in radiat-
ing structures evaluated in infinite regions exterior to the
radiating source are infinite at every time instance.

3 No Global Conversation of Electromag-
netic Energy

In classical electrodynamics, conservation of electro-
magnetic energy is captured by the Poynting’s theo-
rem, which in the time domain can be written as
−
(
∂
/

∂ t
)
[we (r, t)+wm (r, t)] = ∇ · S(r, t), which implies

the integral form often invoked in connection with exten-
sion from this differential form to the local form:

− ∂

∂ t

∫
V

d3r [we (r, t)+wm (r, t)] =
∮

∂V
ds ·S(r, t), (19)

5Indeed, since the fields are analytic in the exterior regions, the Wilcox
expansion is uniformly convergent in its space variables, which take care
of the summation-integral interchange (the same argument was used in
deriving (12)). The interchange with the Fourier integrals, moreover, can
be justified if we note that those spectral integrals are absolutely and uni-
formly convergent for all cases of interest. Details are omitted but see [7].

where ∂V is the surface enclosing a generic finite volume
V exterior to the antenna source. Equation (19) is the local
form of the conversation of electromagnetic energy. In order
to infer a global version of this result, sometimes a limit of
this local version is taken where the “size” of the region V
grows to infinity. To see this, let ‖V‖ be a proper measure of
the size of V , e.g., the minimum radius of a sphere contain-
ing V . By using the notation Ee (r;V ) :=

∫
V d3r we (r, t) and

Em (r;V ) :=
∫

V d3r wm (r, t) for the total electric and mag-
netic energies, respectively, contained in the region V , the
global version of the conservation of electromagnetic en-
ergy takes the following form:

− lim
‖V‖→∞

∂

∂ t
[Ee (t;V )+Ee (t;V )]

?
=
∮

∂V∞

ds ·S(r, t), (20)

where ∂V∞ is the enclosing surface obtained as the infinite
limit of ∂V .6 It is immediately clear from the results (8) and
(17) that the relation (20) does not hold because the LHS of
the latter is infinite, while it can be easily shown that the
RHS is always finite. Therefore, we conclude that there is
no global conservation of electromagnetic energy. Only the
local version (19) holds true in any volume V exterior to the
antenna.

4 Time-Domain Energy in Classical and
Quantum Electrodynamics

Although the exact form of the conservation of energy state-
ment (20) cannot be correct, it is quite interesting to notice
that it can be salvaged if we work with a time-integrated
version of (19). Indeed, by integrating with respect to time,
we find:

Eem
(
t f ;V

)
−Eem (ti;V ) =−

∫ t f

ti
dt
∮

∂V
ds ·S(r, t) (21)

where Eem (t;V ) := Ee (t;V )+Em (t;V ) and ti and t f are the
initial and finite times, respectively. Now, from (17) we
know that the local integrated version (21) still cannot be
generalized to a global setting since both Eem (ti;V )→ ∞

and Eem
(
t f ;V

)
→ ∞ as ‖V‖ → ∞. However, it is possible

to rewrite (21) in the following form

lim
‖V‖→∞

[
Eem

(
t f ;V

)
−Eem (ti;V )

]
=− lim

‖V‖→∞

∫ t f
ti dt

∮
∂V ds ·S(r, t).

(22)

By careful examination of the limit ‖V‖→∞ in the LHS of
(22), it turns out that it has the form ∞−∞. However, this
is not necessarily a divergent integral, but only an indeter-
minate form that can be still further investigated. In other
words, while the RHS of (22) is certainly finite, the LHS
can now be defined to have a limit equated to that RHS it-
self. This approach will now be justified by comparison

6That is, the RHS of (20) is interpreted a limit of the finite surface
integral when the volume V becomes infinite, i.e.,∮

∂V∞

ds ·S(r, t) := lim
‖V‖→∞

∮
∂V

ds ·S(r, t).

.



with quantum theory. It is very well known that quantum
electrodynamics (or quantum optics) predicts that the to-
tal energy in the radiation field is infinite [8]. However,
this infinity bears no direct relation to the arguments lead-
ing to what may look the same conclusion, namely the re-
sult (17). Skipping the well-known details, quantum theory
reaches to the infinite total energy through the quantization
procedure of the harmonic oscillator. Since electromag-
netic fields are quantized according to the same harmonic-
oscillator scheme, where a quantum of energy h̄ω is as-
signed to every mode with frequency ω (h̄ is Planck con-
stant), it follows after counting all modes that the energy
sum diverge. This problem is usually tackled in quantum
theory by redefining energy in terms of differences with re-
spect to a reference energy such that only energy differen-
tial changes are physically important, and those are neces-
sarily finite in a sensible theory [8]. From the result (17),
we can clearly see that classical electromagnetics already
predicts that the total energy of the radiation field is infi-
nite, in conformity with quantum theory. Moreover, the
re-interpretation of the Poynting’s theorem based on (21)
clearly shows that it is possible to retain a global version
of the conservation of electromagnetic energy provided that
we consider only energy differences as physically impor-
tant. By doing so, the relation (22) provides a concrete ex-
pression for the evaluation of stored energy in terms of what
may call “escape energy in the radiation field.” Indeed, the
RHS of (22) is nothing but the change in the total radiated
energy computed from the far field within a time interval
[ti, t f ].

7

5 Recoverable Energy

The previous analysis suggests that there are more simi-
larities between the classical electromagnetic fields and its
quantized version than what has been explicitly admitted.
One such striking similarity is the prediction through the
analysis of the global version of the Poynting theorem that
the energy is infinite but energy differences are finite. We
therefore propose applying the concept of state in quantum
theory to the classical theory, though without carrying over
the full machinery of the quantum formalism into the latter
case. We assume that every antenna ANT is described by
energy electromagnetic states in the sense that at each time
instant t there is a well defined state ΦANT, something like
an “energy position” for the system. When we wish to study
the stored energy in this system, we couple a measurement
apparatus D to the antenna ANT. The coupled system will
now move from an initial state Φi

ANT+D to a new final state
Φ

f
ANT+D. The recoverable energy of this system is defined

as the limit of the energy difference

Erecv
(
ti, t f

)
:= lim
‖V‖→∞

[
Ee
(
t f ;V

)
−Ee (ti;V )

]
(23)

experienced when the electromagnetic system undergoes a
transition or change of state. This definition of recoverable
energy requires then the specification of an initial and final

7See [6] for some numerical experiments.

states, here determined by the initial and final time instants
ti and t f and can be computed from the far-fields via (22).
The concept of recoverable energy introduced above can be
compared with similar (but not identical) energy concepts
in other branches of physics, for example Helmholtz avail-
able energy in thermodynamics and emitted/absorbed en-
ergy in the quantum theory. It is basically a direct intuitive
approach quantifying how much work a radiating structure
can perform by recourse to only energy stored in the fields
themselves, an identification that amounts in this sense to a
proposal for defining an experimentally measurable stored
energy.

6 Conclusion

We demonstrated that in general total electromagnetic en-
ergy in unbounded regions is infinite in both the frequency
and time domain, contrary to several recent results on the
same topic. The principle of conservation of energy was re-
evaluated and the lack of global energy conservation em-
phasized. By comparing the situation with quantum the-
ory, it was found that the concept of recoverable energy can
clarify some issues in the energy concept. We provided for-
mulas for defining and computing this type of energy and
proposed equating it with stored antenna energy.
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