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Abstract 
 

 The dual-primal finite element tearing and interconnecting (FETI-DPEM) method, as an application of a 

nonoverlapping domain decomposition method to the finite element analysis of electromagnetic problems, is applied 

to the three-dimensional (3D) full-wave simulation of a high quality (Q) factor photonic crystal (PhC) nanocavity in 

an optically thin dielectric slab. Curvilinear tetrahedral elements and higher-order vector basis functions are 

employed in the FEM to accurately represent the field in the PhC nanocavity. Geometrical repetitions associated 

with PhCs nanocavities are fully exploited, which significantly reduces the computational complexity and memory 

requirement. Moreover, due to its domain decomposition nature, the FETI-DPEM method is highly parallelizable, 

which further accelerates the computation using parallel computing techniques. In addition, the asymptotic 

waveform evaluation method and the complex frequency hopping technique are implemented together with the 

FETI-DPEM method to obtain a fast frequency sweep by calculating the frequency responses in some automatically 

chosen expansion frequencies. As a result, such a method is ideally suited for the full-wave analysis of PhC 

nanocavities. Simulations of a high Q PhC nanocavity using the FETI-DPEM method are carried out to demonstrate 

the efficiency of the method. The calculated Q factors are compared with previously published data.  

 

1. Introduction 
 

Photonic crystals (PhCs) are dielectric materials with periodicity in one or more dimensions, which prevent 

the propagation of optical waves in a certain frequency region (bandgap) [1]. Two-dimensional (2D) PhCs 

composed of air holes drilled in a dielectric slab in a hexagonal fashion are most commonly used due to the 

difficulty in the fabrication of other types of PhCs. By introducing a point defect in such PhCs, optical nanocavities 

can be designed, where resonant modes can be formed inside the photonic bandgap (PBG). The resulting PhC 

nanocavity in an optically thin dielectric slab can achieve an extremely high quality (Q) factor by confining the 

energy using distributed Bragg reflection in the lateral direction and total internal reflection in the vertical direction 

[2-3]. Based on the Purcell effect [4], various optical devices can be realized by modifying the spontaneous emission 

rate in such high Q PhC nanocavities. For example, in the vertical cavity surface emission laser (VCSEL) 

applications [5], a good quality laser with a strong output power and a narrow linewidth can be obtained by placing 

the active media inside PhC nanocavities with very high Q factors.   

 

The design of PhC nanocavities requires a fast and robust full-wave analysis by solving Maxwell's 

equations to fully explore the range of the design space. The most widely used analysis tool is based on the three-

dimensional (3D) finite-difference time-domain (FDTD) method due to its simplicity. However, the traditional 

FDTD method suffers from the use of the staircase approximation in the discretization, and is also very time 

consuming for the analysis of PhC nanocavities simply because the problem size is very large and the structures are 

highly resonant (which requires an excessively long time-marching process). Recently, the dual-primal finite 

element tearing and interconnecting (FETI-DPEM) method, as an application of a nonoverlapping domain 

decomposition method to the finite element analysis of electromagnetic problems, has been developed and 

successfully applied to the 3D full-wave simulation of PhC structures [6]. As a hybrid finite element method, 

curvilinear tetrahedral elements and higher-order vector basis functions are employed to accurately represent the 

field in PhC nanocavities. Moreover, the geometry repetitions associated with the PhC structures is fully exploited 

by applying the surface equivalence principle to convert a volumetric problem to a surface problem. Such a 

conversion is only necessary for geometrically different unit cells, which significantly decreases the computational 

complexity and the memory requirement. As a result, we can simulate much larger PhC structures in a shorter time 



by using the FETI-DPEM method. Recently, an improved version of the FETI-DPEM method has been proposed in 

[7] for an even faster solution for high-frequency applications. The FETI-DPEM method [7] has been demonstrated 

to be numerically scalable with respect to the mesh size, the number of subdomains, and the wavenumber, which 

makes it ideally suited for parallel computations. As a frequency-domain based method, the FETI-DPEM method 

becomes less effective in wide-band simulations. Such a deficiency is elevated by incorporating the FETI-DPEM 

method with the asymptotic waveform evaluation (AWE) and the complex frequency hopping (CFH) [8]. 

 

In this paper, simulations of a high Q PhC nanocavity in an optically thin dielectric slab using the 

parallelized FETI-DPEM method are provided to demonstrate the efficiency and capability of the method. The 

AWE and the CFH are applied to determine the resonant frequencies of the cavity modes. The calculated Q factors 

are compared with previously published results to demonstrate the accuracy of the FETI-DPEM method.  

 

2. The FETI-DPEM Method 
 

 The FETI-DPEM has been proposed recently for the simulation of 3D electromagnetic problems [6,7], 

which is shown to be numerically scalable [7] by combining the dual-primal idea with two Lagrange multipliers and 

implementing a Robin-type transmission condition at the subdomain interfaces. The general principle of the FETI-

DPEM method is first to divide the entire computational domain into nonoverlapping subdomains, where the 

subdomain numerical Green's function is constructed using a direct solver. Next, tangential continuity is enforced 

through the Robin-type transmission condition at the subdomain interfaces by using two Lagrange multipliers. This 

yields an equivalent reduced-order interface problem, which can be solved using an iterative algorithm. This 

iterative solution using the Krylov subspace method is accelerated by the construction of a global coarse problem 

related to the degrees of freedom at the subdomain corner edges, which propagates the residual error to the whole 

computational domain at each iteration. The solution to the interface problem can then serve as the boundary 

condition for individual subdomain problems to evaluate the field inside the subdomains.  

 

3. Simulation Results 
 

 The controllable lateral energy confinement in PhC nanocavities provides great opportunities in optical 

applications since the spontaneous emission rate can be controlled by the modification of the density states of the 

electromagnetic modes using PhCs. The PhC nanocavity example analyzed in this paper has been proposed and 

simulated using the FDTD method in [3], where six nearest-neighbor air holes around the defect cavity are reduced 

in size and pushed away from the center. As a result, more modes with extremely high Q factors can be supported in 

the PBG. This PhC nanocavity is arranged in a hexagonal lattice and is composed of air holes drilled in a GaAs slab 

with a refractive index of n = 3.4 and a slab thickness of t = 0.4a, where a is the lattice constant. The geometry of 

the PhC nanocavity with 9 holes in the Γ-K direction is shown in Fig. 1, where the radii of regular holes and nearest-

neighbor holes are r = 0.35a and r’ = 0.25a, respectively. In such a configuration, a transverse electric (TEz) gap 

can be found and utilized to trap the light in the defect region.  

 

In the finite-element discretization, curvilinear tetrahedral elements with an average discretization size of h 

= a/15 in the slab and h = a/10 in the air region are used together with 2
nd

-order vector basis functions to accurately 

represent the geometry and the electric field in the computational domain. In the FETI-DPEM simulation, the 

absorbing boundary condition (ABC) is placed 2.5a and 2a away from the PhCs in the vertical and transverse 

directions to minimize the nonphysical reflection from the truncation boundary. Infinitely small electric dipoles with 

unit amplitude and random orientations in the transverse direction at the defect region are induced as an excitation 

so that all modes with different symmetries can be excited. Due to the symmetry of the structure and the excitation 

in the vertical direction, only the upper half of the structure is simulated, which decreases the size of the 

computational domain by half. 

 

In the calculation, a frequency sweep is first applied to obtain the resonant frequencies of individual modes, 

which are identified as doubly degenerate modes such as dipole and quadrupole modes, and nondegenerate modes 

such as hexapole and monopole modes. Such a time-consuming frequency sweep process is accelerated using the 

AWE, where the moments up to 6
th

 order are first obtained at adaptively selected frequencies. The moments are then 

used to obtain a rational function via Padé approximation to increase the radius of convergence. The energy stored in 

the PhC nanocavity as a function of working frequency is calculated via such a fast frequency sweep process and is 

shown in Fig. 2, where the locations of the energy peaks represent the resonant frequencies of the corresponding 



resonant modes. Since the Q factor is inverse proportional to the full width at half maximum (FWHM), it can be 

seen from Fig. 2 that the dipole mode gives the smallest Q factor of all the modes. In addition, the field distributions 

at the midplane for all the modes are calculated at their resonant frequencies and plotted in Fig. 3. Due to the 

cancellation mechanism [9], a null is observed for both hexapole and monopole modes at the center of the cavity, 

which significantly decreases the out of plane radiation loss.  Finally, the Q factors of the hexapole and monopole 

modes are calculated as the size of the PhC increases, and are compared with the data obtained using the FDTD 

method [3] in Fig. 4. The Q factors of all the resonant modes are then calculated as Q = 0ω U/ P, where 0ω  is the 

resonant angular frequency, U denotes the total stored energy in the cavity, and P represents the dissipated power at 

the exterior boundary. As the size of PhC increases, the energy confinement in the lateral direction increases, while 

the total energy loss is mainly due to the radiated power in the vertical direction, which is almost unchanged.  

 

In the fast frequency sweep analysis of the PhC nanocavity with 9 holes along the Γ-K direction, totally 8 

frequency expansion points are adaptively selected by the CFH algorithm to cover the whole band as shown in Fig. 

2. Simulation of such a structure involves 5 million finite-element unknowns, which takes 8.5 hours of CPU time to 

calculate the field distribution inside the whole computational domain at 2000 different frequencies using a single 

processor with a clock speed of 1.5GHz. In the simulation of the PhC nanocavity with 14 holes along the Γ-K 

direction, the whole structure is decomposed into 331 subdomains, where a total number of 12.8 million finite-

element unknowns are involved. A 1.5 GBytes of memory and 55 min of CPU time are required in this case. As we 

mentioned earlier, the FETI-DPEM method is well suited for the parallel computation. The method has been 

parallelized on a shared memory system with up to 4 processors using OpenMP. A nearly linear speedup is observed 

in Fig. 5 by distributing the geometrically different subdomains to different processors.  

 

4. Conclusion 
 

 The FETI-DPEM method has been applied to the full-wave simulation of a high Q PhC nanocavity in an 

optically thin dielectric slab, where the geometrical repetitions associated with the PhC structures were fully 

exploited to speed up the simulation and reduce the memory requirement. Examples were presented, where the 

resonant frequencies of the cavity modes were efficiently determined via a fast frequency sweep process. The 

calculated Q factors were compared with previously published results showing an excellent agreement. The 

efficiency and capability of the FETI-DPEM method were demonstrated together with the speedup using a parallel 

computing technique.  
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Figure 1 Geometry of a PhC nanocavity with 9 holes in the Γ-K direction. The light (yellow) region is a dielectric 

slab with a refractive index of n = 3.4a and a thickness of t = 0.4a, where a is the lattice constant. The dark (red) 

circles represent air holes, where r = 0.35a and r’=0.25a. 

 

           

 

 

 

 

   

Figure 2 Energy stored in the cavity. The locations 

of the energy peaks correspond to the resonant 

frequencies of the resonant modes. 

 

Figure 3 Normalized magnitude of the electric field at 

the midplane. (a) For the doubly degenerate dipole 

modes. (b) For the nondegenerate hexapole mode. (c) 

For the doubly degenerate quadrupole modes. (d) For the 

nondegenerate monopole mode.  

 

Figure 4 Q factors for the monopole and hexapole 

modes as a function of the calculation domain size. 

 

Figure 5 Parallel speedup versus the number of 

processors on a shared memory system. 

 


