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Abstract
The scattering of TE plane wave from the end-face of a two-dimensional waveguide system is treated by
solving straightforwardly a wave equation for the electric ﬁeld. The unknown scattered ﬁeld is expanded into a
perturbation series with respect to the diﬀerence of refractive indices of core and cladding. The ﬁrst and second
order terms of the series are analytically derived and it is shown that the second order term is suﬃciently small
compared with the ﬁrst order term and can be ignored.
1. Introduction
An image ﬁber is composed of a large number of cores embedded in a single cladding, which is used to transmit
directly an optical image. By illuminating the end-face of an image ﬁber with a laser beam a diﬀraction pattern
reﬂecting the arrangement of cores can be simply observed. We can see experimentally that the diﬀraction
pattern does not almost depend on the polarization of the laser beam. We are interested in the problem from a
theoretical point of view.
The reﬂection and transmission of a guided mode by the cut-end of a dielectric slab waveguide and the
coupling of a beam wave to a dielectric slab waveguide have been treated by the boundary integral equation[1,2].
In their papers the approximate form of the Green’s function in a waveguide region has been used and the
integral equation has been solved numerically. The analytical treatment of the boundary integral equation is
very diﬃcult.
The scattering of an electromagnetic wave from a dielectric body has been treated by the volume integral
equation for the electric ﬁeld[3]. The scattered ﬁeld is the ﬁeld radiated from the electric polarization induced in
a dielectric body by the incident ﬁeld and the physical image is very clear. The solution of the volume integral
equation can be easily expanded into a perturbation series and each term of the series can be derived analytically.
The analytical representation gives a deep understanding of the scattering properties of a dielectric body.
The scattering of a plane wave from the end-face of a waveguide system composed of a large number of cores
has been treated by the volume integral equation for the electric ﬁeld and it has been shown that the far scattered
ﬁeld does not almost depend on the polarization of an incident wave[4].
In this paper the scattering of a TE plane wave from the end-face of a two-dimensional waveguide system is
treated by the perturbation method. The ﬁrst and second order terms of the perturbation series are derived and
the contribution of the second order term is clariﬁed.
2. Formulation of the problem
We consider the scattering of a plane wave from the endface of a two-dimensional waveguide system composed of a
large number of cores and a single cladding as shown in Fig.1.
The waveguide system is a model of an image ﬁber. For the
total electric ﬁeld 𝑬 we can write
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where 𝒓 is a position vector in the 𝑥𝑧-plane, 𝑘0 is the wave
2am
number in the air region and 𝑛(𝒓) is the refractive index disclad
m-th core
tribution for the entire region. The total ﬁeld 𝑬 is divided as
follows:
𝑬 = 𝑬 𝑖 + 𝑬 𝑟 + 𝑬 𝑠1 , 𝑧 > 0
(2)
𝑬 𝑡 + 𝑬 𝑠2 ,
𝑧<0
Fig.1 Geometry of the problem.
where 𝑬 𝑖 is the incident ﬁeld and 𝑬 𝑟 and 𝑬 𝑡 are the reﬂected and transmitted ﬁelds by a plane surface between
the air and the cladding, respectively. 𝑬 𝑠1 and 𝑬 𝑠2 are the scattered ﬁelds, which satisfy
∇ × ∇ × 𝑬 𝑠1 − 𝑘02 𝑬 𝑠1 = 0
∑
∑
∇ × ∇ × 𝑬 𝑠2 − 𝑘02 𝑛22 𝑬 𝑠2 = 𝑘02 𝛿𝑛2
𝜙𝑎𝑚 (𝑥)𝑬 𝑡 + 𝑘02 𝛿𝑛2
𝜙𝑎𝑚 (𝑥)𝑬 𝑠2
𝑚
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𝑚
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where 𝑛1 and 𝑛2 are the refractive indices of core and cladding, respectively and 𝛿𝑛2 = 𝑛21 − 𝑛22 . 𝜙𝑎𝑚 is deﬁned
by
𝜙𝑎𝑚 (𝑥) = 1, ∣𝑥 − 𝑥𝑚 ∣ < 𝑎𝑚
(5)
0, ∣𝑥 − 𝑥𝑚 ∣ > 𝑎𝑚
𝑎𝑚 and 𝑥𝑚 are the radius and the center position of the 𝑚-th core. The scattered ﬁelds satisfy the boundary
condition at 𝑧 = 0,
𝑧 × 𝑬 𝑠1 = 𝑧 × 𝑬 𝑠2 ,
𝑧 × (∇ × 𝑬 𝑠1 ) = 𝑧 × (∇ × 𝑬 𝑠2 )
(6)
The scattered ﬁeld is represented by
𝑬 𝑠𝑖 (𝑥, 𝑧) =

1
2𝜋

∫

∞
−∞

˜ 𝑠𝑖 (𝑝, 𝑧)𝑒−𝑗𝑝𝑥 𝑑𝑝,
𝑬

𝑖 = 1, 2

(7)

The scattered ﬁeld is expanded into the perturbation series with respect to 𝛿𝑛2 ,

where 𝑞0 =

√

𝑘02

˜ 𝑠1 = 𝛿𝑛2 𝑨1 (𝑝)𝑒−𝑗𝑞0 𝑧 + 𝛿𝑛4 𝑨2 (𝑝)𝑒−𝑗𝑞0 𝑧 + ⋅ ⋅ ⋅
𝑬

(8)

˜ 𝑠2 = 𝛿𝑛2 𝑩 1 (𝑝, 𝑧) + 𝛿𝑛4 𝑩 2 (𝑝, 𝑧) + ⋅ ⋅ ⋅
𝑬

(9)

− 𝑝2 . We can obtain the following ordinaly diﬀerential equation for 𝑩 𝑛 ,
∇𝑝 × ∇𝑝 × 𝑩 1 − 𝑘02 𝑛22 𝑩 1 =
∇𝑝 × ∇𝑝 × 𝑩 𝑛 − 𝑘02 𝑛22 𝑩 𝑛 =

∫
𝑘02 ∑ ∞
𝜙𝑎 (𝑥)𝑬 𝑡 (𝑥, 𝑧)𝑑𝑥
2𝜋 𝑚 −∞ 𝑚

∫
𝑘02 ∑ ∞ ˜
𝜙𝑎 (𝑝 − 𝑝1 )𝑩 𝑛−1 (𝑝1 , 𝑧)𝑑𝑝1 ,
2𝜋 𝑚 −∞ 𝑚

(10)

𝑛≥2

𝑑
.
where 𝜙˜𝑎𝑚 (𝑝) is the Fourier transform of 𝜙𝑎𝑚 (𝑥) and ∇𝑝 = −𝑗𝑝𝑥 + 𝑧 𝑑𝑧

3. Far scattered ﬁeld
The incident electric ﬁeld is expressed as

Then the transmitted ﬁeld is

𝑬 𝑖 = 𝑦𝑒𝑗𝑘0 (𝑥 cos 𝜗𝑖 +𝑧 sin 𝜗𝑖 )

(11)

𝑬 𝑡 = 𝑦𝑇⊥ 𝑒𝑗𝑘0 𝑛2 (𝑥 cos 𝜗𝑡 +𝑧 sin 𝜗𝑡 )

(12)

𝜗𝑖 and 𝜗𝑡 are the angles of incidence and transmission, respectively. 𝑇⊥ is the transmission coeﬃcient,
𝑇⊥ = 2 sin 𝜗𝑖 /(sin 𝜗𝑖 + 𝑛2 sin 𝜗𝑡 )

(13)

∑
𝑑2 𝐵1𝑦
+ 𝑞2 𝐵1𝑦 = −𝑘02 𝑇⊥
𝜙˜𝑎𝑚 (𝑝 + 𝑘0 𝑛2 cos 𝜗𝑡 )𝑒𝑗𝑘0 𝑛2 sin 𝜗𝑡 𝑧
2
𝑑𝑧
𝑚

(14)

From Eq.(10) we have

where 𝑩 1 = 𝑦𝐵1𝑦 and 𝑞2 =

√

𝑘02 𝑛22 − 𝑝2 . The solution is given by

𝐵1𝑦 (𝑝, 𝑧) = 𝑏1 (𝑝)𝑒𝑗𝑞2 𝑧 −

𝑞22

∑
𝑘02 𝑇⊥
𝜙˜𝑎𝑚 (𝑝 + 𝑘0 𝑛2 cos 𝜗𝑡 )𝑒𝑗𝑘0 𝑛2 sin 𝜗𝑡 𝑧
2
− (𝑘0 𝑛2 sin 𝜗𝑡 ) 𝑚

(15)

𝑨1 = 𝑦𝐴1𝑦 and 𝑏1 are determined from the boundary condition (6), which are given by
𝑏1 (𝑝) = 𝑘02 𝑇⊥

∑
𝑞0 + 𝑘0 𝑛2 sin 𝜗𝑡
𝜙˜𝑎𝑚 (𝑝 + 𝑘0 𝑛2 cos 𝜗𝑡 )
2
2
(𝑞0 + 𝑞2 ) (𝑞2 − (𝑘0 𝑛2 sin 𝜗𝑡 ) ) 𝑚

and

𝐴1𝑦 (𝑝) =

∑
𝑚

where
𝐴𝑚
1𝑦 (𝑝) = −

𝐴𝑚
1𝑦 (𝑝)

𝑘02 𝑇⊥
𝜙˜𝑎 (𝑝 + 𝑘0 𝑛2 cos 𝜗𝑡 )
(𝑞0 + 𝑞2 )(𝑞2 + 𝑘0 𝑛2 sin 𝜗𝑡 ) 𝑚

(16)

(17)

(18)

A suﬃx 𝑚 means the single scattering from the 𝑚-th core. We can obtain the second order term in the same
manner as the ﬁrst order term, which is given by
∑∑
𝐴𝑚𝑙
(19)
𝐴2𝑦 (𝑝) =
2𝑦 (𝑝)
𝑚

where

𝑙

𝑘04 𝑇⊥
2𝜋(𝑞0 (𝑝)+𝑞2 (𝑝))(𝑞2 (𝑝)+𝑘0 𝑛2 sin 𝜗𝑡 )
∫∞
0 (𝑝1 )+𝑞2 (𝑝)+𝑞2 (𝑝1 )+𝑘0 𝑛2 sin 𝜗𝑡
× −∞ (𝑞2 (𝑝)+𝑞2𝑞(𝑝
𝜙˜𝑎𝑚 (𝑝 − 𝑝1 )𝜙˜𝑎𝑙 (𝑝1
1 ))(𝑞0 (𝑝1 )+𝑞2 (𝑝1 ))(𝑞2 (𝑝1 )+𝑘0 𝑛2 sin 𝜗𝑡 )

𝐴𝑚𝑙
2𝑦 (𝑝) =

(20)

+ 𝑘0 𝑛2 cos 𝜗𝑡 )𝑑𝑝1

Suﬃxes 𝑚 and 𝑙 mean the double scattering from the 𝑚-th and 𝑙-th cores.
The scattered ﬁeld (7) is
∑ 𝛿𝑛2𝑛 ∫ ∞
𝐴𝑛𝑦 (𝑝)𝑒−𝑗𝑝𝑥−𝑗𝑞0 𝑧 𝑑𝑝
𝑬 𝑠1 (𝑥, 𝑧) = 𝑦
2𝜋
−∞
𝑛
By using the saddle point method the far scattered ﬁeld is
√
2𝜋 −𝑗𝑘0 𝑟+𝑗 𝜋 ∑
𝑠1
4
𝑒
𝑬 (𝑥, 𝑧) ∼ 𝑦
𝐹𝑛 (𝜗),
𝑘0 𝑟
𝑛

(21)

𝑟→∞

(22)

𝐹𝑛 (𝜗) is the scattering amplitude of order 𝑛,
∑
𝐹1 (𝜗) = 𝑚 𝐹1𝑚 (𝜗)
2
𝐹1𝑚 (𝜗) = 𝛿𝑛
𝜗𝐴𝑚
0 sin∑
1𝑦 (𝑘0 cos 𝜗)
2𝜋 𝑘
∑
𝐹2 (𝜗) = 𝑚 𝑙 𝐹2𝑚𝑙 (𝜗)
4
𝑚𝑙
𝐹2𝑚𝑙 (𝜗) = 𝛿𝑛
2𝜋 𝑘0 sin 𝜗𝐴2𝑦 (𝑘0 cos 𝜗)

(23)

4. Numerical examples
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The scattering patterns for TE wave incidence are shown in Fig.2. For numerical calculation the wavelength
𝜆, the core radius 𝑎, the core spacing ℎ, the number of cores 𝑁 , the refractive indices of core and cladding 𝑛1 and
𝑛2 and the angle of incidence 𝜗𝑖 are chosen as 𝜆 = 0.633𝜇𝑚, 𝑎 = 2.5𝜇𝑚, ℎ = 8𝜇𝑚, 𝑁 = 2, 𝑛1 = 1.457, 𝑛2 = 1.437
and 𝜗𝑖 = 45(𝑑𝑒𝑔). 𝐹1𝑚 and 𝐹2𝑚𝑙 represent the single scattering by the core 𝑚 and the double scattering by the
cores 𝑚 and 𝑙, respectively. Since radii of two cores are equal ∣𝐹11 ∣ = ∣𝐹12 ∣ and ∣𝐹211 ∣ = ∣𝐹222 ∣. The inﬁnite integral
in the second order term is replaced by the integral over a ﬁnite interval and it is evaluated numerically. The
second order term is suﬃciently small compared with the ﬁrst order term and can be ignored.
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Fig2. Scattering patterns for TE wave incidence.

5. Conclusions
The scattering of a TE plane wave from the end-face of a waveguide system has been treated by solving
straightforwardly a wave equation for the electric ﬁeld. The scattered ﬁeld has been expanded into the perturbation series and the ﬁrst and second order terms of the series have been analytically derived. It has been shown
that the second order term is suﬃciently small compared with the ﬁrst order term and can be ignored.
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