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Abstract

A spatially modulated impedance strip is examined. Field

symmetries are used to decouple the two integral equations.

This allows us to solve for the electric and magnetic cur-

rents independently. The method of moment is used to

solve the integral equations. For the special case of sinu-

soidal modulation, the MoM solution is validated by com-

paring with an analytic solution presented by Oliner and

Hessel. This is used to design a leaky wave antenna.

1 Introduction

A lot of work has been done to study the electromagnetic

scattering properties of thin material sheets. Some of this

is summarized in the introduction by Barkeshli and Volakis

[1]. These sheets can be a thin dielectric (penetrable), a

lossy material that is much thicker than a skin depth, or a

metal coated with a material (impenetrable) [2]. The con-

cept of an impedance boundary condition makes use of the

equivalence principle, which reduces a volume integral to

a surface integral and is hence more efficient computation-

ally [2][3]. The impenetrable boundary condition was first

studied by Leontovich in 1948 [4]. Based on this work Se-

nior used this kind of approach to study scattering proper-

ties from an impedance surface [5] [6]. In 2004 Barkeshli

and Volakis [1] [7] provided the MoM based solution for a

thin dielectric strip (penetrable) for the TM and TE polar-

izations.

The explicit study of the integral equation formulation for

an impenetrable impedance strip with different impedances

on the two faces is in [2] and [8]. The eigenmode analytic

solution for a sinusoidally-modulated surface reactance is

presented by Oliner and Hessel [9]. It is shown that a mod-

ulated surface reactance supports a leaky wave mode. The

utility of a modulated impedance is demonstrated, for ex-

ample, by employing a holographic technique impedance

profile, designed with the help of full-wave analysis [10].

In this paper the impedance boundary condition is devel-

oped for an impenetrable impedance strip, in which the

impedance is a function of space. The integral equation

developed here is similar to Harrington and Mautz [11], Se-

nior [5] and Newman and Schrote [12]. Both an EFIE and

MFIE are used. By using the argument of symmetry, the

EFIE and MFIE are decoupled, and are solved separately

for the electric Js and magnetic Ms surface current. In [12]

the reaction integral equations are developed and the system

is solved for the sum and difference of the top and bottom

currents. Using the analytic model of Oliner and Hessel [9],

the MoM solution is validated for the case of a sinusoidally-

modulated reactance.

2 Impedance Boundary Condition

In order to develop the integral equations let us assume we

have a strip of infinitesimal thickness and an impedance

profile as shown in Figure 1(a). The impedance strip is il-

luminated by a source above it. The strip is replaced by the

surface equivalent currents Js and Ms in free space. The

following relation holds [13]:

Etan = n̂×Ms = Zs(x)Js. (1)
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Figure 1. a) Arbitrary surface impedance profile on the

strip. b) Equivalent surface currents Jz(x) and Mx(x).

Consider a TM plane wave illuminating the strip of length

ℓ. The surface currents Jz(x) and Mx(x) are shown in Figure

1(b). The top and bottom sides of the strip are distinguished

by (+) and (−) respectively. The boundary condition for

the top and bottom surfaces for this case can be written as:

E±
z = Z±

s (x)J±z (x) (2)

H±
x = Y±

s (x)M±
x (x). (3)



In Figure 1(b), the top and bottom currents of the free-space

equivalent have merged so that Jz(x) = Jz(x)
++Jz(x)

− and

Mx(x)=Mx(x)
++Mx(x)

−. Furthermore it will be assumed,

in this development, that the top and bottom faces have the

same impedance (and admittance). With this in mind, these

boundary conditions can be used to relate the incident and

scattered fields on the top and bottom surfaces in the fol-

lowing way:

E i
z +Es+

z (Jz)+Es+
z (Mx) = Zs(x)Jz(x)

+ (+) (4)

E i
z +Es−

z (Jz)+Es−
z (Mx) = Zs(x)Jz(x)

− (−) (5)

H i
x +Hs+

x (Jz)+Hs+
x (Mx) = Ys(x)Mx(x)

+ (+) (6)

H i
x +Hs−

x (Jz)+Hs−
x (Mx) = Ys(x)Mx(x)

− (−) (7)

where

Es+
z (Jz) = Es,+

z due to Jz on the (+) side

Hs−
x (Mx) = Hs,−

x due to Mx on the (−) side.

The fields at y = 0+ and y = 0− have the following symme-

tries:

Es+
z (Jz) = Es−

z (Jz) even symmetric (8)

Es+
z (Mx) =−Es−

z (Mx) odd symmetric (9)

Hs+
x (Mx) = Hs−

x (Mx) even symmetric (10)

Hs+
x (Jz) =−Hs−

x (Jz) odd symmetric. (11)

Adding (4) and (5) and using the symmetry relations (8)

and (9) leads to (12). Similarly adding (6) and (7) with (10)

and (11) gives (13):

E i
z +Es+

z (Jz) =
1

2
Zs(x)Jz(x) (12)

H i
x +Hs+

x (Mx) =
1

2
Ys(x)Mx(x). (13)

The two equations can be solved for Jz(x) and Mx(x).

3 IE Formulation and MoM Solution

The equations (12) (13) can solved by employing MoM

[13][14]. The IEs are as follows:

E i
z =

Zs(x)

2
Jz(x)+

kη

4

∫ ℓ/2

−ℓ/2
Jz(x

′)H
(2)
0 (kR)dx′ (14)

H i
x =

Ys(x)

2
Mx(x)+

k

4η

∫ ℓ/2

−ℓ/2
Mx(x

′)
H

(2)
1 (kR)

kR
dx′ (15)

where R = |x− x′|.
To solve for the unknowns Jz(x) and Mx(x) pulse bases for

Jz(x) and Mx(x) with point matching are used [13]. In or-

der to excite the strip we use an x-directed magnetic point

source M0x (i.e. a current blade, in 2D).

3.1 Non Modulated Surface Reactance

As a first test of the solution we can use a constant reac-

tance. For this polarization the surface has to be capacitive

in order to support a surface wave. For this case Zs = jXs

with Xs < 0. From Oliner and Hessel [9] we know that

kx = k

√

1+(Xs/η0)2 ⇒ kx > k ⇒ slow wave

where η0 =
√

µ0/ε0.

As shown in Figure 2(a) a magnetic point M0x will excite

the surface wave on the constant reactance surface that ra-

diates at endfire. The radiation field is shown in Figure 2(b)

and shows the expected endfire characteristic.
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Figure 2. a) Constant reactance, Zs = − j1.2η0 excited by

M0x. b) Normalized radiated field |Es
z | (MoM).

3.2 Sinusoidally-Modulated Reactance Strip

For the sinusoidally-modulated case, kx becomes complex,

where

kx = β − jα ⇒ leaky wave.

x

y

Zs(x)

−ℓ/2 ℓ/2

φ
M0x

(a)

−5 −3 −1 1 3 5
700

600

500

400

300

200

X
s

x/λ

p M

(b)

−5 −3 −1 1 3 5
0

4

8

−5 −3 −1 1 3 5
0

2

4

|J
z
|

m
A

/m

x/λ

x/λ

|M
x
|

V
/m

(c)

0 30 60 90 120 150 180
0

0.2

0.4

0.6

0.8

1

|E
s z
|

φ

Analytic
MoM

(d)

Figure 3. Leaky wave illustration. a) Modulated reactance

strip excited by M0x. b) Modulation profile M = 0.4, p = λ .

c) MoM |Jz(x)| and |Mx(x)|. d) Normalized radiated field

|Es
z |.

We can use Oliner and Hessel [9] to obtain an approximate

solution for kx for small sinusoidal modulation. This gives



us kx for the n=−1 spatial harmonic which is the fast wave

(leaky wave mode). The real part of kx which is β is related

to the beam angle. The imaginary part of kx gives −α the

leakage factor and affects the beamwidth. Let us take a

modulated strip as shown in Figure 3(a). The modulation

profile is given as:

Zs(x) = jXs

(

1+M cos

(

2π

p
x

))

(16)

where M = modulation index and p = period of modula-

tion. We can chose p = λ and M = 0.4. For this case the

reactance profile is shown in Figure 3(b) while the strip is

ℓ = 10λ in size. The MoM surface currents are shown in

Figure 3(c). It can be seen from the current profiles that

for this modulated case there is a leaky wave mode on the

surface. The radiation from these currents is shown in Fig-

ure 3(d). The analytic solution for α and β comes from

Oliner and Hessel [9]. The α and β are used in an assumed

aperture field of the form e−(α+ jβ )x which is integrated to

obtain the radiation pattern.

4 Conclusion

Field expressions for an impenetrable impedance surface

were developed. Symmetry was used to decouple the field

equations which makes it possible to solve for Jz(x) and

Mx(x) independently. A pair of uncoupled integral equa-

tions were solved by the MoM for the surface currents.

The MoM solution was validated by using the eigenmode

analysis provided by Oliner and Hessel for the sinusoidally-

modulated case. Related work is presently underway, using

the MoM approach, to find the radiation characteristics of

other modulated impedances that are not necessarily sinu-

soidal.
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