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Abstract

Current optimization provides bounds on the antenna performance and suggestions for distribu-
tions of optimal antenna currents. Many current optimization problems can be formulated as convex
optimization problems. The formulations as convex optimization problems are advantageous as there
are efficient solvers with explicit posterior error bounds and the problems are easily generalized to
specific antenna problems by inclusion of additional convex constraints.

1. Introduction

Optimization is often used in electromagnetics to improve designs and to construct new designs [1]. Random
search algorithms, such as genetic algorithms and particle swarm, and gradient based algorithms dominate the field
due to the inherent complexity of the design problems. Optimization of the current density is inherently different
and can often be formulated as convex optimization problems [2].

In this paper, we focus on the radiation properties of antennas. The radiated electromagnetic field is generated
from oscillating currents in the antenna structure. We assume that we can control the current distribution in the
antenna volume meaning that we can prescribe the amplitude and phase of the current density in this region. This
implies that we divide the antenna synthesis into two parts. Firstly determine the desired currents and secondly
synthesize an antenna structure that produces the desired current or has similar performance. For antennas, we can
combine quadratic forms, such as stored energy and radiated power, linear forms, such as near- and far fields and
induced currents, and norms to formulate convex optimization problems relevant for specific antenna problems [2].

The stored electromagnetic energy is calculated using the expressions in [3, 4]. The energy matrices are in
principle already implemented in many method of moments (MoM) solvers. We just need to separate the electric and
magnetic parts of the impedance matrix from the electric field integral equation (EFIE) and to add a non-singular
part. We restrict the analysis to surface currents in free space. In this paper, we present an overview of current
optimization and associated physical bounds.

2. Stored energy

To analyze the radiation properties of antennas, we need to express the energy in the electromagnetic fields
or the current densities. The total time-harmonic energy is unbounded due to the large contribution from the
radiated field far from the antenna. This radiated field does not contribute to the stored energy of the antenna and
is subtracted from the total energy [4–9]. In this paper, we restrict the analysis to currents in free space.

The integral expressions by Vandenbosch [3] represents the stored energy as quadratic forms in the current
densities. The expressions are particularly useful as the radiated fields are generated by the current density on the
antenna structure and hence directly applicable to current optimization [2,10]. The integral expressions are identical
to subtraction of the energy density of the radiated far field for many cases [4] and reduces to the stored energy
in [11,12] in the limit of small antennas.

The stored electric and magnetic energies are [3, 4]
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Figure 1: The phone structure is denoted V and consists of screen, battery, electronics, and so on. The
antenna is part of the phone structure but restricted to the region V1. We assume that the antenna
designer is allowed to specify the spatial distribution of the metal and dielectrics in the region V1.
The electromagnetic properties of the remaining region V − V1 is assumed to be fixed.

and
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respectively, where the star ∗ denotes the complex conjugate and we note that η0/ω = µ0/k with the free space
impedance η0, free space permeability µ0, angular frequency ω, and wavenumber k. We also have the total radiated
power

Pr =
η0
2
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dV1 dV2. (3)

For the radiation pattern and the directivity, we use the radiated far field, F (r̂) = rejkrE(r) as r = |r| → ∞, in the
direction r̂. The far field for the polarization ê and direction r̂ (with r̂ · ê = 0) is

ê∗ · F (r̂) =
−jkη0

4π

∫
V

ê∗ · J(r1)ejkr̂·r1 dV1. (4)

3. Current optimization

Current optimization is a powerful tool in antenna design and theory [2,13] that can handle the contradictory
requirements on performance and size. Many antenna problems can be formulated as optimization problems, where
we optimize the antenna with respect to the antenna performance in a given design space. Here, we consider a
typical mobile phone geometry to illustrate the approach, see Fig 1. The phone structure is denoted V and consists
of screen, battery, electronics, and so on. The antenna is part of the phone structure but restricted to the region V1.
We assume that the antenna designer is allowed to specify the spatial distribution of the metal and dielectrics in the
region V1. The electromagnetic properties of the remaining region V − V1 is assumed to be fixed [2, 13].

Convex optimization problems are solved with efficient standard algorithms [14]. There is no risk of getting
trapped in a local minimum. Dual problems are used to posterior error estimates. We can often consider a problem
as solved if it is formulated as a convex optimization problem.

To maximize the gain Q-factor quotient G/Q, we first compute the electric reactance matrix Xe and magnetic
reactance matrix Xm from the method moments approximation of the stored energies (1) and (2) using local basis
functions on rectangular elements [2]. For the maximal G/Q, we get the convex optimization problem to minimization
of the stored energy for a fixed partial far-field in one direction [2], i.e.,

minimizeJ max{JHXeJ,J
HXmJ}

subject to Re{FHJ} = 1,
(5)



where we for simplicity normalized the far field to unity. Let Jo denote a current vector that solves (5). The minimum
value of the stored energy in (5) is unique although the current vector Jo is not necessarily unique [10]. The solution
is an upper bound on G/Q for the considered direction r̂ and polarization ê, i.e.,

G(r̂, ê)

Q
≤ G(r̂, ê)

Q

∣∣∣∣
ub

=
4π|FHJo|2

max{JH
o XeJo,JH

o XmJo}
(6)

We consider a planar rectangular structure to illustrate the current optimization and physical bounds on G/Q
in (5). The rectangle is an infinitely thin strip dipole with length ` and width 0.01`. The G/Q is maximized by (5)
for radiation in the normal direction of the plane, r̂ = ẑ, and polarization along the strip ê = x̂. For λ = 2` we get
the maximal G/Q ≈ 0.3 and the resulting D ≈ 1.65 and Q ≈ 6 for a lossless structure, cf., [15]. The corresponding
current distribution is depicted in Fig. 2, see also [10].

Superdirective antennas have a higher directivity than a typical antenna of the same size. The partial directivity
is at least D0 if

D0 ≤ D =
4π|ê∗ · F (r̂)|2

Pr
⇒ Pr ≤

4π|ê∗ · F (r̂)|2
D0

(7)

This is added as the convex constraint JHRJ ≤ 4π/D0 to the optimization problem (5) [2]

minimizeJ max{JHXeJ,J
HXmJ}

subject to Re{FHJ} = 1

JHRJ ≤ 4π/D0

(8)

The strip dipole geometry with length ` and width 0.01` is used to illustrate the optimal current distribution
and performance bound for the increased directivity. We increase the directivity to D ≥ D0 = 2 by adding the
constraint on the radiated power in (8). Solving the convex optimization problem gives the maximal G/Q ≈ 0.015
and the resulting D = 2 and Q ≈ 130 for a lossless structure. The corresponding surface current density is depicted
in Fig. 2, where we observe that the current has sub-wavelength oscillations similar to the feeds in super directive
arrays.
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Figure 2: Current distribution on the strip dipole with length ` and width `/100 for λ = 2`. a) for the
maximal G/Q using (5). b) for the minimal Q using (8) with D ≥ D0 = 2.

4. Conclusions

Current optimization offers many possibilities to analyze antennas [2]. The results presented here are easily
generalized to embedded antennas and other formulations for the radiated field [2]. Other examples include combi-
nations of prescribed far fields in one or several directions, stored electric energy, stored magnetic energy, radiated
power, side-lobe levels, induced currents, near fields, and ohmic losses.
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