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Abstract

In previous publications, the problem of 2D beam diffraction by a wedge has been solved via the complex source
(CS) approach. However, the straightforward CS formulation may be applied only when the incident beam is diverging
as it hits the edge, but not when it is converging. In the present paper, we present a novel solution for the diffraction of a
converging beam. In that approach, we use the CS approach to construct the plane wave spectrum of the field of the incident
converging beam, and then calculate the diffracted field using a multipole expansion. The overall goal of this research is
the derivation of techniques for the analysis of 3D beam diffraction by a cone.

1. Introduction and Problem Scope

The complex source (CS) method provides a canonical setting for the rigorous study of beam diffraction phenomena
[1-3]. In [4, 5] we have used this approach for the analysis of two dimensional (2D) beam diffraction by a wedge as a
function of the beam parameters: collimation, direction and displacement from the edge. The emphasis in [4, 5] has been
placed on exploring various analytical techniques, with a specific goal of extending them to 3D cone diffraction problem
(see initial results in [6, 7]). However, as has been noted in [5], the straightforward CS formulation applies only for the
case where the incident beam is diverging as it hits the edge, as schematized in Fig. 1. In the present paper we use the CS
method and derive a new solution that can be used for the case schematized in Fig. 2 where the incident beam is converging
as it hits the wedge.

We start in Sec. 2 with a layout of the problem configuration and the solution to the diverging beam problem of
Fig. 1. The new solution is presented in Secs. 3 and 4 with numerical examples and concluding remarks in Secs. 5 and 6.
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Figure 1: An incident diverging beam. A complex source
beam (CSB; double arrow) emerges in the b direction
from the physical source distribution centered at r0 whose
length is 2b (thick line). The waist of the resulting beam
is also located on that line and its size

√
b/k ≪ b.

Figure 2: An incident converging beam. The beam prop-
agates in the b direction, converging to a waist at r0, but
it hits the wedge before it reaches that waist.

2. Diffraction of a Diverging Beam: The Complex Source Model

We start with the conventional CS model in Fig. 1 which, however, cannot be applied for the converging beam case
of Fig. 2. In this approach, the field is modeled as radiation from a point-source located at the complex coordinate point

rc = r0 + ib, r0 = (x0, y0) = (r0, ϕ0), b = (xb, yb) = (b, ϕb), (1)

r0 and b are real vectors expressed in (1) in cartesian and polar forms, describing, respectively the center of the beam waist
and it direction (Fig. 1). Thus choosing ϕb ≈ ϕ0 + π implies that the beam hits near the edge as sketched in Fig. 1.
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In free space, the field due to the source in (1) is obtained by an analytic continuation of the 2D free space Green's
function

G(r, rc) = (i/4)H(1)
0 (ks), s =

√
(x− xc)2 + (y − yc)2, Re s ≥ 0, (2)

H
(1)
0 (ks) is the Hankel function of the first kind and zero order and s is the complex distance from rc to the real observation

point r. The properties of the solution in (2) depend on the choice of the branch of the multi valued function s. Fig. 1
schematizes the field structure when one define s with Re s ≥ 0 as in (2) [2], in which case s is continuous everywhere in
the real space r except across a cut length 2b centered at r0 (thick line in Fig. 1). This cut represents therefore the physical
source distribution of the field which is outgoing with respect to these sources [8]. The field has the form of a strong beam
emerging from the waist at r0 in the positive b direction, with a weaker field radiating in all other directions, having a
minimum along the negative b direction [2].

In [5] we have explored various solution techniques for the problem in Fig. 1. One solution approach is an analytic
continuation for the multipole expansion representation of the complex source Green's function for a soft (Dirichlet) wedge
viz

ψ(r) =
iπ

φ

∞∑
ℓ=1

Jνℓ
(kr<)H

(1)

νℓ
(kr>) sin(νℓϕ) sin(νℓϕc), νℓ = ℓπ/φ, (3)

Jν are Bessel functions, (rc, ϕc) are the polar coordinates of the the complex point rc, and

(r<, r>) =

{
(r, rc)
(rc, r)

if
{
r < rmin

r > rmax
, r min

max
=

√
r20 + b2 ∓ r0b sin |δb|, (4)

rmin,max are the distances from the edge to the nearest/farthest points on the complex-source branch cut in Fig. 1.

3. Modeling of the Incident Converging Beam

As follows from the analysis above, the CS model in Fig. 1 cannot describe the converging beam situation in Fig. 2.
This problem is circumvented here by describing the incident converging beam as a plane wave integral, and then construct-
ing, in Sec. 4, the diffracted field due to these plane waves.

It is convenient to introduce the beam coordinates (σ, η) centered at r0 such that σ is the coordinate along b while η
is the transversal coordinate. The plane wave spectral representation of the solution in (2) in the beam system is

G(r, rc) =
i

4π

∫
C+
dξ ζ−1eik

[
ξη±ζ(σ−ib)|

]
, σ ≷ 0, ζ =

√
1− ξ2 with Im ζ ≥ 0. (5)

The integration contour C+

extends along the visible spectrum range (−1, 1) on the real ξ-axis where ζ is real and positive,
and then passes above and below the branch points at ξ = ∓1, respectively.

In order to model the converging beam we note that the± sign in the exponent in (5) are due to the fact that the field
is outgoing with respect to the sources located at the σ = 0 plane. Thus, in order to model the converging field for σ < 0
we simply use the upper sign in (5) for all σ, namely

ui(r; r0, ϕb) =
i

4π

∫
C±

ζ−1eik
[
ξη+ζ(σ−ib)|

]
dξ, σ ≷ 0, (6)

C−
is similar to C+

of (5) except that it passes below and above the branch points at ξ = ∓1, respectively. ui(r; r0, ϕb) in
(6) describes a beam propagating along the σ-axis from −∞ to∞, having a waist at σ = 0 (i.e., at r0).

It is convenient to express the integral in (6) as an angular spectrum. We use the plane-wave angle α from the σ-axis,
measured in the positive direction such that (ξ, ζ) = (− sinα, cosα). Using

σ = (x− x0) cosϕb + (y − y0) sinϕb, η = (x− x0) sinϕb − (y − y0) cosϕb, (7)

and also (x, y) = r(cosϕ, sinϕ), we obtain

ui(r; r0, ϕb) =
i

4π

∫
P±

dα eikr cos(α−ϕ+ϕb)ũi(α; r0, ϕb), ũi(α; r0, ϕb) = e−ikr0 cos(α−ϕ0+ϕb)ekb cosα, (8)

where the Sommerfeld integration pathes P± extend from −π/2±∞ to π/2∓∞, and ũi is the plane-wave spectrum.

We note now that if ϕ0 ≈ ϕb − π then (8) describes an incident diverging beam, as in Fig. 1, whereas if ϕ0 ≈ ϕb
then (8) describes a converging incident beam as in Fig. 2.



4. Converging Beam Diffraction by a Wedge

Referring to Figs. 1 we consider an acoustically soft wedge with faces at ϕ = 0 and ϕ = φ (Fig. 1). Considering an
incident plane wave e−ikr cos(ϕ−α′) where α′ is direction of the plane wave arrival, the total field can be expressed as [9]

uPW(r;α′) =
iπ

φ

∞∑
ℓ=1

Jνℓ
(kr)e−iπνℓ/2 sin(νℓϕ) sin(νℓα

′), νℓ = ℓπ/φ. (9)

Noting that α′ is related to α of (8) via α′ = α+ ϕb − π, we obtain for the total field due to the incident wave in (8)

u(r) =
i

4π

∫
P±

dα ũi(α)uPW(r;α′) =
−1

4φ

∞∑
ℓ=1

Jνℓ
(kr)e−iπνℓ/2 sin(νℓϕ)

∫
P±

dα ũi(α) sin
(
νℓ(α+ ϕb − π)

)
, (10)

where ũi(α; r0, ϕb) is the spectrum of the incident beam as defined in (8).

5. Numerical Results

We consider diffraction by a 45◦ wedge (i.e., φ = 1.75π). The collimation length of the incident beam is b = 80
and its direction is ϕb = 240◦. The units are set such that k = 1. We consider several cases for the waist location r0, all of
them for r0 = 100 but with different ϕ0: ϕ0 = 50◦, 60◦, 70◦ for cases (a,b,c), respectively, and ϕ0 = 250◦, 240◦, 230◦ for
cases (d,e,f), respectively. As illustrated in Fig. 3, in cases (a,b,c) the waist is located before the wedge so that the beam is
diverging as it hits the wedge, whereas in cases (d,e,f) the waist is located beyond the wedge and the beam is converging as
it hits the wedge. In cases (b,e) the incident beam axis hits exactly at the edge so that there is a strong diffraction together
with partial reflection and transmission. In cases (a,d) the incident beam axis hits the face ϕ = 0 of the wedge, so that the
beam is essentially reflected with a weak diffraction due to the off-axis beam field that hits the edge. Finally, in cases (c,f)
the incident beam passes away from the wedge with a weak off-axis diffraction. The results for all these cases are depicted
in Fig. 3. Note that for cases (a,b,c) the CS model in Fig. 1 is valid, hence we also applied the multipole solution in (3),
obtaining the same results for the scattered field.

(a) (b) (c)

(d) (e) (f)
Figure 3: The real part of the total field for cases (a-f) described in the text. The red points indicate the location of r0 - the
center of the beam waists of the incident beams. In case (d), the blue dot is r∗0 , the image point of r0, indicating the center
of the beam waist of the reflected beam.

6. Conclusions

We derived a new solution for the diffraction of a converging beam by a wedge. In that approach, the field of
the incident converging beam is synthesized using the CS technique in conjunction with the plane wave spectral analysis,



and the diffracted field is then calculated using the multipole expansion. The final result in (10) may be applied for both
cases where the incident beam is either diverging or converging as it hits the wedge, as schematized in Figures 1 and 2,
respectively. The validity of the new solution has been verified by applying it first to the diverging beam case where the
solution (3) of [4, 5] is valid, (see Fig. 3(a,b,c)) before applying it to the converging beam case (Fig. 3(d,e,f)).
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