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Abstract 

 
 Hypersingularity is a theoretical electromagnetic phenomenon that may occur at the mathematically sharp edge of 
a wedge formed by an ordinary dielectric and a lossless metal having finite and negative permittivity. The singularity of 
the transverse electric field component at the edge is so strong that to date all well-established numerical methods for 
solving electromagnetic scattering problems have failed to converge whenever hypersingularity occurs. Unable to find 
quick solutions to the non-convergence problem, people begin to ask: Is hypersingularity physical? Some pointed out that 
Meixner’s edge condition is violated. I show that the edge condition is not applicable to the present case, and if it were it 
would not be violated. With a proper combination of the two degenerate hypersingular modes the energy-flux edge 
condition is satisfied. Therefore, it is insufficient to consider that hypersingularity is unphysical solely based on energy 
considerations. I also remark on the possible illposedness of the hypersingularity problem without imposition of the right 
edge condition. 
 

Summary 
 
 The electric field vector component perpendicular to the edge direction of a wedge composed of media of 
different permittivities may be infinitely large at the mathematically sharp edge [1]. Meixner [2] developed a power 
series in  for describing the electromagnetic fields in the neighborhood of the edge, where  belongs to the circular 
cylindrical coordinate system (,,z) whose z axis coincides with the edge. It was later proven [3] that Meixner’s series is 
invalid in general, but its leading term remains to be an accurate description of the asymptotic behavior of the singular 
field: 
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where H and E stand for magnetic and electric fields, the subscripts denote vector components, the superscript j refers to 
wedge sectors, and  is the singularity exponent. With  written as  =  + i, where  and  are real, the nature of the 
field at the edge can be classified as follows. The cases of  ≥ 1,  < 0, and  = 0 are not interesting because the field is 
nonsingular in the first case and unphysical (violating an edge condition of any kind) in the latter two. When 0 <  < 1 
the field is singular and this is the commonly-seen and well-known case. The remaining case of  = 0 and  ≠ 0 had not 
been discussed seriously in the scientific literature until the recent years. In the modern research fields of plasmonics and 
metamaterials the imaginary part of a highly conducting metal or a manmade composite material is sometimes taken to 
be zero for the sake of simplicity. For a wedge formed by such a lossless metal the remaining case may occur. The 
singular field behavior near the sharp edge has been termed hypersingularity [4]. 
 For both singular and hypersingular fields the radial dependence of the transverse electric field can be written in 
this form 

1 1exp( i ln ) .                                                                            (2) 

The difference between the two types of edge fields is in their divergence rates at  = 0. For the singular field the electric 
field vector is square-integrable in two-dimensional space; whereas, the hypersingular field is not square-integrable. As a 
consequence of the stronger divergence rate, to the best of my knowledge, to date all numerical methods for solving 
electromagnetic scattering problems have failed to converge whenever hypersingularity occurs, although otherwise they 
have been proven effective and efficient. While numerical evidence is plenty, the root cause is still not clearly understood. 
Many questions can be asked: Why do not the well-established numerical methods work? Is hypersingularity physical? Is 
it useful to study hypersingularity? Is the problem containing hypersingularity well defined? In this paper I will present 
my answers to or my view on these questions. My preliminary results are summarized as follows. 
 Is hypersingularity physical? Before answering the question we must clearly define the meaning of something 
being physical and distinguish it from that of something being realistic. By saying a problem physical we mean it does 
not violate fundamental laws of physics, such as Maxwell’s equations or conservation of energy. So far, within the 
domain of electrodynamics of continuous medium and under the assumptions of temporal and spatial dispersion-free 
media, the strongest argument for declaring hypersingularity unphysical is based on the alleged violation of Meixner’s 
edge condition, which says the electromagnetic energy in any finite domain must be finite [2]. I will show that this 
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argument is not on a solid ground for two reasons. First, for a lossless metal the conventional expression of 
electromagnetic energy density is no longer valid; therefore, Meixner’s edge condition cannot be applied. Second, even if 
the expression is valid, Meixner’s edge condition can still be met if it is applied correctly. I will further show that if we 
replace the stored-energy (Meixner) edge condition with the energy-flux edge condition [5,6] and take into account the 
double degeneracy of the hypersingularity exponent, the conservation of energy is not violated. The conclusion is it is 
insufficient to consider hypersingularity unphysical solely based on energy considerations. 
 Is it useful to study hypersingularity? Irrespective of the eventual answer to the question of physicalness my 
answer to this question of usefulness is an unequivocal yes. Theoretically speaking, by rounding the sharp edge with a 
finite radius r > 0 one can completely remove field singularity and hypersingularity, and by introducing absorption loss 
(imaginary part of permittivity,   > 0) to the lossless metal (with permittivity 0    ) one can downgrade the 
hypersingularity to singularity. Numerical experiments have shown that rounding is effective [4] but the converged 
results for fixed rounding radii do not converge to a fixed value as the radius r tends to zero [7]. Furthermore, the effect 
of introducing absorption loss is limited: in most cases, unless   is artificially made so large such that | | 1/    , the 

numerical convergence remains poor [4,7]. However, in optical spectrum the highly conducting metals like gold, silver, 
and aluminum all have imaginary-to-real permittivity ratios | | 1/    . Therefore, from a practical point of view, it is 

very worthwhile to study hypersingularity. The solution to the practical problem of real metals may be found as a 
byproduct of searching for the answer to the deeper question. 
 One may think that the solution of a scattering problem is uniquely determined and can be numerically simulated 
accurately given good numerical algorithms and computation resource, if the solution satisfies (1) Maxwell’s equations 
with proper constitutive relations everywhere, (2) the boundary conditions across medium interfaces, and (3) the 
radiation condition at infinity. This is why the non-convergence problem caused by hypersingularity is so disturbing. 
Indeed, all well established electromagnetic simulation tools enforce these three and only these three requirements. 
However, in the literature there are examples showing that one more requirement is necessary to fully specify an 
electromagnetic scattering or wave-guiding problem, the requirement being satisfaction of an edge condition, although all 
cases requiring explicit imposition of edge condition known to me involve a perfectly conducting and infinitely thin sheet. 
Many uniqueness theorems in electromagnetics exist, but to my knowledge none cover cases involving hypersingularity. 
In this regard many interesting questions can be asked. Is an electromagnetic scattering problem well defined without 
having the energy-flux edge condition explicitly imposed when hypersingularity is excited? Can the non-convergence 
problem be solved by enforcing the edge condition? And, if yes, how to do so? I will discuss these questions in the oral 
presentation. 
 Some details of this work can be found in the to-be-published paper [7]. 
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