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Abstract

Electromagnetic boundary conditions of the most general
linear and local type, involving 10 parameters, are defined
in this paper and some properties and interesting special
cases are considered. The paper is devoted to the memory of
professor Staffan Ström (1934–2016), who is remembered
as an outstanding scientist in Electromagnetic Theory.

1 Introduction

Boundary conditions have an essential role in the definition
of electromagnetic field problems [1]. In practical problems
they often arise in approximative form, replacing material
interfaces. In the present case we consider them as exact
conditions which make the question of their realization in
terms of medium interfaces relevant.

Boundary surface is a conceptual two-dimensional struc-
ture in which electromagnetic sources, induced by the ex-
ternal field, are related by some intrinsic mechanism. As
sources we may assume electric and magnetic surface cur-
rents, Jes,Jms, and electric and magnetic surface charges,
ρes,ρms. When the unit vector normal to the boundary sur-
face is denoted by n, the fields outside the boundary are
related to the surface sources by the conditions [2]

n×E = −Jms, n×H = Jes, (1)
n ·D = ρes, n ·B = ρms. (2)

For simplicity we assume a planar boundary with constant
unit vector n and fields with time dependence exp( jωt).

Let us assume that the source quantities in the 2D struc-
ture are related by linear and local relations, whence, due
to (1) and (2), the fields at the boundary are related in the
corresponding manner. This gives rise to a set of linear and
local boundary conditions. Considering the problem of a
field incident to the boundary, due to the Huygens (equiv-
alence) principle, the reflected field is uniquely determined
when two scalar components of the field vectors tangential
or normal to the surface are known [3]. Thus, the bound-
ary conditions must be of the form of two scalar conditions
between the fields at the surface. Under the assumption of
linearity and locality, the most general boundary conditions

can be assumed to have the form

α1cn ·B+
β1

εo
n ·D+a1t ·E+b1t ·ηoH = 0, (3)

α2cn ·B+
β2

εo
n ·D+a2t ·E+b2t ·ηoH = 0, (4)

relating the normal components of D and B vectors and tan-
gential components of E and H vectors in terms of four
dimensionless tangential vectors a jt ,b jt and scalars α j,β j,
j = 1,2. Here we denote c = 1/

√
µoεo, ηo =

√
µo/εo and,

by the subscript ()t , vectors tangential to the boundary sur-
face. In the following, for simplicity, we assume that the
medium above the interface is isotropic with parameters
εo,µo, in which case the conditions (3), (4) can be simpli-
fied to the form

a1 ·E+b1 ·ηoH = 0, (5)
a2 ·E+b2 ·ηoH = 0, (6)

where the four vectors may have both normal and tangential
components.

2 Examples of Boundary Conditions

Various choices of the parameters in (3), (4) or (5), (6) yield
familiar boundary conditions as special cases of the general
conditions. Let us list a few of them.

• Perfect Electric Conductor (PEC)

a1t ·E = 0, a2t ·E = 0, n ·a1t ×a2t = 1, (7)

⇒ (a1t ×a2t)×E = n×E = 0. (8)

• Perfect Magnetic Conductor (PMC)

b1t ·H = 0, b2t ·H = 0, n ·b1t ×b2t = 1, (9)

⇒ (b1t ×b2t)×H = n×H = 0. (10)

• Perfect ElectroMagnetic Conductor (PEMC) [4]

b1t ·H+Mb1t ·E = 0, b2t ·H+Mb2t ·E = 0, (11)

⇒ n× (H+ME) = 0. (12)

• DB boundary [5],

n ·D = 0, n ·B = 0. (13)



• Soft-and-Hard (SH) boundary [6],

a1t ·E = 0, a1t ·H = 0. (14)

• Soft-and-Hard/DB (SHDB) boundary [7]

α1cn ·B+a1t ·E = 0, α1cn ·D−a1t ·H = 0. (15)

• Generalized Soft-and-Hard/DB (GSHDB) boundary
[8],

α1cn ·B+a1t ·E = 0, β2cn ·D+b2t ·H = 0, (16)

• Impedance boundary,

a1t ·E+b1t ·ηoH = 0, a2t ·E+b2t ·ηoH = 0. (17)

which can also be written in the form Et =Zs ·(n×H).

Because each tangential vector has two free parameters
and the two conditions are homogeneous, the number of
free parameters of the GSHDB boundary (16) is 4, for the
impedance boundary (17) it is 6 and, for the general linear
boundary (5), (6), it is 10.

3 Reflection Dyadic

Considering the basic problem, a plane-wave Ei exp(− jki ·
r) incident from the isotropic half space n · r > 0 onto the
boundary defined by the conditions (5) and (6), the reflected
field Er exp(− jkr · r) can be expressed in the form

Er = R ·Ei, (18)

where R is the reflection dyadic and the wave vectors satisfy

ki =−nkn +kt , kr = nkn +kt , (19)

n ·kt = 0, ki ·ki = kr ·kr = k2
o = ω

2
µoεo. (20)

Applying the Maxwell equations for the plane-wave fields,

ki,r×Ei,r = koηoHi,r (21)
ki,r×ηoHi,r = −koEi,r, (22)

and (5), (6) for the total fields, the following expression for
the reflection dyadic can be obtained after some algebraic
steps:

R=
1

kr · (cr
1× cr

2)
kr× (cr

2ci
1− cr

1ci
2), (23)

ci,r
j = ki,r×b j− koa j, j = 1,2. (24)

• As a simple check, for the PEC boundary, defined by
b1 = b2 = 0 and a1 = u1, a2 = u2, where {u1,u2,n}
makes an orthonormal vector basis, from (18) we ob-
tain the well-known result

Er =
1
kn
(kr× (n×Ei)) =−Ei +

1
kn

nkr ·Ei

= −(I−2nn) ·Ei, (25)

when applying kr ·Ei = (ki +2nkn) ·Ei = 2knn ·Ei.

• As another check, for the SH boundary defined by
a1 = b2 = u1 and a2 = b1 = 0, (23) yields

R=
1

(u1×kr)2 krki×
×(u1u1 +krki×

×u1u1), (26)

which coincides with a previously obtained result [10],
eqn (20).

In [11] it has been shown that the GSHDB boundary (16)
is the most general linear boundary equivalent to PEC or
PMC boundary for its two eigenwaves, i.e., waves whose
transverse polarisation does not change in reflection.

4 Plane Waves Matched to Boundary

If a single plane wave satisfies the boundary conditions, it
appears matched to the boundary. Surface waves propagat-
ing along certain impedance boundaries make well-known
examples. Matched wave equals an incident wave with no
reflected wave or vice versa. Difference between "incident"
and "reflected" matched waves is only in the sign of the
normal component of the k vector, choice of which can be
based on the required type of wave (e.g., surface wave or
leaky wave).

From (23) the condition for Ei = 0 is obtained as kr · (cr
1×

cr
2) = 0 while Er = 0 requires ki · (ci

1× ci
2) = 0. The latter

one corresponds to the equation

(ki×a1) · (ki×b2)− (ki×b1) · (ki×a2)

= koki · (a1×a2 +b1×b2). (27)

Substituting ki =−knn+kt with kn =
√

k2
o−kt ·kt defines

a certain equation f (kt) = 0 which describes a 2D disper-
sion equation on the boundary plane for the tangential com-
ponent of the wave vector of the matched wave. Let us con-
sider some special cases.

• For the isotropic impedance boundary defined by

u1 ·E+Zsu2 ·H = 0, u2 ·E−Zsu1 ·H = 0, (28)

the matching condition (27) can be expressed as a
second-order equation for kn/ko which has the two so-
lutions

kn/ko = ηo/Zs, kt/ko =
√

1− (ηo/Zs)2, (29)

kn/ko = Zs/ηo, kt/ko =
√

1− (Zs/ηo)2. (30)

One can show that the two solutions correspond to
respective TE and TM polarizations of the matched
waves. For complex Zs, the field decays away from
the boundary when Zs is capacitive for TE waves and
inductive for TM waves.



• For the DB boundary defined by a1 = b2 = n and
a2 = b1 = 0 in (5) and (6), the matching condition (27)
becomes

(ki×n) · (ki×n) = 0, ⇒ k2
n = k2

o. (31)

The solution ki = −kon corresponds to a wave with
normal incidence, whose dispersion diagram is just a
point at the origin. This special case of a matched
wave was first noted by prof. Per-Simon Kildal as an
anomaly of the newly introduced DB boundary [9].

5 Unconventional Boundary Conditions

As three obvious examples of boundaries emerging from
the general boundary conditions (5) and (6), let us consider
the E boundary, the H boundary and the EH boundary, as
defined by the respective conditions

a1 ·E = a2 ·E = 0, a1×a2 = a12 6= 0, (32)
b1 ·H = b2 ·H = 0, b1×b2 = b12 6= 0, (33)
a1 ·E = b2 ·H = 0. (34)

In spite of their simple and straightforward definitions, the
three boundary conditions appear to have escaped general
attention in the past.

• For the E Boundary, whose condition (32) can also be
written as a12×E = 0, we have ci,r

j =−koa j, whence
from (18) and (23) we obtain

Er =
1

a12 ·kr kr× (a12×Ei)

= −Ei +
2kna12

a12 ·kr n ·Ei. (35)

From this we can see that an incident wave polarized
as Ei ∼ a12 has no reflected field, whence it is matched
to the E boundary. In fact, such an incident field sat-
isfies the boundary conditions (32) identically. On
the other hand, a wave satisfying n ·Ei = 0 satisfies
n ·Er = 0 and Er

t =−Ei
t , whence a wave polarized TE

to n is reflected as from a PEC boundary. For the spe-
cial case n× a12 = 0, the E boundary actually equals
the PEC boundary.

• For the H Boundary we can write ci,r
j = ki,r×b j. Ap-

plying (21) and (22), (35) can be transformed to

Hr =
1

b12 ·kr kr× (b12×Hi)

= −Hi +
2knb12

b12 ·kr n ·Hi. (36)

Conclusions dual to those for the E boundary apply in
this case.

• For the EH Boundary we can write ci,r
1 = −koa1,

ci,r
2 = ki,r × b2, which inserted in (23) yields the re-

lation

Er =
((kr×b2)a1−a1(ki×b2))

(kr×a1) · (kr×b2)
·Ei

= kr× (kr×b2)(a1 ·Ei)+ koa1(b2 ·ηoHi)

(kr×a1) · (kr×b2)
. (37)

Operating this by kr allows us to write

ηoHr = kr× (kr×a1)(b2 ·ηoHi)− kob2(a1 ·Ei)

(kr×a1) · (kr×b2)
.

(38)
Multiplying (37) by a1· and (38) by b2· shows us that
the fields satisfy the conditions (34). Actually, any
incident wave can be uniquely split in two compo-
nents, TEa wave with a1 ·Ei = 0 and TMb wave with
b2 ·Hi = 0 as

Ei = ki× (ki×b2)(a1 ·Ei)+ koa1(b2 ·ηoHi)

(ki×a1) · (ki×b2)
, (39)

ηoHi =−ki× kob2(a1 ·Ei)− (ki×a1)(b2 ·ηoHi)

(ki×a1) · (ki×b2)
.

(40)
(37) and (38) demonstrate that waves reflected from
the EH boundary retain the TEa and TMb polariza-
tions. On the other hand, reflection of a wave of any
polarization can be handled by expanding it in TEa and
TMb parts.

6 Four-Dimensional Representation

Applying the representation of electromagnetic fields as
four-dimensional two-forms [12]

Φ = B+E∧ ε4, Ψ = D−H∧ ε4, (41)

where B and D are three-dimensional (spatial) three-forms,
E and H are spatal one-forms and ε4 = cdt is the temporal
one-form. Assuming that ν is a spatial one-form (corre-
sponding to the vector n) defining the boundary as ν |x = 0,
the general boundary conditions (3), (4) can be represented
as

ν ∧ (α1∧Φ+β 1∧Ψ) = 0, (42)
ν ∧ (α2∧Φ+β 2∧Ψ) = 0. (43)

The expressions on the left sides are four-forms, equivalent
to scalars. Since the boundary is defined by the four one-
forms α1,α2,β 1 and β 2, whose components parallel to ν

play no role, the number of active parameters becomes 4×
3 = 12, of which 2 can be freely chosen. Thus, the number



of paramers defining the boundary equals 10.
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