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Abstract 

 In this paper, we introduce the Stationary Wavelet Transform (SWT) as an improved method of spectrum 

sensing in wideband systems. Such systems employing Cognitive Radio require a fast and efficient spectrum sensing 

technique to locate the edges of the occupied channels and determine spectral holes to enable secondary users to access 

the spectrum without interfering with existing primary users, and with the increasing need for high data rates, 

compressive sensing is utilized in cognitive radios allowing us to work with sub-Nyquist rates. The Wavelet Transform 

has been widely used in many applications as a tool for edge detection. Our research shows how the SWT provides better 

estimates for the location of channel edges in a wideband system and we support these results with simulations. We also 

present the SWT in a compressive sensing framework. 

 

1. Introduction 

 With the increasing number of wireless technologies and the demand for higher data rates, the radio spectrum is 

has become a scarce resource. One of the main reasons for the problem of spectrum scarcity is the underutilization of the 

spectrum [1]. For this reason, cognitive radio is becoming widely popular in wideband systems to allow secondary 

(unlicensed) users to opportunistically access the spectrum without causing interference to primary (licensed) users by 

determining the unoccupied regions of the spectrum that are available for use by secondary users [1-3]. In wideband 

systems, spectrum sensing involves processing a large number of samples if we are to operate at Nyquist rate, but in 

order for the system to dynamically sense spectral holes and adjust the system parameters accordingly, a more efficient 

and rapid method is required. Compressive sensing enables the system to operate at a rate less than the Nyquist rate and 

still be able to obtain reliable results. This relies on the sparsity of the spectrum signal or any of its representations in 

different domains [4, 5]. The wavelet transform is a powerful mathematical tool for detecting and analyzing local 

singularities, and is therefore widely used in applications that involve edge detection such as image processing, texture 

classification as well as signal de-noising [6]. It was first introduced as an efficient method for edge detection in 

cognitive radio by Tian et al. [7]. In this paper we propose the Stationary Wavelet Transform as an analyzing tool and 

show its advantages over the regular Wavelet Transform in spectrum sensing. An edge detection algorithm for noisy 

images that utilizes the SWT was proposed in [8], which proved to be superior over the Discrete Wavelet Transform 

(DWT) in terms of feature detection and preserving the resolution of the image. In this paper, we show how the SWT 

provides an improved and more efficient edge detection method in spectrum sensing and what makes its superior over the 

DWT methods. We also investigate its implementation in a compressive sensing framework in comparison to the DWT. 

 

2. The Stationary Wavelet Transform 

 This section discusses the mathematical aspect of the stationary wavelet transform and how it differs from the 

discrete wavelet transform, particularly in terms of filter banks. First we present the DWT and then use it to explain the 

SWT; pointing out the modifications applied to give the latter. Consider a discrete signal x(n) of length N where n takes 

values from 0 to N-1, such a signal may be represented as a linear combination of the shifted and scaled version of the 

mother wavelet and the corresponding scaling function, that is 
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where ψ(n) is the mother wavelet function, ϕ(n) is the corresponding scaling function, Wϕ and Wψ are the scaling and 

detail coefficients respectively and j and k denote the dyadic scale and the shift respectively [9]. The scaling and detail 

coefficients are obtained via convolution with the scaling and wavelet functions respectively. We are interested in 

obtaining the detail coefficients for the purpose of edge detection. The convolution leads us to the filter bank 

representation of the DWT. The coefficients can be obtained by successively applying high and low pass filters to the 

signal followed by down-sampling, as shown in figure 1(a) for a 2-level DWT filter bank implementation. The outputs of 

the high pass filters are the detail coefficients and the outputs of the low pass filters are the approximation coefficients 

denoted by CDi and CAi respectively for the i
th

 level [10]. The SWT does not down-sample the outputs of the filters; 

instead, the filters are upsampled at each stage by a factor of 2. The filter bank implementation of the SWT is shown in 

figure 1(b). The SWT is highly redundant, since the output at each level is the same length as the original signal; unlike 

the DWT, in which the length of the output decreases to half the original length at every level [8, 11]. 

  
 

(a) DWT (b) SWT 

Figure 1: Filter Bank Implementation 

 

3. Compressive Sensing 

 Wideband signals are typically sparse in the frequency domain (or alternatively, the wavelet domain). This 

motivates the use of compressive sensing in cognitive radio. The theory of compressive sensing ensures that a signal that 

is sparse or has a sparse representation in some domain can be sampled at a sub-Nyquist rate and reconstructed with high 

accuracy [4, 5]. Consider the signal x represented by a vector of length N. Assume that x is K-sparse in the Ψ-domain 

where K << N. This means that x = Ψs where s is a K-sparse vector of length N and Ψ is a matrix of size N×N. We now 

aim to reconstruct s (hence x) using only K samples of the vector x. The K samples are stacked to form the elements of a 

vector y, which we shall refer to as the measurements vector. Therefore we have 

Gssxy   (2) 

where Φ is a K×N matrix called the measurement matrix, Ψ is the basis matrix and G = ΦΨ. If we view the matrix 

equation (2) as a system of linear equations, then we have an underdetermined system. However, if Φ is chosen such that 

the matrix G = ΦΨ has the Restricted Isometry Property (RIP), then accurate reconstruction of the original signal is 

possible. Verifying the RIP for a matrix is combinatorially complex, but this problem is sidestepped by choosing Φ as a 

random matrix [4, 12]. In the reconstruction step, the basis pursuit algorithm is used to find the solution with the least ℓ1-

norm which is a good measure for the signal sparsity [7,13]: 

...min argˆ
1

Gsyss
s

 ts  (3) 

For wideband spectrum sensing, x is the spectrum signal and N is the number of samples obtained if the spectrum is 

sampled at the Nyquist rate. The wavelet transform of the spectrum signal gives a sparse signal with peaks at the 

occupied channel boundaries [14], therefore a suitable choice for Ψ would be a Wavelet Transform matrix. Here we 

choose Φ as a K×N random permutation (selection) matrix as defined in [15]. 

 

4. SWT-based Compressed Spectrum Sensing 

 We now discuss the methods proposed to improve the performance of cognitive radio in spectrum sensing. We 

propose using the SWT instead of the DWT to improve the overall performance of the system. The advantages of the 

SWT are reflected in the following example: A 2-level DWT and SWT are applied to the simple signal depicted in figure 

2(a). For the sake of comparison, the output of the DWT is upsampled to be the same length as the original signal. The 

detail coefficients are shown for the DWT and SWT in 3(b) and 3(c) respectively. The down-sampling of the filter output 

in the DWT causes one of the edges in the original signal to be completely missed, whereas all edges appear in the output 

of the SWT. In the application in question, identifying the location of the channel edges is of utmost importance. 

   
(a) Original Signal (b) 2-Level DWT (c) 2-Level SWT 

Figure 2: Applying DWT and SWT to a signal 



 From a compressive sensing point of view, the wavelet transform - in general - is represented by the basis matrix 

whose size is always set according to the length of the original data. For the DWT, down-sampling at higher levels can be 

implemented by down-sampling followed by zero insertion which can be represented in matrix form as described in [16].  

In case of the SWT, convolution using the wavelet filters can be done using matrix multiplication by using the elements 

of the filter to form a Toeplitz matrix [17]. For the upsampled filters, the same can be applied by first up-sampling the 

filter elements then forming the convolution matrix (Toeplitz matrix). For our simulations, we have three convolution 

matrices: H1, H2 and H3. H1 is formed based on the high pass filter h(n); since we essentially need the detail coefficients 

whose local maxima represent the occupied band edges, h(n) is upsampled twice and the successive outputs of the 

upsampling process are used to form the convolution matrices H2 and H3. We compare the performance in case of 

choosing the basis matrix in equation (2) as Ψ = H1, Ψ = (H1 + H2)/2 and Ψ = (H1 + H2 + H3)/3. The low pass filters are 

not used in this definition of the wavelet matrix since incorporating them in the definition of Ψ results in a near singular 

matrix G, which is inconvenient for use in the minimization algorithm. 

 

5. Simulation Results 

The stationary wavelet transform is compared to the discrete wavelet transform in a spectrum sensing framework. First 

we compare the multilevel SWT and DWT performance in spectrum sensing at Nyquist rate, and then we compare their 

performance with compressive sensing. Consider a wideband signal with three occupied bands. We assume in all our 

simulations that the channel bandwidth and the number of channels are unknown to the cognitive radio. For our 

simulations, four performance parameters are used: the subcarrier occupancy error rate (SOER), the probability of 

misdetection (PMD), the probability of false detection (PFD) and the average probability of error (PT) as defined in [18, 

19]. The first set of results is shown in figure 3. We test the performance of the DWT and SWT at 1, 2 and 3 levels. No 

compression is involved in these results. The SWT shows a considerable improvement in performance over its DWT 

counterpart in the single level, 2-level and 3-level transforms. Although the SWT provides a low probability of error, it 

involves processing a large number of samples compared to the DWT; which may add to the complexity of the system. 

Compressed spectrum sensing based on the SWT is also tested and the results are shown in figure 4.  In case of 

compressive sensing, no additional complexity is added to the system. A compression ratio of K/N = 1/2 is used. Once 

again, the SWT shows lower probability of false detection and also an overall improvement in the system performance as 

shown in figure 4(a). 

  
(a) PMD vs. SNR (b) PFD vs. SNR 

  

(c) SOER vs. SNR (d) PT vs. SNR 

Figure 3. System Performance: A Comparison between SWT and DWT  
 



  
(a) SOER vs. SNR (b) PFD vs. SNR 

Figure 4: System Performance in a Compressive Sensing Framework 
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