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Abstract

The relativistic invariance of a complete set of time-domain modes under Lorentz transformation is proved.
The time-domain modes are exhibited as the particular solutions to the system of Maxwell�s equations with
time derivative. The waveguide surface has the properties of perfect electric conductor. The modal �elds
are presented via transverse-longitudinal decompositions. Every �eld component is a product of a modal
amplitude depending on longitudinal coordinate and time, and an element of modal basis in the waveguide
cross section. The modal basis is speci�ed in a general form. Exact explicit solutions for the modal amplitudes
are presented.

1 Introduction: Maxwell's Equations and Lorentz Transformation

In this section, the formulation of problem (1) which results, ultimately, in a complete set of the time-
domain modes as the particular solutions is given. Besides, the relevant information on the Lorentz trans-
formation in electrodynamics (needed for analysis of relativistic properties of the modes) is listed.

A medium-free waveguide has a cross-section domain, S; bounded by a closed singly connected contour, L:
None of possible inner angles of L (i.e., measured within S) exceed �: The cross-section domain, S; maintains
its size and form along the waveguide axis, Oz: The waveguide surface has the properties of perfect electric
conductor. A right-handed triplet of the mutually orthogonal unit vectors (z; l;n) is introduced as z� l = n;
and so on. The vector z is oriented along the axis Oz; l is tangential to the contour L; n is the outward
normal to the domain S: A boundary-value time-domain problem is stated in a common way as

r�H = �0@tE ; r� E = ��0@tH ; (n � H) jL = 0; (l � E) jL = 0; (z � E) jL = 0 (1)

where E � E (R;t) and H � H (R;t) are the electric and magnetic strength vectors, respectively, R is a
three-component position vector of a point of observation within the waveguide, t is an observation time.
Introduce so-called transverse-longitudinal decompositions of the three-component �eld vectors and r as

E (R;t)= E (r; z; t)+zEz (r; z; t) ; H (R;t)= H (r; z; t)+zHz (r; z; t) ; R = r+ z z; r=r?+z @z (2)

where r is the two-component projection on the domain S of the vectorR; operatorr? acts on the transverse
coordinates, r; only, E and H are the two-component projections on the domain S of the vectors E and H:

Associate the set of coordinates and time fr; z; tg with an inertial reference frame F which is in a state
of rest under de�nition. Introduce a new inertial reference frame, say �F; speci�ed by a set f�r; �z; �tg ; which is
in translational motion with a constant velocity v = z v along the axis Oz: Correspondence between fr; z; tg
and f�r; �z; �tg and vice-versa are speci�ed by the direct and inverse (v! �v) Lorentz transformation as
direct: �r = r; �z =  (z�vt) ; �t = 

�
t�z v=c2

�
; inverse: r = �r; z =  (�z+v �t) ; t = 

�
�t+�z v=c2

�
(3)

where  = 1=
p
1��2; � = v=c; see [1]. Evidently, operator r? is invariant in F and �F: Similar to the �eld

decompositions (2) in F; the same �eld in �F is presentable as

E
�
�R;�t
�
= �E (�r;�z;�t) + z �Ez (�r;�z;�t) and H

�
�R;�t
�
= �H (�r;�z;�t) + z �Hz (�r;�z;�t) : (4)

The well-known relationships (see [1], for example) between the �eld components in (2) and (4) hold as

�Ez (�r;�z;�t) = Ez (r; z; t) ; �E (�r;�z;�t) =  [E (r; z; t) + v z� �0H (r; z; t)] ;
�Hz (�r;�z;�t) = Hz (r; z; t) ; �H (�r;�z;�t) = 

�
H (r; z; t)�

�
v=c2

�
z� ��10 E (r; z; t)

�
:

(5)
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2 Relativistic Transverse-Electric (TE) Time-Domain Waveguide Modes

We analyze relativistic properties of the complete sets of TE and TM time-domain waveguide modes
derived in [2,3]. Herein, we slightly change notation (adopted earlier) in order to extract explicitly the
physical dimensions of electric and magnetic quantities which are necessary in practical calculations.

The derivation of TE�modes starts with solving Neumann boundary eigenvalue problem for transverse
Laplacian, r2?; the �rst pair of equations in (6) : The last equation for N TE

n involves N (newton), physical
dimension of force. This results in the normalization constant, N TE

n ; as a dimensional one. Thus,

r2?  n(r) + �2n  n(r) = 0 ; n � r? n(r)jL = 0;
�2n
S

R
S

��N TE
n  n(r)

��2 ds = 1N (6)

where r 2 S; the eigenvalues �2n > 0 (n = 1; 2; :::) are discrete values of a real-valued spectral parameter �;
subscript (n) regulates the position of eigenvalues on a real axis in increasing order of their numerical values,
 n (n = 1; 2; :::) are the eigensolutions corresponding to these eigenvalues.

Problem (1) yields an in�nite set of particular solutions for the transverse-electric �elds composed as

ETEn (r; z; t) = Ahn (z; t) [�
� 1
2

0 N TE
n �nr? n(r)� z]

HTE
n (r; z; t) = Bhn (z; t) [�

� 1
2

0 N TE
n �nr? n(r)] + zhn (z; t) [�

� 1
2

0 N TE
n �2n n(r)]

(7)

where the scalar coe¢ cients, Ahn; Bhn and hn; have physical sense of the modal amplitudes (dimensionless
quantities). The bracketed factors originate a dimensional modal basis in the waveguide cross section. The
basis elements of ETEn ��elds have physical dimension of Vm�1 (volt per meter) and the basis elements
of HTE

n ��elds have dimension of Am�1 (ampere per meter). Problem (6) has one more solution,  0(r);
corresponding to �20=0; which generates a static �eld, ETE0 = 0 and HTE

0 = zC Am�1; where C is a constant.

Remark 1 It can be veri�ed that the constant N TE
n is proportional to ��1n N

1
2 ; quantity �n has dimension

of m�1 (inverse meter), quantity �
� 1
2

0 N
1
2 has dimension of V (volt) and quantity �

� 1
2

0 N
1
2 has dimension of

A (ampere), operator r? has physical dimension of m�1:

As it follows from (3) ; the transverse waveguide coordinates (and hence, the solutions to Neumann
problem) are universal in the relativistic sense. Speci�cally, the modal basis in (7) is valid both for F and
�F: It is known from time-harmonic �eld theory that the eigenvalues, �2n; from Neumann problem specify the
cut-o¤ frequencies of the TE�modes, !TEn ; as follows: !TEn = c�n = 2�=T

TE
n : Respectively, �n = 2�=�

TE
n

where �TEn is the cut-o¤ wavelength. Hence, these waveguide characteristics, �TEn and TTEn ; are invariant
both in F and �F: This suggests to introduce dimensionless variables as follows

� = �n z = 2� z = �
TE
n and � = �nc t = 2� t = T

TE
n (8)

and replace the argument (z; t) of the modal amplitudes with (�; �) in (7) : The modal amplitude of longi-
tudinal component of magnetic �eld, hn (�; �) ; satis�es the Klein-Gordon equation, which is the �rst one in
(9), and serves as a potential for the other two modal amplitudes as

@2�hn (�; �)� @2�hn (�; �)+hn (�; �) = 0 and ATEn (�; �) = �@�hn (�; �) ; BTEn (�; �) = @�hn (�; �) ; (9)

see [3]. The di¤erential procedures, @� and @� ; in F have their equivalents in �F as

@� = 
�
@�� � � @��

�
; @� = 

�
@�� � � @��

�
where �� = �n �z; �� = c�n �t : (10)

Take now the modal �eld (7) ; given in F; and �nd out its equivalent in �F with using the Lorentz
transformation (5) for the transverse �eld components. Careful analysis shows that the modal �eld has the
same form in �F as in F: In other words, it is enough to take the �eld (7) with the set of independent variables
fr; z; tg and replace it with another set, f�r; �z; �tg : The velocity v (a characteristics of �F) does not appear in
the �elds in �F: Thus, the time-domain �eld (7) is invariant under the Lorentz transformation.



3 Relativistic Transverse-Magnetic (TM) Time-Domain Waveguide Modes

The set of TM time-domain waveguide modes was derived, as well, in [2,3]. Herein, we shall give
the TM�modal �elds in new notation which provide the electric and magnetic strength vectors with the
dimensions of Vm�1 and Am�1 in SI units, respectively. Relativistic analysis of the �elds is given brie�y.

The derivation of TM�modes starts with solving the Dirichlet boundary eigenvalue problem for trans-
verse Laplacian, r2?; as the �rst pair of equations in (11) : The last equation herein involves the normalization
constant, N TM

n ; as a dimensional quantity. Thus,

r2? �n(r) + {2n �n(r) = 0 ; �n(r)jL = 0 ;
{2n
S

R
S

��N TM
n �n(r)

��2 ds = 1N (11)

where N is the dimension of force, r 2 S; the eigenvalues {2n > 0 (n = 1; 2; :::) are discrete values of a real-
valued spectral parameter {; subscript (n) regulates the position of eigenvalues on a real axis in increasing
order of their numerical values, �n (n = 1; 2; :::) are the eigensolutions corresponding to these eigenvalues.

The set of potential f�n(r)g
1
n=1 generates an in�nite set of particular solutions to problem (1) as

HTM
n (r; z; t) = Aen (z; t) [z� �

� 1
2

0 N TM
n {nr?�n(r)]

ETMn (r; z; t) = Ben (z; t) [�
� 1
2

0 N TM
n {nr?�n(r)] + z en (z; t) [�

� 1
2

0 N TM
n {2n�n(r)]

(12)

where the bracketed factors are the elements of modal basis in the waveguide cross section, S: We may
assume that they are already known (along with their physical dimensions) since the Dirichlet problem is
well studied in mathematics and in numerous applications. The modal amplitudes, Aen; Ben; and en; in (12)
are dimensionless factors. It is convenient to replace the variables (z; t) with dimensionless ones, (�; �) ; as

� = {n z = 2� z = �TMn and � = {nc t = 2� t = TTMn (13)

where �TMn is the cut-o¤ wavelength of TM time-harmonic modes and TTMn = �TMn =c; c is the velocity of
light. The modal amplitude of longitudinal component of electric �eld, en (�; �) ; is the solution to Klein-
Gordon equation that generates the other two modal amplitudes as follows

@2�en (�; �)� @2� en (�; �) + en (�; �) = 0 and Aen (�; �) = �@�en (�; �) ; Ben (�; �) = @�en (�; �) : (14)

Manipulations with the Lorentz transformation (5) for transverse �eld components in (12) (and making
use of (10) in passing) validate that the �elds (12) possess all the relativistic properties.

The two modal amplitude problems, (9) and (14) ; can be rewritten universally as

@2� f (�; �)� @2� f (�; �) + f (�; �) = 0 and A (�; �) = �@� f (�; �) ; B (�; �) = @�f (�; �) : (15)

When the variables (�; �) are chosen by (13) ; then f (�; �) is en (�; �) and A � Aen and B � Ben: When
the variables (�; �) are chosen by (8) ; then f (�; �) is hn (�; �) and A � Ahn and B � Bhn: In practice, this
observation gives the possibility to study the TE and TM time-domain waveguide modes in parallel. It
turns out that Klein-Gordon equation has remarkable properties resulting in explicit solutions for the modal
amplitudes. They were disclosed within the scope of group theory and have sense of substitutions of new
variables to the Klein-Gordon equation. Complete list of eleven possible substitutions is given in [3].

Possible exact explicit solutions to the problem (15) have the following form:

� > 0 : f� (�; �)=
�
��j�j
�+j�j

��=2
J�

�q
�2� j�j2

�
; A� = � 1

2 (f��1�f�+1) ; B� = � 1
2 (f��1+f�+1)

� = 0 : f0 (�; �)=J0

�q
�2� j�j2

�
; A0 = �

J1
�p

�2�j�j2
�

p
�2�j�j2

; B0 = �
J1
�p

�2�j�j2
�

p
�2�j�j2

(16)



where � is a free numerical parameter, J� (�) is the Bessel function of order �; and ��j�j: When � is an
integer (�=m=0; 1; 2; : : : ); then Jm (�) are the cylindrical Bessel functions. When � has a half-integer value
as �=m+ 1

2 ; then Jm+ 1
2
(�) are the spherical Bessel functions. The Bessel functions, Ja (�) ; with � = 1

4 and
3
4 are convertible to the parabolic cylinder functions. The Bessel functions, J� (�) ; with �=1=3 and 2=3 are
convertible to the Airy functions. One can assign even a complex value to the parameter, �; when needed.

Suppose that a modal �eld has a beginning in time (say, at � = 0) in the waveguide cross section located
at coordinate � = 0 and propagates along the axis Oz: Mathematically, we have to solve the Klein-Gordon
equation supplemented with appropriate "initial conditions" as follows

@2�F (�; �)� @2�F (�; �) + F (�; �) = 0 and F (0; �) = f0 (�) ; @�F (0; �) = A0 (�) (17)

where f0 (�) � f (0; �) and A0 (�) � A (0; �) should be given. We have to read the solution to problem (17)
in compliance with the causality principle as follows: 1) F (�; �) � 0 if � < 0 since there is no modal signal
before � = 0 at � = 0; 2) F (�; �) � 0 if � > � since the signal can not overcome the distance � = � starting
from � = 0 at instant � = 0 (in accordance with the second postulate of the special relativity theory), 3)
within the interval 0 � � � � ; the solution is nontrivial, F (�; �) 6= 0; accordingly to the postulate.

4 Conclusion

The formulation of time-domain waveguide problem is given and the solution to that is proposed in the
form of the transverse-longitudinal �eld decompositions. Every �eld component is a product of two factors:
One, depending on the transverse coordinates, is a vector element of the modal basis in the waveguide cross
section. The other is a scalar modal amplitude depending on the axial coordinate and time. The modal basis
is universal for all the inertial reference frames moving with a constant velocity along the waveguide axis.
The modal amplitudes of the longitudinal �eld components are invariant under the Lorentz transformation.
The modal amplitudes of the transverse components su¤er from relativistic transformations in such a way,
however, the total �eld remain invariant under the Lorentz transformation. Exact explicit solutions for the
relativistic modal amplitudes are presented. Graphical illustrations will be exhibited in the presentation.
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