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Abstract

This contribution gives a report on the ongoing research on
approximation and optimization of passive electromagnetic
systems with Herglotz functions extended to the real line,
B-splines and convex optimization.

1 Introduction

This work is a complement framework to the convex opti-
mization approach for optimal realization of passive struc-
tures developed in [1]. The aim of the current research
is to employ the general B-splines and their Hilbert trans-
forms in the passive approximation of arbitrary continuous
functions defined over a finite frequency interval. A con-
vex optimization is employed which can readily be supple-
mented with appropriate expressions for convex sum rule
constraints or estimates.

2 Herglotz Functions

A Herglotz-Nevanlinna function h(ω) is an analytic func-
tion with the property that Imh(ω)≥ 0 for ω ∈C+ = {ω ∈
C| Imω > 0}. It can be shown that h(ω) is a Herglotz-
Nevanlinna function if and only if it can be represented as

h(ω) = b1ω +α +
∫

∞

−∞

(
1

ξ −ω
− ξ

1+ξ 2

)
dβ (ξ ), (1)

where
∫
R dβ (ξ )/(1+ξ 2)<∞. Here, b1≥ 0, α ∈R and β is

the positive Borel measure, see e.g., [2]. In (1), the constant
b1 is given by b1 = limω→̂∞ h(ω)/ω where ω→̂∞ means
that |ω| → ∞ in the Stolz cone ϕ ≤ argω ≤ π −ϕ for any
ϕ ∈ (0,π/2]. When the measure is absolutely continuous,
it can be expressed as dβ (ξ ) = 1

π
Imh(ξ + i0)dξ , cf., [2].

Symmetric Herglotz-Nevanlinna functions satisfy the sym-
metry requirement h(ω) = −h∗(−ω∗) where ω ∈ C+ and
β is an even measure. In this case, (1) can be simplified as

h(ω) = b1ω +
∫

∞

−∞

1
ξ −ω

dβ (ξ ), (2)

where ω ∈C+, and the integral is a Cauchy principal value
(symmetric limit) at infinity.

Herglotz-Nevanlinna functions have the general asymptotic
behavior h(ω) = a−1ω−1 + o(ω−1) as ω→̂0 and where

a−1 ≤ 0, and h(ω) = b1ω + o(ω) as ω→̂∞ and where
b1 ≥ 0. It is possible to show that the following integral
identities (sum rules) hold
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def
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ε→0+
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2
π

∫ 1/ε

ε

Imh(ξ + iy)
ξ 2n dξ

= a2n−1−b2n−1, (3)

for n = 1−N∞, . . . ,N0, where N0 and N∞ are non-negative
integers and where 1−N∞ ≤ N0, see e.g., [2, 3].

3 Discretization and Optimization

Let Ω ⊂ O ⊂ R denote a closed interval on the real line,
ω ∈Ω is the frequency variable and h(ω) a continuous ex-
tension of the approximating Herglotz function, i.e., h(ω)
is analytic on C+ and continuous on C+∪O , where O is an
open cover of Ω.

The function h(ω) can then be represented by its imaginary
part Imh(ω) = πβ ′(ω) as

Imh(ω) =
N

∑
n=1

xn [pn(ω)+ pn(−ω)] , (4)

and

Reh(ω) = b1ω +
N

∑
n=1

xn [p̂n(ω)− p̂n(−ω)] , (5)

where ω ∈ Ω, pn(ω) are the B-spline functions of fixed
polynomial order, b1 ≥ 0 and xn ≥ 0 the corresponding op-
timization variables for n = 1, . . . ,N, and where p̂n(ω) is
the (negative) Hilbert transform [4] of the B-spline func-
tions. Note that the expansions in (4) and (5) are expressed
under the assumption that the imaginary part Imh(ω) is a
symmetric function.

Let the pulse function pn(ω) in (4) be defined by a
B-spline function N0,m(ω) of order m [5], where the
knots are given by a sequence of m+ 1 frequency points
(ωn−m

2
, . . . ,ωn, . . . ,ωn+m

2
) in the domain Ω if m is even.

The (negative) Hilbert transform of the B-spline pulse func-
tion pn(ω) is defined by

p̂n(ω) =
1
π
−
∫

∞

−∞

1
ξ −ω

pn(ξ )dξ , (6)



and a repeated integration by parts yields the following ex-
plicit formula for m≥ 2

p̂n(ω) = (−1)m−1 1
π

m−1

∑
i=0

p(m−1)
n (ωi+)

×
[
(ωi+1−ω)m−1(ln |ωi+1−ω|−Cm)

(m−1)!

− (ωi−ω)m−1(ln |ωi−ω|−Cm)

(m−1)!

]
, (7)

where the constant Cm is given recursively by

Cm =Cm−1 +
1

m−1
, (8)

and where C1 = 0. Hence, the sequence {C2,C3,C4, . . .} =
{1,3/2,11/6, . . .} corresponds to linear, quadratic and cu-
bic B-splines, etc. In Figure 1 are illustrated linear and cu-
bic B-splines of order m = 2 and m = 4, respectively.
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Figure 1. Illustration of linear and cubic B-spline ba-
sis functions, pl(ω) and pc(ω), and their negative Hilbert
transforms p̂l(ω) and p̂c(ω), respectively.

Consider the following convex optimization problem

minimize ‖h(ω)− f (ω)‖Ω

subject to xn ≥ 0,
b1 ≥ 0,

(9)

where ‖ · ‖Ω denotes a suitable norm (e.g., L2 or L∞) on Ω,
and f (ω) the corresponding target function. The convex
optimization formulation (9) can be represented in matrix
form as

minimize ‖ωωωb1 +Hx+ iPx− f‖Ω

subject to x≥ 0,
b1 ≥ 0,

(10)

where x denotes the N × 1 vector of optimization vari-
ables xn for n = 1, . . . ,N, and f the corresponding column
vector representing the target function f (ω). The imagi-
nary and real parts of h(ω) in (4) and (5) can then be ex-
pressed in a semi-infinite matrix notation as Imh = Px and
Reh = b1ωωω +Hx, where ωωω is a column vector correspond-
ing to the approximation domain ω ∈ Ω, and the columns
of the matrices P and H are similarly given by the functions
pn(ω) and p̂n(ω)− p̂n(−ω), respectively. The correspond-
ing numerical problem (9) can now be solved efficiently by
using the CVX MATLAB software for disciplined convex
programming [6].

4 Numerical Examples

In this section, two numerical examples are considered. The
first example is related to approximation and passive real-
ization of lossy metamaterials over a given finite frequency
bandwidth. In the second example, passive approximation
and optimization are applied to identify a dispersion model
that fits the dielectric response of high-voltage insulation
material.

4.1 Approximation of Metamaterials

Consider an artificial "non-physical" (meta) material with
the complex valued target permittivity (Reεt < 0, Imεt > 0)
over a finite frequency interval Ω = ω0[1−B/2,1+B/2],
the instantaneous response ε∞ = 1 and the static conductiv-
ity σ = 0. Here, ω0 is the center frequency and 0 < B < 2
the relative frequency bandwidth.

The following physical bound has been derived for a loss-
less metamaterial [7],

‖ε(ω)− εt‖∞ ≥
(ε∞− εt)

1
2 B

1+ B
2

, (11)

where the approximating Herglotz function h(ω) =ωε(ω).
It is observed that the result (11) is not applicable in
the present case where the target permittivity has nonzero
imaginary part. However, a straightforward application of
the triangle inequality

|ε(ω)−Re{εt}|= |ε(ω)− εt + i Im{εt}|
≤ |ε(ξ )− εt|+ Im{εt}, (12)

yields the following bound that is useful when Imεt is small

‖ε(ω)− εt‖∞ ≥max

{
(ε∞−Re{εt}) 1

2 B

1+ B
2

− Im{εt},0

}
,

(13)
see also Figure 3.

The convex optimization formulation for this problem be-
comes

minimize ‖h(ω)− f (ω)‖∞

subject to Imh1(ω)≥ 0,
−a−1 ≥ 0,

(14)

where the approximating Herglotz function h(ω) is

h(ω) = ωε(ω) = ωε∞ +
1
π
−
∫

∞

−∞

Imh1(ξ )

ξ −ω
dξ

+
a−1

ω
+ i Imh1(ω), (15)

where h1(ω) = h(ω)−ωε∞− a−1ω−1 is the regular Her-
glotz function which is modeled by B-splines, f (ω) = ωεt
the target function, and ω ∈Ω.

Figures 2a-b illustrate a passive realization of a lossy meta-
material with the target permittivity εt = −1+ i0.05 using



linear B-splines. Here, the realization over the relative fre-
quency bandwidths B = 0.1, B = 0.2 and B = 0.3 is illus-
trated via solid, dashed and dash-dot lines, respectively, and
the dotted lines correspond to the target permittvity εt. It is
found that the approximation based on linear B-splines of
order m = 2 gives sufficient accuracy for this problem. It
is shown that by increasing the relative bandwidth B, the
approximation error of passive realization E increases, see
also Figures 3 and 4.

In Figure 4, the relation between the approximation error
E and the number of basis functions N is illustrated. Here,
solid and dashed lines correspond to approximation results
and sum rule non-trivial bounds, respectively. It is shown
that the approximation solutions converge well for N > 400,
but they do not achieve the corresponding lower bounds.
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Figure 2. Passive realization of lossy metamaterial with the
target dielectric permittivity εt = −1+ i0.05 over a finite
interval Ω.
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Figure 3. Dependence of approximation error E on the
imaginary part of target dielectric permittivity Imεt. Solid
and dashed lines are plotted in the order of decreasing band-
width B (large bandwidth ∼ large error).

4.2 Approximation of Dielectric Spec-
troscopy Data

Consider the problem to estimate the properties of high-
voltage insulation material based on its dielectric response
in the range of very low frequencies. To measure such
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Figure 4. Dependence of approximation error E on the
number of basis functions N. Solid and dashed lines are
plotted in the order of decreasing bandwidth B (large band-
width ∼ large error).

responses, a dielectric spectroscopy technique is used [8].
Here, the dielectric spectroscopy data is generated via the
Havriliak-Negami (HN) model [9]

εHN(ω) = ε∞ +
∆ε

(1+(−iωτ)α)β
+ i

σ

ωε0
, (16)

where εs > 0 and ε∞ ≥ 1 are the static and instantaneous
responses, respectively, ∆ε = εs−ε∞ > 0, α and β ∈ (0,1],
τ > 0 the relaxation coefficient, σ > 0 the conductivity and
ε0 = 8.854 ·10−12 the permittivity of free space. In this ex-
ample, the HN model has been generated for ε∞ = 2.227,
∆ε = 0.0267, α = 0.68, β = 0.5, τ = 59.99 and σHN =
8.9616 · 10−2 fS/m. The approximation domain is non-
uniformly sampled with a logarithmic step ∆ log f = 1/3.
The upper bound fU of the approximation domain is 10 Hz.
As an example, the objective is to determine the sufficient
frequency bandwidth for the estimation of conductivity σ

with 1% error.

The convex approximation approach for this problem be-
comes

minimize ‖h(ω)− f (ω)‖2

subject to Imh(ω)≥ 0,
ε̂∞ ≥ 1,
σ̂ ≥ 0,

(17)

where f (ω) = ωεHN(ω) is the corresponding target Her-
glotz function to be approximated, ε̂∞ and σ̂ are the un-
known optimization variables. The low-frequency be-
haviour of the passive material is estimated using the ex-
pression based on the sum rule (3) for n = 1

ε̂s = ε̂∞ +
2
π

∫
∞

0+

Imh(ξ )
ξ 2 dξ =

ε̂∞ +
2
π
(−1)m

∑
n

xn

n+m/2−1

∑
i=n−m/2

p(m−1)
n (ωi+)

×
[

ω
m−2
i+1 (lnωi+1−Cm−1)

(m−2)!
−

ω
m−2
i (lnωi−Cm−1)

(m−2)!

]
,

(18)

where a1 = ε̂s and b1 = ε̂∞ are the estimated static and in-
stantaneous responses, respectively, and Cm is defined in
(8).



In Figure 5 are illustrated interpolation and extrapolation of
the generated dielectric spectroscopy data. Here, solid lines
correspond to the target data generated via the HN model
(16), and dashed lines to interpolation and extrapolation
based on cubic B-spline approximation on Ω = [ fL, fU],
where fL = 1 mHz, fL = 2.2 mHz and fL = 10 mHz, re-
spectively. The lower and upper bounds of approximation
domain are illustrated via dotted and dash-dot lines, respec-
tively. It is interesting to note that approximation on Ω

based on cubic B-splines provides more accurate solution,
see Figure 6.
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Figure 5. Interpolation and extrapolation of the generated
dielectric spectroscopy data. Dashed and dotted lines are
plotted in the order of increasing bandwidth parameter fL.

The investigation on the sufficient frequency bandwidth for
an accurate estimation of conductivity σ is illustrated in
Figure 7. Here, solid and dash-dot lines correspond to
the relative error on conductivity σ̂ as a function of lower
bound fL of approximation domain Ω. It can be con-
cluded that an accurate estimation of σ with 1% error can
be achieved for fL < 0.1 mHz.
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Figure 6. Approximation error E over the frequency inter-
val [ fL...10] Hz.

5 Summary

A convex optimization approach for passive approximation
of electromagnetic systems based on Herglotz functions,
general B-splines and sum rules is developed. Two nu-
merical examples have been studied. The non-trivial lower
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Figure 7. Relative error of the estimation of conductivity σ

over the frequency interval [ fL...10] Hz.

bound for the realization of lossy metamaterials is derived.
Based on an approximation of the Havriliak-Negami dis-
persion model over a large frequency bandwidth it is found
that the data can be better represented using cubic B-splines
in comparison to the linear B-splines.
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