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Abstract
The gyrotropic properties of magnetically biased graphene are compared to these of magnetically biased
plasmas. Graphene exhibits a significant polarization rotation phenomenon at frequencies below the cyclotron
resonance, where plasmas do not provide any polarization rotation. At frequencies above the cyclotron
resonance the behavior of graphene is similar to this of plasmas. Graphene allows the control of its gyrotropic
properties via a static electric field, while keeping the bias magnetic field constant, in contrast to plasmas
where the variation of the bias magnetic field is required.

1

Introduction

Graphene, an arrangement of carbon atoms in a 2D honeycomb lattice, is a 2D plasma which has been
gaining an ever increasing interest over the past years due its remarkable properties, such as field ambipolarity,
electron relativistic behavior, and ballistic transport, which all originate from its unique gapless conical band
structure [1]. Great theoretical and experimental research efforts have been dedicated to the study of its
electronic properties [2], recently leading to the realization of the first graphene-based electronic devices
[3, 4, 5]. Recently, magnetically biased graphene has been shown to exhibit significant gyrotropic properties
for frequencies both below [6] and above the cyclotron resonance [7], and the first microwave devices based
on this phenomenon have been proposed [8].
Herein the gyrotropic properties of graphene are compared to the corresponding of conventional 3D
plasmas. Starting from the tensorial form of conductivity in the presence of a static magnetic field, the
effective conductivities for the two types of circular polarization are derived. These conductivities are then
used to derive the effective permittivities of 3D plasmas, through which the propagation characteristics are
studied. In graphene, the propagation characteristics are examined through the transmission coefficient for
a normally incident plane wave, since the definition of effective permittivity is meaningless due to the 2D
nature of the material. The analysis shows that graphene gyrotropy at frequencies below the cyclotron
resonance, which is absent in 3D plasmas, owes its existence to the zero thickness of graphene. Furthermore,
it demonstrates the potential of controlling the amount and the direction of rotation in graphene through
the chemical potential via a static electric field.

2

Conductivity of Magnetically Biased Plasmas and Graphene

Consider a plasma biased with a static magnetic field B0 = B0 ẑ. Its conductivity splits in two parts: a
longitudinal scalar conductivity, parallel to B0 , and a transverse tensorial one, perpendicular to B0 . The
latter can be expressed in the dyadic form
¯t = σd I¯t + σo J¯t ,
σ̄

(1)

where I¯t = x̂x̂ + ŷŷ and J¯t = ŷx̂ − x̂ŷ. In (1) σo is the so-called Hall conductivity, which is related to a
current density perpendicular to the applied electric field. Following the classical free electron Drude model,
σd and σo are given by
σd (ω, B0 ) = σ0

1 + jωτ
,
(ωc τ )2 + (1 + jωτ )2
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σo (ω, B0 ) = σ0

ωc τ
,
(ωc τ )2 + (1 + jωτ )2

(2)
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Figure 1: Propagation in InSb plasma with electron density n = 1015 cm−3 , electron mobility µ =
20000 cm2 /Vs and biasing magnetic field B0 = 0.5 T. (a) Relative permittivity versus frequency for clockwise
and counter-clockwise circular polarizations. (b) Rotation angle per wavelength versus frequency.
where σ0 = neµ is the magnetically unbiased DC conductivity, µ the DC mobility, n the free electron density,
m∗ the effective electron mass and ωc = eB0 /m∗ the cyclotron frequency [9].
Graphene is a 2D plasma and therefore it also follows (1) and (2). The classical Drude model accurately
describes graphene under the following twofold condition: µc  ~ωc , corresponding to a negligible Landau
quantization of the band diagram, and µc  ~ω, corresponding to negligible interband transitions between
the valence and conduction bands [10]. Due to the conical band structure of graphene, the effective mass is
given by m∗ = µc /vF2 , where µc is the chemical and vF the Fermi velocity, and the magnetically unbiased
DC conductivity by σ0 = (2e2 τ /~2 )kB T ln {2 cosh[µc /(2kB T )]} . If µc  kB T , then σ0 = ns eµ, where
ns = µ2c /(π~2 vF2 ) is the free electron surface density and µ = eτ /m∗ is the DC mobility.
Assume now a circularly polarized wave with electric field (phasor) intensity E± = x̂ ± j ŷ, where the +
and − signs correspond to clockwise and counter-clockwise polarizations, respectively, with respect to the
receiver assuming the same exp(+jωt) time dependence as in (2). The current induced in a magnetically
biased plasma or graphene is, according to (1),
¯ · E± = (σd ∓ jσo )(x̂ ± j ŷ).
J± = σ̄

(3)

For plasmas, J± is a volume current density whereas for graphene it is a surface current density. Equation (3)
allows the definition of a clockwise circular polarization conductivity σ+ = σd − jσo and a counter-clockwise
one σ− = σd + jσo , which are found, upon insertion of (2) into these expressions, as
σ± =

σ0
.
1 + j(ω ± ωc )τ

(4)

The fact that the medium responds differently to clockwise and counter-clockwise polarization through σ±
is a clear manifestation of gyrotropy.
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Gyrotropy in Magnetized Plasmas and Graphene

Wave propagation in plasmas is better described in terms of an effective permittivity, defined as εr,± =
1 + σ± /(jωε0 ) for circularly polarized waves, than by the conductivity (4). This permittivity is found by
inserting (4) into this expression as
εr,± = 1 −

ωp2
,
ω(ω ± ωc − jτ −1 )

(5)
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Figure 2: Transmission line model for the problem of normal incidence of a circularly polarized wave on a
free-standing graphene sheet in free space.
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Figure 3: Normal incidence on a free-standing graphene sheet in free space with τ = 0.369 ps and B0 = 0.5 T.
(a) Transmission coefficient versus frequency for µc = 0.37 eV. (b) Rotation angle versus frequency for
µc = 0.37 eV. (c) Rotation angle versus µc at 10 GHz.
where ωp2 = σ0 /(ε0 τ ) = ne2 /ε0 is the square of the plasma frequency of the unmagnetized plasma. In the
presence of the bias magnetic field, however, the plasma frequency is different for the two types of circular
polarization and it is derived by solving εr,± = 0 under the assumption ωc τ  1. As an example, consider
InSb with electron density n = 1015 cm−3 , electron mobility µ = 20000 cm2 /Vs and bias magnetic field
B0 = 0.5 T, for which ωp,+ = 1.86ωc and ωp,− = 2.86ωc . The relative permittivity for this material is
shown in Fig. 1(a). For ω < ωc , Re{εr,+ } < 0 and Re{εr,− } > 0, therefore allowing propagation only for
counter-clockwise circularly polarized waves (helicon waves) [9]. On the other hand, for ω > ωp,− > ωp,+ ,
Re{εr,+ } > 0 and Re{εr,− } > 0, allowing propagation for both circular polarizations. The difference in εr,±
results in different propagation constants for the two types of circular polarizations, which in turn induces a
rotation in the polarization of a linearly polarized incident wave. The rotation angle per wavelength is given
√
√
by θλ = 2π( εr,+ − εr,− ) and it is plotted in Fig. 1(b). It is worth noticing that for frequencies greater
than 10ωc , Re{εr,± } ≈ 1, resulting in almost zero reflection. The price to pay for this low reflection is a
small value for θλ , as seen in Fig. 1(b), which requires a thickness of many wavelengths to achieve a large
rotation angle.
The zero thickness of graphene (0.34 nm, corresponding to an electrical thickness of less than λ/882 for
frequencies up to 1 PHz) prohibits any physically meaningful definition of electric permittivity. Instead, its
gyrotropic characteristics can be examined through the transmission coefficient for a normally incident plane
wave. For circular polarization and for a free-standing graphene in free space the transmission coefficient is
found, through the transmission line model of Fig. 2, as
T± =

2
,
2 + η0 σ±

(6)

where η0 is the free-space wave impedance. Figure 3(a) shows the amplitude and the phase of T± versus
frequency for a graphene sheet with µ = 10000 cm−2 , ns = 1013 cm2 /Vs and B0 = 0.5 T. For frequencies
below the cyclotron resonance |T± | is small – less than 0.3 – indicating that most of the incident power is
reflected. This is similar to what happens in 3D plasmas, as can be seen from the negative Re{εr+ } and
the high positive Re{εr− } (Fig. 1(a)). However, in contrast to what happens in plasmas, the zero thickness
of graphene allows both circular polarizations to pass through it with almost the same amplitude, which in
combination with the large phase difference between T+ and T− yields the extremely high – considering the

thickness of graphene – rotation angle shown in Fig. 3(b). For frequencies above the cyclotron resonance,
T± ≈ 1, meaning that both circular polarizations traverse graphene with almost zero reflection. However,
similarly to 3D plasmas, this close to zero insertion loss is accompanied by a small phase difference between
T+ and T− and, subsequently, to a small rotation angle, as seen in Fig. 3(b).
One of the most remarkable features of gyrotropy in graphene, and simultaneously one of the most
fundamental differences with gyrotropy in plasmas, is the possibility of controlling the amount of rotation
through the chemical potential via a static electric field. This is seen in Fig. 3(c), which presents the rotation
angle versus B0 and µc for a graphene sheet with τ = 0.369 ps and B0 = 0.5 T. For small µc , when the
conductivity is very small and graphene is almost transparent, θ ≈ 0. As µc increases, θ also increases until a
critical value of µc (here 0.15 eV), where θ takes its maximum value. For a further increase of µc , θ decreases
until it becomes 0 for very high µc , when graphene is almost a perfect conductor. Furthermore, µc can also
control the direction of polarization rotation. Specifically, by reverting the sign of µc , the dominant charge
carrier type changes from electrons to holes. Holes have the opposite charge of electrons and, therefore, they
feel an opposite Lorentz force, providing a reversal in the polarization rotation direction.

4

Conclusions

A comparison between the gyrotropic properties of graphene and 3D plasmas has been performed. Above
the cyclotron frequency, 3D plasmas and graphene exhibit the same kind of polarization rotation effect.
However, below the cyclotron resonance, graphene exhibits a strong gyrotropic behavior – much stronger
than above the cyclotron resonance – which is totally absent in 3D plasmas. This new kind of gyrotropy
is attributed to the zero thickness of graphene. Furthermore, gyrotropy in graphene can be controlled by a
static electric field under a constant magnetic field.
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