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Abstract

Modeling of scattering of very low frequency (VLF, 3-30 kHz) waves from ionospheric disturbances remains
a significant computational challenge due to the strong inhomogeneity and anisotropy naturally present
at these frequencies. The discontinuous Galerkin (DG) method on unstructured grids can lead to to very
efficient formulations in strongly inhomogeneous materials. We discuss a generic method to incorporate
any linear, frequency-dependent permittivity or permeability in the nodal DG framework (including PMLs,
ferrites, and cold plasmas) and apply the resulting scheme to modeling the VLF scattered field from a density
perturbation in the lower ionosphere.

1 Introduction

Modeling very low frequency (VLF, 3-30 kHz) wave propagation in the Earth-ionosphere waveguide
remains an important and computationally difficult problem. In free space, VLF waves have typical wave-
lengths in the range of tens of km. However, the situation rapidly changes in the partially ionized upper
atmosphere. Near the VLF reflection height for a typical mid-latitude iononosphere at 24 kHz (approximately
85 km at night), the wavelength can drop to less than a quarter of its free-space value for propagation par-
allel to the background magnetic field, or even zero for non-parallel propagation. There have been many
approaches to modeling propagation and scattering of VLF waves in the Earth-ionosphere waveguide. Full-
wave models such as that used in the Long Wave Propagation Capability (LWPC) [6] solve a series of
full-wave solutions within spatially-uniform “slabs” combined with mode-coupling calculations to propagate
the fields to adjacent slabs. This approach assumes that the inhomogeneities have no variation transverse to
the direction of propagation. Another approach to handle the inhomogeneity along a propagation path has
been discussed in [4], which uses the Born approximation to model the inhomogeneity as a set of equivalent
currents. This approach is powerful but is limited to relatively mild density perturbations. Recently, generic
field solvers like FDTD have gained in popularity and have been successfully applied to VLF propagation
and scattering off ionospheric disturbances [5, 7, 2]. These simulations are typically bound by the number
of unknowns required to accurately discretize the space. Typical rule-of-thumb guidelines state that on the
order of 5 to 10 cells per wavelength are required to accurately represent a solution using FDTD. While this
is not necessarily prohibitive for moderately-sized problems (on the order of a few hundred km per spatial
dimension) within the Earth-ionosphere waveguide, the situation rapidly degrades above the VLF reflection
height, where the wavelength can easily drop to less than a quarter of its free-space value. For reasonable
accuracy on a fixed FDTD grid, then, the grid spacing must be chosen based on the smallest wavelength
expected to be present in the solution, and thus is enormously prohibitive for a fixed grid. While FDTD has
been used on semi-structured and fully-unstructured grids, doing so reduces the formal order of accuracy of
the scheme from second to first order.

In this paper, we discuss the application of a relatively new class of techniques known as discontinuous
Galerkin (DG) methods to the problem of wave propagation in the Earth-ionosphere waveguide. Since it is
straightforward to use the DG method on unstuctured grids and doing so has no impact on the formal order
of accuracy, we can manage the scale problem by sampling more finely only where it is needed, i.e., near
the VLF reflection height, while using a coarser grid elsewhere. This approach allows accurate and flexible
simulation of scattering off ionospheric disturbances in the VLF regime with fewer restrictions on the types
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or magnitudes of the plasma density perturbations that can be modeled.

2 Nodal discontinuous Galerkin formulation

The discontinuous Galerkin (DG) formulation approximates the solution on a domain by first approxi-
mating the solution local to a single finite element using a basis (typically polynomial) and then connecting
that solution to neighboring elements using a numerical flux function. The solution method is effectively a
hybrid between finite volume and finite element techniques. The nodal DG method begins by approximating
a solution u

e(x) on an element e with an interpolating Lagrange polynomial basis φi(x) as:

u
e(x) ≈

N
∑

i=1

u(xi)φ
e
i (x) (1)

Substituting this into the generic conservation law ∂u
∂t

+∇ · F (u) = 0, where F is a tensor, that is:

∇ · F (u) =
∂

dx
Fx(u) +

∂

dy
Fy(u) +

∂

dz
Fz(u) (2)

Then substituting and integrating by parts twice, we have the strong form of the DG scheme:

∫

V

(

∂ue

∂t
+∇ · F e(x)

)

φe
i (x) dx =

∮

S

n̂ · (F e − F ∗)φe
i (x) dS (3)

The function F ∗ denotes a numerical flux. For the scheme to be well-posed, F ∗ must typically be chosen
in such a way that it combines the fluxes interior to an element (F−) and exterior to an element (F+) in a
physically self-consistent way. For Maxwell’s equations, we have [3], where we have dropped the superscript
e for clarity, understanding that this is the solution defined only on a single element e:

M
∂(ǫE)

∂t
+ SFE +MJ =

∮

S

n̂ · (FE − F ∗

E)φi(x) dS (4)

M
∂(µH)

∂t
+ SFH +MJm =

∮

S

n̂ · (FH − F ∗

H)φi(x) dS (5)

The matrices M and S are the standard mass and stiffness matrices, respectively:

Mij =

∫

φi(x)φj(x) dx Sij =

∫

φi(x)
dφj

dx
dx, (6)

and the fluxes along the normal are:

n̂ · FE = −n̂×H n̂ · FH = n̂×E (7)

We use a standard flux as described in [3]:

n̂ · (FE − F ∗

E) =
1

(Z+ + Z−)

(

αn̂ (n̂ · [E])− α[E]− Z+
n̂× [H]

)

(8)

n̂ · (FH − F ∗

H) =
1

(Y + + Y −)

(

αn̂ (n̂ · [H])− α[H] + Y +
n̂× [E]

)

, (9)

where the + and − superscripts denote the field values exterior and interior to the current element, and
[u] = u− − u+ is the field difference at the face.



3 Anisiotropic and Dispersive Materials

One key distinguishing feature of the nodal DG method is that the solution is solved at interpolation
points, that is, the nodal values are the solution at those points. Thus, the relationship between a current
J(xi) and the field E(xi) at a point xi is direct; no spatial averaging to colocate the fields is required.
We begin by noting that any anisotropic permittivity can be represented by an equivalent conductivity
tensor via the relation ǫ(ω) = ǫ0(ǫ∞,r − σ(ω)/(jωǫ0)), where we have used the Fourier transform convention
∂/∂t → −jω. The relative permittivity at infinity limω→∞ ǫr(ω) = ǫ∞,r is simply equal to the unit dyad I for
a physical medium, but it is often useful in a computational setting to choose different values. We also note
that in a plasma, the conductivities for each species sum, that is, Jplasma(ω) = σe(ω)E(ω)+σi(ω)E(ω)+ . . ..
We wish to rewrite the frequency-dependent relationship J(ω) = σ(ω)E(ω) as a first-order ODE:

x′ = Ax+BE (10)

J = Cx+DE

We begin by writing the plasma conductivity as a matrix of ratios of polynomials, where we are denoting
the complex frequency −jω as s:

σ(s) =
ǫ0w

2
p

d(s)





s2 + 2νs+ ν2 + ω2
cx ωczs+ ωcxωcy + νωcz −ωcys− νωcy + ωcxωcz

−ωczs+ ωcxωcy − νωcz s2 + 2νs+ ν2 + ω2
cy ωcxs+ νωcx + ωcyωcz

ωcys+ νωcy + ωcxωcz −ωcxs− νωcx + ωcyωcz s2 + 2νs+ ν2 + ω2
cz



 (11)

where d(s) = (s + ν)(s2 + 2sν + ν2 + |ωc|
2) and ωc denotes the signed gyrofrequency vector, that is, ωc =

(qB0)/m. We then use an SVD-based balanced minimal realization algorithm to convert this tensor into
a first-order system [1]. The procedure requires finding the SVD of the Hankel matrix formed from the
Markov parameters computed by expanding σ(s) in a series as σ(s) = σ0 + σ1s

−1 + σ2s
−2 + . . .. A minimal

realization will ensure that the state vector x is as small as possible; we recognize that other realizations are
also possible and may have more desirable properties like sparsity in the state transition and mixing matrices,
but we find that this algorithm is robust for a wide variety of plasma parameters. We do note, however, that
it is necessary to pre-scale the frequencies, otherwise the zero singular values (to within roundoff) will not
be clearly delineated from the non-zero singular values. This is done by scaling s such that ŝ = s/k, where
k is chosen heuristically such that the roots of the characteristic polynomial are approximately less than 1.
After the realization procedure yields the scaled matrices Â, B̂, Ĉ, and D̂, the actual matrices can by found
by unscaling as: A = kÂ, B = kB̂, C = Ĉ, and D = D̂.

We note that precisely the same procedure can be used for any anisotropic, dispersive material, including
ferrites and the tensor form of the PML (i.e. the UPML). An anisotropic material itself can be terminated
by an anisotropic PML as described in [8] and then realized via exactly the same procedure.

4 Numerical tests

To demonstrate the validity of the cold plasma formulation, we show that the scheme reproduces theoret-
ical cold plasma modes. We discretize a 1D space 40 km in size with 800 grid cells and use a 2nd order poly-
nomial basis. The electron density is set to 4 ·109 m−3 and background magnetic field B0 = 21682.4 ·10−9 T .
We “ping” the system with a differentiated Gaussian, well-localized both in time and space, and record the
resulting fields as a function of space and time. A 2D Fourier transform followed by normalization then yields
an experimental ω − k diagram. We repeat the procedure for both parallel and perpendicular propagation.
Both are in excellent agreement with theory, as shown in Figure 1.

The PML is implemented using the complex frequency-shifted tensor PML. The PML boundary is un-
graded, yet performs very well, demonstrating DG’s superior handling of discontinuities. We place a dipole
source at the center of the space and truncate with a PML. The resulting electric fields are shown in Figure
2(a).
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Figure 1: Simulated and theoretical cold plasma dispersion relations. The red dots show the location in
ω−k space of the cold plasma modes for perpendicular (left) and parallel (right) propagation, superimposed
on the 2D FFT of the fields resulting from pinging a cold plasma in simulation.
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(a) Electric fields for an antenna radiating into a
PML-terminated domain. The domain is 1 me-
ter by 1 meter with a 0.2 meter PML. The PML
conductivity is set to 0.1 Sn/m and is ungraded.

(b) Grid for the PML simulation.

Figure 2: DG-FEM simulation of a domain truncated by a PML.
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