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Abstract

The excitation probability of substrate molecules involved in the production of growth factors in�uenc-
ing the division of chondrocytes in the growth layer of bone under the in�uence of pulsed electromagnetic
�elds is studied theoretically in a quantum mechanical model calculation. Optimal locations within a
pair of Helmholtz coils for enhancement of bone growth are also investigated and found to be close to the
coils. The work presented here is believed to be the �rst derivation in a model calculation of a physical
basis for the e¤ects of pulsed electromagnetic �elds on bone growth and fusion.

Introduction

In a recent paper[2] detailed magnetic �eld con�gurations were given for a commercially available pulsed
electromagnetic �eld (PEMF) device that may be worn by a patient and is intended to promote or enhance
the growth or fusion of bone between the coils in the middle part of the body. This con�guration of the
coils is called the Helmholtz con�guration. The clinical in�uence of pulsed electromagnetic �elds on bone in
general has been demonstrated by double-blind studies directed at interbody lumbar fusions in humans[3],
bone formation and loss during limb lengthening[4], as well as healing of tibial osteotomies[5]. The physics
community has been particularly skeptical of any biological e¤ects that could be expected from low frequency
electromagnetic �eld e¤ects. The most authoritative paper was written by Adair.[6] However, the derivation
presented here is based on the observation that the pulses to be studied in this paper are not sinusoidal, but
rather some sort of saw tooth form. Fourier series are required to represent these pulses. The characteristic
of a Fourier series for a periodic current form is that the sum contains terms of pure sinusoids with frequencies
of (essentially) unbounded magnitudes. Hence, a periodic sawtooth form will contain terms with sinusoidal
frequencies high enough to excite quantum mechanical energy levels (excited states) leading to essentially
photo-chemical reactions. This short summary is based on a longer article in the Annals of Biomedical
Engineering[1].

Theory

The growth of bone after a fracture is a very complex process as was elucidated by Hunziker[7] and others[8]
and by Hall[9]. The growth of bone is facilitated at a growth plane which is comprised of several layers (or
zones) containing many compounds and cells called chondrocytes. The layer highest above the new bone
is called the physis (or reserve zone) and is the region where the chondrocytes are collected together. The
layer just below this reserve zone is called the proliferative zone in which the chondrocytes are stimulated
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to divide and orient themselves parallel to the bone axis. This stimulation to cell division is due to the
presence of several growth factors which are formed in this region. Hall�s mathematical model assumed the
existence of a single generic growth factor, lumping the many and various factors into a one category. The
layer below this proliferative zone contains chondrocytes that have divided, oriented, grown signi�cantly and
are surrounded by collagen structures. As these collagen structures begin to calcify, the chondrocytes begin
to die (apoptosis) and are re-absorbed. This layer (zone), the bottom layer of the growth plane, is called
the metaphysis, and is the new bone. The last stage of the growth is that the spaces previously occupied
by the chondrocytes are �lled in by capillaries and osteoplasts, which comprise healthy and living bone.

The driving force for bone growth in the proliferation zone is the presence of growth factors which we will
assume are created by a Michaelis Menton-like[11] process and/or by a photo-chemical excitation/reaction
generated through the elemental excitations represented by the terms in the Fourier series that reproduces
the periodic time current distribution. We follow Hall�s[9] mathematical model and assume that there is
only one generic growth factor P and we will assume that the production of boneMb depends directly on the
concentration of this growth fator [P ]. The �rst mechanism by which the concentration [P ] of the growth
factor is generated from the concentration [S] of our generic substrate; we assume is a Michaelis-Menton
type (MM) enzyme reaction where the enzyme concentration is [E] and KM is the MM constant.

The second mechanism for the production of the growth factor is the induced photo-chemical excitation
of the substrate molecule across the "frontier molecular gap" from the HO (highest occupied= k) to LU
(lowest unoccupied= s) orbitals.[10] We assume that this photochemical excited state S� will also lead to
the growth factor production with a similar rate constant k03 and be given by the product of the substrate
concentration and the quantum mechanical probability jckj2. Combining these two mechanisms together we
obtain for the production of the growth factor, the equation

d[P ]

dt
=
k3[E][S]

KM + [S]
+ k03jckj2[S]: (1)

The details of the quantum mechanical impact of PEMF on the magnitude of probability amplitude
squared jckj2 will be discussed in the talk. It is shown that the major factor leading to the excitation of the
molecule is the magnitude of the vector potential A(r; t): This vector potential is generated by the currents
and the resulting magnetic �eld B(r; t) can be derived from the vector potential by the curl vector operation
(B = CurlA):[12] the vector potential forms circular patterns around the central axis with a magnitude
that depends linearly on the radius r from the center axis, the vector potential direction pointing tangent to
the circle around that axis. This tangential (azimuthal) vector potential function is function of r as follows:

A�(t) =
r��NcI(t)

2a(5=4)3=2
; (2)

where �� is the permeability of space, a the radius of the coils, Nc the number of turns in each coil and I(t)
is the current of the coils at the particular time t. As can be seen, molecules at the center axis (r = 0)
will sense no vector potential, while the e¤ect grows linearly out to the radius of the coils. This expression,
Eqn. (2), is only accurate near the central axis of the coils; a more accurate form has a maximum at the
radius (r = a) of the coils. The solution to the equation for the probability amplitude ck(t): depends on a
parameter 
ks


ks =
e!kshkjr�jsir��Nc
2~a(5=4)3=2

Dks; (3)

where hkjr�jsi is the matrix element of the displacement in the azimuthal direction perpendicular to r;
~ is a normalized Planck�s constant, ~!ks is the energy level di¤erence between the lowest occupied and
highest unoccupied electronic energy levels, and Dks is proportional to the maximum current and depends
on the shape of the current pulses. The solutions have been chosen to �t the initial conditions in which
the molecule is in its ground state. Because the frequency 
ks is not necessarily commensurate with the
periodic frequency of the current (2�=T ); it will be appropriate to put the average over the period T into
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the equation for the production of the growth factor. This calculation leads to

jck(t)j2 =
1

2
(1� sin(
ksT )


ksT
cos(
ksT )): (4)

When approximate values are given for the parameters for this theory, the value of 
ksT << 1 is found
to be very small and then

jck(t)j2
:
=
1

4
(
ksT )

2; (5)

as the current increases, the excitation probability will increase with the square of the applied current since

ksT is proportional to the current maximum.

There are several di¤erent cases to consider. The main di¤erence between these cases is whether the
local concentration of the substrate [S] can be maintained as a constant while the pulsed current is present.
The concentration [S] in the growth plane must be supplied by di¤usion or other transport from regions
outside of the growth plane. If [S] is constant, because of an adequate supply and a low reaction rate, the
fractional increase of the new bone over the zero current case will be given by

�Mb

Mb
=
k03jck(t)j2
k3[E]

(KM + [S]): (6)

This formula implies that the excess bone growth will depend on the square of the current maximum in
the small 
ksT << 1 limit.

Matsumoto et al[13] studied the growth of new bone on the surface of holes drilled into the femur of the
rear legs of rabbits. The rabbits were con�ned to cages around which were wound coils to generate magnetic
�elds. The locus of growth in the femur were placed against the coils themselves because of the way the
rabbits �t into the coil chambers. Thus the growth occured in exactly the r ' a regions of the coils where
the vector potential has its maximum. The fractional changes in excess bone growth was estimated to be
between 52% and 70% when currents were small (magnetic �elds 0.2 mT). However, when the current was
increased by a factor of 4, the excess bone growth did not correspondingly increase and was smaller than
before. In order to explain these results we need to consider the possibility that transport of the substrate
to the growth plane cannot keep up with the local reaction rate for [S]:

We �rst consider an extreme case where there is no outside supply of [S]; that is,

d[S]

dt
= �d[P ]

dt
= � k3[E][S]

KM + [S]
� k03jck(t)j2[S]: (7)

This di¤erential equation shows that the local concentration of [S] will decrease over time. If the reaction
rate becomes too large, it should be possible to exceed the transport rate of the substrate to the proliferation
zone of the growth plane, and the local substrate concentrations will decrease with time, producing smaller
amounts of new bone than expected. It is also likely that continuing the pulsing current for very long times
may exceed the local rate of transport into the growth plane.

Finally, the location for enhanced bone growth will not be along the axis of the Helmholtz coils where the
vector potential is zero. Rather sites which are away from the axis, between the two coils, nearer the radius
of the coils themselves, will be places where growth is the most enhanced. The details of the biochemical
reactions and the particular enzymes involved in the growth of new bone tissue have been left out of this
paper entirely. The intention here was to o¤er a quantum mechanical basis for an e¤ect of electromagnetic
pulses on the growth of bone which has been observed in several clinical studies and to stimulate experiments
to assess aspects of this theoretical treatment.
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Summary

A mechanism for the excitation and enhancement by electromagnetic pulses of growth factor production
in the proliferative zone leading to enhanced bone growth and fusion is studied in a quantum mechanical
model with a non-sinusoidal pulsed electromagnetic �eld. The model predicts that the healing e¤ect will
not depend on the magnetic �eld itself, but will depend on the vector potential from which the magnetic
�eld is derived. The model makes predictions about the most e¤ective placement within the Helmholtz coils
for maximum growth and studies the interplay between the vector potential induced by the currents and
the di¤usive distribution of the substrate for producing the growth factor. It is hoped that this theoretical
study will stimulate further experimental studies to test its predictions.
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