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Abstract

A recent theoretical model for shallow electron phase-space holes with weak bipolar fields [Gold-
man, et al., Phys. Rev. Lett., 99, 145002 (2007)] was able to account for features of weak bipolar
fields measured by Polar in Earth’s cusp [Franz, et al., J. Geophys. Res, 110, A09212 (2005)].
Vlasov simulations show that a spatially local perturbation undergoes velocity-space shear result-
ing in a ”velocity notch” that grows narrower with time until it crosses an instability threshold.
The unstable waves saturate by forming numerous shallow electron phase-space holes. The re-
sulting bipolar structures are compared with the aforementioned theory and observation.

1. Introduction

Isolated bipolar electrostatic field structures associated with electron phase-space holes have been
observed in a wide variety of space plasma environments. Bipolar fields observed by FAST in
Earth’s auroral downward current region [1] have been interpreted as being associated with deep
holes [2]. Here, the term “deep” indicates that the phase-space density on the most strongly
trapped orbits is nearly zero (i.e., maximal depletion). However, recent observations by Polar
in Earth’s cusp [3] are found to be characterized by only partial depletion of the most strongly
trapped orbits [4], and can therefore be classified as shallow. The trapping potential φ of these
holes was often found to be very weak (i.e., eφ/Te ≪ 1 where Te is the background electron
temperature).

Aspects of the Polar observations [3] were recently interpreted in the context of a new theoretical
analysis of shallow electron holes in the weak-potential limit [5]. In this weak-potential regime,
it was found that the potential took the form

φ(x) = φ0 sech4
(x

a

)

(1)

provided certain conditions held (e.g., the distribution is assumed to be continuous at the sepa-
ratrix with a finite energy derivative on both sides of the separatrix). Of particular importance is
the fact that the width parameter a is independent of the amplitude φ0. However, a does depend
on the shape of the background electron distribution and the velocity of the hole in the electron
center of momentum frame.



The Independence of a and φ0 allowed for an interpretation [5] of the observed distribution of
hole widths vs. hole velocities measured by Polar [3]. In particular, it was shown that simulta-
neous measurement of the width and velocity of a hole provides constraints on the shape of the
background electron distribution—a finding that has potential diagnostic value.

While the theoretical model [5] describes properties of shallow electron holes with weak poten-
tials, it does not provide information regarding physical mechanisms capable of creating such
holes. In the following sections, we outline such a mechanism. In Sec. 2 we describe the “notch”
instability, which can saturate through the formation of holes that are arbitrarily shallow. This
is followed in Sec. 3 by a discussion of a velocity-space shear mechanism that can transform a
spatially local perturbation into an unstable notch distribution.

2. Notch Instability

The notch instability is related to the two-stream instability, but is described in terms of an elec-
tron distribution functions that is the difference rather than the sum of two distributions. Here, we
will consider only the simplest case

f (v) = f0(v)− fn(v) (2)

where

fn(v) = σ f ∗ f0

(

v
σv

)

(3)

and f0(v) is a unimodal symmetric distribution. The scale factors σ f < 1 and σv < 1 are, respec-
tively, the depth and width of the subtracted notch relative to the height and width background
distribution f0(v). The relative density of the “missing” notch electrons is therefore σ f ∗σv/n0,
where n0 is the background density.

The key feature of the notch distribution is that no matter how shallow the notch is (i.e., how small
σ f is), the distribution will always become unstable provided the notch is sufficiently narrow, with
the condition for instability being σv < σ f . The situation is somewhat more complicated when
the subtracted notch is moving relative to the background electrons, or if the notch has a different
functional form than the background distribution, but the threshold condition (which generally
has to be computed numerically) is similar.

One-dimensional Vlasov-Poisson simulations have been performed in which a periodic box is
initialized with notch distributions (using a Maxwellian f0) for different combinations of σ f and
σv. When σ f = 0.1 and σv = 0.05 (i.e., twice the threshold condition for σ f /σv), the instability
saturates by forming holes with broad bottoms that are significantly wider than the theory of
[5] predicts. However, at the amount by which the initial distribution exceeds the threshold
is increased, the holes that form following saturation become narrower and for σ f = 0.2 and
σv = 0.025 (i.e., 8 times threshold), agreement with the theory of [5] is quite good.

While these initial value simulations show that the notch instability can produce shallow holes
(the maximum hole depletion fraction cannot be larger than σ f ), they still do not show how an
unstable notch distribution might develop. A scenario for the formation of an unstable notch
distribution is described in the next section.



3. Notch via Velocity-Space Shear
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Figure 1: Schematic showing how a perturbation that is initial localized in space can be converted by velocity-space shear into a perturbation that
is localized in velocity and that becomes narrower as time progresses. Note that the perturbation wraps multiple times around the periodic domain.

One way that perturbations that are confined to a narrow range in velocity can develop is through
velocity shear in phase space (also know as velocity dispersion). Figure 1 shows how velocity-
space shear causes a spatially local perturbation to transform into a perturbation that localized
in velocity via stretching into a “ribbon” that becomes ever narrower as time progresses. If
the perturbation is characterized by a reduction of phase-space density, then the ribbon must
eventually become narrow enough to cross the notch-instability threshold discussed in Sec. 2.
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Figure 2: (a)Electron distribution function with a spatially local temperature enhancement at constant density. This distribution is used to initialize
1-D Vlasov-Poisson simulation that eventually becomes unstable to a notch instability. (b) View from “below” of evolved distribution showing multiple
shallow electron holes following velocity-space shear and saturation of notch instability.

Of course, pure velocity dispersion as depicted in Fig. 1 would only operate in the absence of an
electric field. It is nevertheless possible to construct an initial perturbation that is initially field



free and that evolves largely as depicted in the schematic until the notch-instability threshold
has been crossed. Figure 2(a) is an example of such a distribution. The perturbation takes the
form of a spatially localized temperature enhancement with spatially uniform density. Because
the density is initially uniform, there is no electric field at t = 0. Figure 2(b) shows the core
of the distribution well after the velocity-space shear resulted in a notch instability occurring
along the narrow “ribbon” that wrapped itself multiple times around the periodic simulation box.
The distribution is shown as it would appear if viewed from below, so the electron holes appear
as protuberances. A very large number of holes persist well past saturation. The two largest
holes (numbered 5 and 6) formed as as result of interactions with the ion distribution. However,
electron-ion interactions are beyond the scope of this brief overview.

It is possible to extract the bipolar fields of individual holes from a “velocity-resonance filter”
technique that will be described elsewhere. The numbered holes in Fig. 2(b) were analyzed using
this technique, with the bipolar widths tending to be comparable to, but slightly narrower than
predicted by the theory of Ref. [5].
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