
32nd URSI GASS, Montreal, 19–26 August 2017

Power, Energy Density, and Group/Energy-Transport Velocities in Spatially Dispersive Media

Arthur D. Yaghjian

Electromagnetics Research Consultant, Concord, MA 01742 USA, a.yaghjian@comcast.net

Abstract

Power and stored energy density in lossless, spatially dis-

persive, anisotropic media are determined from the bound-

ary conditions across a free-space/media interface and the

wavepacket group velocity expressed as the ratio of power

to energy density, that is, as an energy-transport velocity.

1 Introduction

It is proven in [1] that three-dimensional (3D), cubic, peri-

odic arrays satisfy the Maxwellian macroscopic continuum

equations if the normalized free-space and medium elec-

trical separation distances are small enough1 that the unit-

cell averages of the microscopic fields and polarizations are

approximately equal to the corresponding field and polar-

ization coefficients of the fundamental Floquet mode. On

the other hand, it is proven in [2, 3] that for lossless, re-

ciprocal spatially dispersive 3D periodic arrays, the unit-

cell-averaged microscopic Poynting vector (assumed to be

the local power per unit area) is equal to that of the funda-

mental Floquet mode, namely Re(E×H∗)/2, plus an ad-

ditional term that depends on the spatial dispersion, even if

the electrical separation distances are sufficiently small for

the array to well approximate a continuum. In other words,

for spatially dispersive periodic continua, the higher-order

Floquet modes can contribute significantly to the average

power even though they contribute negligibly to the macro-

scopic fields and polarizations.

Since Re(E×H∗) · n̂/2 integrated over a closed (or planar)

surface (with outward unit normal n̂) in free space is un-

equivocally equal to the average power leaving the volume

(or half space) defined by that surface [4], it follows from

the aforementioned theorems in [1] and [2, 3] that the tan-

gential components of the E and H fields cannot, in general,

be continuous across the interface between free space and

a spatially dispersive macroscopic continuum. Thus, one

of the purposes of this paper is to use the recently formu-

lated approach in [5] to determine the boundary conditions

across the interface between free space and a representative

spatially dispersive medium, namely an electric quadrupo-

lar continuum characterized by a lossless, reciprocal, spa-

1Generally “small enough” requires k0d � 1 and |kd| � 1, where d

is the cubic lattice spacing and k0 and k are the free space and medium

propagation constants, respectively.

tially dispersive dyadic effective permittivity εεε(k,ω) with

real ω angular frequency and real k propagation vector. It

is shown that the same power results from these boundary

conditions as the power derived in [2,3] for the fundamental

Floquet mode of a lossless, reciprocal, spatially dispersive

periodic array.

After establishing that the expression for power in a pe-

riodic array holds also for a representative spatially dis-

persive continuum that is not a periodic array, we derive

a power and energy density whose ratio (energy-transport

velocity) equals the group velocity of a source-free

wavepacket in a lossless, spatially dispersive, anisotropic

continuum. This ratio has the correct expression for con-

tinuum power in its numerator and, thus, the denominator

conveniently reveals the expression for the stored energy

density in a lossless, spatially dispersive, anisotropic con-

tinuum. Landau and Lifshitz [6, sec. 103] and Agranovich

and Ginzburg [7, ch. 2] use similar expressions for power

and stored energy density in a lossless, spatially dispersive,

dielectric continuum consistent with the particular group-

velocity ratio mentioned above. However, since there may

be more than one power and energy density whose ratio is

equal to the group velocity, it appears that the derivation of

the correct power and stored energy density in lossless spa-

tially dispersive continua (as well as spatially nondispersive

continua [4]) must rely on the result that the integral of the

outward-normal Poynting vector over a planar surface in

free space is the power leaving the half space defined by

that surface; then relate the free-space Poynting vector to

the power in the continuum by means of the boundary con-

ditions across a free-space/continuum interface, as is done

in the present paper.

2 Boundary Conditions for Spatially Disper-

sive Continua

Maxwell’s continuum equations for e−iωt time dependence

can be written as

∇×EEE (r)− iωBBB(r) = 0 (1a)

∇×HHH (r)+ iωDDD (r) = JJJ (r) (1b)

with constitutive relations

DDD(r) = ε0EEE (r)+PPP(r) (2a)

HHH (r) = BBB(r)/µ0 −MMM (r) (2b)



where the electric and magnetic polarization densities

(PPP,MMM ) can contain dipoles and all higher-order multi-

poles [8, ch. 1], [9].

In order to work with a physically realizable and reason-

able spatially dispersive polarization (having constitutive

relations that depend on the spatial derivatives of electric

or magnetic fields), consider the effective electric polariza-

tion density of an electric quadrupolar continuum, namely

PPP(r) = −∇ ·QQQ(r)/2 with the constitutive relation for the

dyadic electric quadrupolarization density QQQ(r) given by

[5,11]

QQQ(r) = αQε0

{

1

2
[∇EEE (r)+EEE (r)∇]−

1

3
∇ ·EEE (r)III

}

(3)

where αQ is the electric quadrupolarizability density (real-

valued for lossless continua) and EEE (r)∇ denotes the trans-

pose of the dyadic ∇EEE (r). For an interface between free

space and the continuum at z = 0, the constitutive equation

in (3) holds everywhere if a unit step function u(z) is in-

cluded that increases the electric quadrupolarizability den-

sity from its value of zero in free space to its value of αQ in

the material over a thin transition layer 0 ≤ z ≤ ` [5]; that is

QQQ0(r) = u(z)αQε0

{

1

2
[∇EEE (r)+EEE (r)∇]−

1

3
∇ ·EEE (r)III

}

(4)

where the subscript “0” indicates that this constitutive re-

lation holds for all r. Then the Maxwell equations (1) be-

come for an electric quadrupolar half-space interfacing with

a free-space half space

∇×EEE (r)− iωµ0HHH (r) = 0 (5a)

∇×HHH (r)+ iωε0EEE (r)−
1

2
iω∇ ·QQQ0(r) = JJJ (r). (5b)

Equations (4) and (5) were solved in [5] to ob-

tain the following boundary conditions across the free-

space/quadrupolar-continuum interface with unit normal n̂

EEE
(2)
s −EEE

(1)
s = 0 (6)

HHH
(2)
s −HHH

(1)
s = −

iω

2
n̂× (n̂ ·QQQ

(2)
) (7)

n̂ ·QQQ
(2)

· n̂ = 0 (8)

with the superscripts “(1)” and “(2)” referring to the free-

space and electric quadrupolar continuum sides of the in-

terface transition layer, respectively, and the subscript “s”

referring to tangential components. Three boundary condi-

tions (rather than two) are required because an evanescent

mode as well as a propagating mode can be excited in the

lossless quadrupolar half space. However, in the present

paper, we will be dealing with only propagating modes in

wavepackets and, thus, we require two boundary conditions

across the interface for a propagating mode, that is, at a low

enough frequency that the evanescent mode can be consid-

ered part of the transition layer; specifically, it can be shown

that this requires k2αQ � 1, where k is the real propagation

vector in the lossless quadrupolar continuum. These two

boundary conditions are also given in [5] as

EEE
(2)
s −EEE

(1)
s =

1

2ε0
∇s(n̂ ·QQQ

(2)
· n̂) (9a)

HHH
(2)
s −HHH

(1)
s = −

iω

2
n̂× (n̂ ·QQQ

(2)
). (9b)

2.1 Propagating plane waves

For plane-wave excitation in a continuum, JJJ (r)e−iωt =
J(k,ω)ei(k·r−ωt) and Maxwell’s equations in (1) transform

to

k×E(k,ω)−ωB(k,ω) = 0 (10a)

k×H(k,ω)+ωD(k,ω) = −iJ(k,ω) (10b)

For linear anisotropic media, the constitutive relations in (2)

become

D(k,ω) = εεε(k,ω) ·E(k,ω) (11a)

B(k,ω) = µµµ(k,ω) ·H(k,ω). (11b)

The plane-wave current source J(k,ω) in (10b) allows k

and ω in (10)–(11) to vary independently. In a lossless spa-

tially dispersive continuum, the permittivity and permeabil-

ity dyadics obey the relations [1]

εεε(k,ω) = εεεT∗(k,ω) , µµµ(k,ω) = µµµT∗(k,ω) (12)

and if the material is reciprocal [1]

εεε(−k,ω) = εεεT (k,ω) , µµµ(−k,ω) = µµµT (k,ω) (13)

where the superscript “T ” denotes the transpose of a dyadic.

Upon substitution from (11), the equations in (10) become

k×E(k,ω)−ωµµµ(k,ω) ·H(k,ω) = 0 (14a)

k×H(k,ω)+ωεεε(k,ω) ·E(k,ω) = −iJ(k,ω) (14b)

which, for the electric quadrupolar continuum, can be re-

expressed as

k×E(k,ω)−ωµ0H(k,ω) = 0 (15a)

k×H(k,ω)+ωε0 [1 +χχχe(k,ω)] ·E(k,ω) = −iJ(k,ω)
(15b)

where εεε(k,ω) = ε0[1 +χχχe(k,ω)] and the electric suscepti-

bility dyadic χχχe(k,ω) is obtained from (3) and (5) as

χχχe(k,ω) =
αQ

4

(

k2III +
1

3
kk

)

. (16)

For these plane wave fields, the boundary conditions in (9)

become

E
(2)
s −E

(1)
s =

1

2ε0
(k− kz ẑ)(ẑ ·Q

(2)
· ẑ) (17a)

H
(2)
s −H

(1)
s = −

iω

2
ẑ× (ẑ ·Q

(2)
) (17b)



with

Q
(2)

= iαQε0

[

1

2
(kE(2) +E(2)k)−

1

3
(k ·E(2))III

]

. (18)

For source-free fields in the lossless quadrupolar half

space, the propagating modes are transverse electromag-

netic (TEM) and, thus, for the source-free propagating

modes k ·E = 0. Inserting Q
(2)

from (18) into (17), one

finds that the free-space, time-average Poynting vector in

the ẑ direction is given in terms of the time-average Poynt-

ing vector for the source-free propagating modes in the con-

tinuum by the expression

1

2
Re[E(1) ×H(1)∗] · ẑ =

1

2
Re [E×H∗] · ẑ−

ωαQε0

8
kz|E|

2

(19)

in which the superscripts “(2)” in the continuum have been

dropped and higher order terms proportional to k2αQ have

been neglected because, as mentioned above, k2αQ � 1.

Since the free-space Poynting vector Re[E(1)×H(1)∗ ] · ẑ/2

is unequivocally the time-average power per unit area (Pow)

entering the continuum in the z direction [4], that is

Pow =
1

2
Re [E×H∗] · ẑ−

ωαQε0

8
kz|E|

2 (20)

we see that the power is not just equal to Re [E×H∗] · ẑ/2

in the lossless, source-free, spatially dispersive continuum

but requires the second term on the right-hand side of (20).

As explained in the Introduction, the power per unit area

(POWarr) in a lossless, reciprocal periodic array has been

determined by Silveirinha et al. [2,3] and can be written for

the z direction as

Powarr =
1

2
Re [E×H∗] · ẑ−

ω

4
E ·

∂εεε(k,ω)

∂ kz
·E∗ (21)

where the partial derivative with respect to kz is taken hold-

ing ω fixed. Taking the partial kz derivative of the lossless

reciprocal εεε(k,ω) in (16), we find

∂εεε(k,ω)

∂ kz

=
αQε0

4
(2kzIII + ẑk+kẑ) (22)

which when substituted into (21) gives

Powarr =
1

2
Re [E×H∗] · ẑ−

ωαQε0

8
kz|E|

2 (23)

the same power in the lossless spatially dispersive contin-

uum as that determined in (20) from the boundary condi-

tions.

3 Group Velocity of a Wavepacket in a Spa-

tially Dispersive Continuum

The space-time fields in a spatially dispersive continuum

can be expressed as a four-fold integral consisting of a 3D

Fourier transform of the fields in real k space [1] and an an-

alytic Fourier transform over positive real angular frequen-

cies ω [10, ch. 5]. Moreover, for any lossless source-free

(normal or characteristic) mode (eigenfunction), the posi-

tive frequency ω is a unique function of the real propaga-

tion vector k and the frequency Fourier transform collapses

to one discrete value, so that the space-time electric field,

for example, can be expressed as

EEE (r, t) = 2Re

∫

k±

E[k,ω(k)]ei[k·r−ω(k)t]d3k (24)

with d3k = dkxdkydkz and the integration limits k±

are (−∞,−∞,−∞) < (kx,ky,kz) < (+∞,+∞,+∞). A

wavepacket is defined by assuming the wave propaga-

tion vectors are concentrated about a central propagation

vector kp such that E(k,ω) ≈ 0 unless |k − kp|/|kp| =
|∆k|/|kp| � 1. Assuming ω(k) is expandable about kp,

we have

ω(k) = ω(kp)+∇kω(kp) ·∆k+O
[

|∆k|2
]

(25)

so that EEE (r, t) in (24) can be approximated as

EEE (r, t)≈ 2Re
{

ei(kp·r−ωpt)
∫

∆k

E[∆k+kp,ω(∆k+kp)]

·ei∆k·[r−∇kω(kp)t]d3∆k
}

(26a)

or simply

EEE (r, t)≈ Re
{

g[r−∇kω(kp)t]e
i(kp·r−ωpt)

}

(26b)

where ωp = ω(kp) and g(r) is an envelope function that

varies slowly over a distance equal to the wavelength λp =
2π/|kp| in the medium. The velocity of this envelope or

wavepacket is called the group velocity and is determined

from (26b) as

vg(kp) = ∇kω(kp) (27)

which is not necessarily in the same direction as the phase

velocity vp =(ωp/|kp|)k̂p. For lossless reciprocal material,

the group velocities in the±kp directions are equal [12] and

thus only values of (kpx,kpy,kpz) > 0 as well as ω(k) > 0

need to be considered for reciprocal material.

4 Energy-Transport Velocity in a Spatially

Dispersive Continuum

In this section, a ratio expression is derived for the energy-

transport velocity that equals the group velocity of a

wavepacket in a source-free, lossless, spatially dispersive,

anisotropic medium where ω = ω(k). This ratio expression

contains the power derived in Section 2.1 as its numerator

and, thus, its denominator reveals the stored energy density

in a lossless spatially dispersive medium.

Taking the differential of (10a) and (10b) dotted into H∗

and E∗, respectively, one obtains with J = 0

[dk×E +k×dE−d(ωB)] ·H∗ = 0 (28a)

[dk×H+k×dH+d(ωD)] ·E∗ = 0. (28b)



Subtracting these two equations and then using the consti-

tutive and lossless relations in (11) and (12) for anisotropic

media leads to

dk ·S(k,ω) = U(k,ω)dω = U(k,ω)dk ·∇kω(k) (29)

where

S(k,ω) = Re[E(k,ω)×H∗(k,ω)]/2 (30)

is the time-average Poynting vector and

U(k,ω)=
1

4

[

E ·
d[ωεεε(k,ω)]

dω
·E∗+H ·

d[ωµµµ(k,ω)]

dω
·H∗

]

(31)

has dimensions of an energy density. However, U(k,ω)
in (31) is not uniquely defined. To see this, evaluate each

element of the total derivatives in (31) as

d[ωεi j(k,ω)]

dω
=

∂ [ωεi j(k,ω)]

∂ ω
+ω∇kεi j(k,ω) ·

dk

dω
(32)

and similarly for µi j, where ∇kεi j(k,ω) is the k gradient

holding ω fixed, and ∂ εi j(k,ω)/∂ ω is the partial ω deriva-

tive holding k fixed (as if k and ω were independent vari-

ables). Although ω is a unique function of k for a source

free mode, the vector k is not uniquely determined by ω,

so that the ratio dk/dω varies with dk and, thus, U(k,ω)
is not, in general, uniquely defined. Nonetheless with these

total derivatives inserted into the first equation in (29), and

writing dω(k) = dk ·∇kω(k) for source-free modes, one

obtains

4Udω = 4dk ·S = dk ·∇kω(k)

[

E ·
∂ [ωεεε(k,ω)]

∂ ω
·E∗

+H ·
∂ [ωµµµ(k,ω)]

∂ ω
·H∗

]

(33)

+ωdk ·∇kεi j(k,ω)EiE
∗
j +ωdk ·∇kµi j(k,ω)HiH

∗
j .

Since (33) holds for all dk, and all other quantities in (33)

are uniquely defined, it follows that

∇kω(k) = Stot(k,ω)/W(k,ω) (34a)

with

Stot(k,ω)= S(k,ω)−
ω

4
[∇kεi j(k,ω)EiE

∗
j +∇kµi j(k,ω)HiH

∗
j ]

(34b)

and

W (k,ω) =
1

4

[

E ·
∂ [ωεεε(k,ω)]

∂ ω
·E∗+H ·

∂ [ωµµµ(k,ω)]

∂ ω
·H∗

]

.

(34c)

The power Stot(k,ω) in the numerator of (34a) is the

anisotropic generalization of the total power (energy flow

per unit area) in a lossless spatially dispersive contin-

uum found in (19)–(23). Consequently, the energy density

W (k,ω) in the denominator of (34a) is certainly the stored

energy density in a lossless, spatially dispersive, anisotropic

continuum (as well as in a lossless, spatially nondispersive,

anisotropic continuum where εεε and µµµ are not functions of

k, and S = Stot is the total power). The ratio Stot/W is in

the form of an “energy-transport velocity” ve(kp) equal to

the group velocity. These equalities can be summarized in

the one extended equation

vg(kp)=∇kω(kp)=ve(kp)=Stot(kp,ωp)/W (kp,ωp). (35)
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