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Abstract

A new block-based normalized least mean square (NLMS) algorithm with set-membership filtering (SMF) criteria is proposed
for symbol rate decision feedback equalization. This block-based simplification of NLMS algorithm with the principle of SMF
provides substantial reduction in filter weight updating operations as well as less bit error rate while keeping the convergence speed
almost same as the existing algorithms for the same purpose. It is shown in the results that the introduced algorithm yields better
performance in presence of co-channel interference and also offers significant reduction in certain implementational operations
due to its structural simplicity.
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I. INTRODUCTION

CHANNEL equalization [1] has become a significant research topic in recent years in cellular communications to combat
intersymbol interference (ISI) caused by time dispersive multipath channels, and co-channel interference (CCI) which

arises from cell size reduction to increase the frequency reuse in multiuser systems [2]. In order to overcome the effect of both
ISI and CCI in a time disruptive environment, a number of equalization techniques have been devised that include a nonlinear
equalizer, namely, adaptive decision feedback equalizer (ADFE) [3] that often provides better performance in canceling ISI and
CCI than any linear equalizer, especially if the channel has spectral nulls [4]. A class of adaptive algorithm used to train the
coefficients of such ADFE is called normalized least mean square (NLMS) algorithm [5] which takes into account the variation
in the signal level at the filter output and selecting the normalized step size parameter that results in a stable as well as fast
converging algorithm. A variety of NLMS incorporates the set-membership filtering (SMF) which further reduces the number
of computations on an average due to its data-discerning property based on a well defined boundary [6]-[7]. However, to the
best of our knowledge, no effort has so far been made to extend this approach towards reducing the number of multiply and
accumulate (MAC) operations significantly required for coefficient update operation in any NLMS algorithm without affecting
the convergence speed.

In this letter, we propose a new algorithm for a symbol rate ADFE which is computationally less complex in comparison
with set-membership NLMS (SM-NLMS) algorithm. This new algorithm can be perceived as a block based NLMS algorithm
with set-membership (BBNLMS-SM) filtering where the error boundaries are decided by two hyperplanes and coefficients are
updated, with reduced number of operations, only if the magnitude of error goes beyond the boundaries. It is found that the bit
error rate (BER) performance of the proposed BBNLMS-SM algorithm is quite similar to the existing ones, and, sometimes
better in the presence of CCI.

II. THE ADOPTED SYSTEM AND ADFE MODEL

We consider the discrete time model of a data transmission system at any kth index with a reference data signal s0,k

whereas the other m interfering signals as si,k, i = 1, 2, ..., m, such that the overall channel observation can be written as
xk = x̂k + ck +nk, where x̂k = s0,k⊗h0,k is the desired channel output, ck =

∑m
i=1 si,k⊗hi,k denotes interference produced

by all co-channels, nk is additive white gaussian noise (AWGN) and ⊗ represents the so-called convolution operation. In the
above model, h0,k is the dispersive channel impulse response and h1,k, ..., hm,k represent the impulse responses of interfering
co-channels where all channels are modeled by finite impulse response (FIR) filters. The channel observation signal xk is fed
into the ADFE yielding an equalizer output yk with which the filter coefficients are updated. A brief description of the ADFE
under consideration is given below, which consists of two linear input-output filters and a non-linear decision device.

The tap input vector of feedforward filter (FFF) xk, the tap input vector of feedback filter (FBF) ŷk and filter coefficient
vector wk of combined FFF and FBF of the concerned ADFE at any time index k are given as

xk = [xk−L+1, xk−L+2, · · · , xk]T , (1)

ŷk = [ŷk−1, ŷk−2, · · · , ŷk−M ]T , (2)



TABLE I
SUMMARY OF THE PROPOSED BBNLMS-SM ALGORITHM

1. Initialization:
Using the data for the ith block, xk, k ∈ Z

′
i (stored

during the processing of the (i− 1)th block), evaluate
xMi

= max{|xk| | k ∈ Z
′
i , i ∈ Z}.

2. Processing for the ith block:
For k ∈ Z

′
i = {iL, iL + 1, · · · , iL + L− 1}

(a) Filter output computation:
yk = wT

k xk

(b) Output error computation:
ek = s0,k − yk

(c) Filter weight updating:
If
|e(k)| < γ or x2

Mi
= 0

then
wk+1 = wk

else
wk+1 = wk + µ̃

x2
Mi

(ek − sgn(ek)γ)xk

end.
i ← i + 1.

Go back to step 1.

wk = [wf,−L+1, wf,−L+2, · · · , wf,0, wb,1, · · · , wb,M ]T , (3)

where the number of FFF taps (denoted by wf,l) and FBF taps (denoted by wb,j) are L and M respectively and ŷk is the
decision value of the filter output at any kth index. With these definitions, the output of the ADFE can be expressed in terms
of scalar notation as

yk =
0∑

l=−L+1

wf,lxk−l +
M∑

j=1

wb,j ŷk−j (4)

or equivalently as yk = vT
k wk where vk = [xk−L+1, xk−L+2, · · · , xk, ŷk−1, · · · , ŷk−M ]T . The error between the desired signal

s0,k and the filter output yk is defined as
ek = s0,k − yk (5)

which is to be minimized in the mean square sense by adapting the FFF and FBF taps simultaneously with the help of the
proposed adaptive algorithm.

III. PROPOSED BB-NLMS ALGORITHM WITH SET-MEMBERSHIP FILTERING

In block based NLMS (BB-NLMS) algorithm, we first partition the input data into non-overlapping blocks of size equal to
the feedforward filter length and find out the maximum magnitude within each block to consider only that particular value
to update the time varying step size parameter µk for the entire block of data. With this, the weight update equation of the
BB-NLMS recursion takes the following form:

w′
k+1 =

{
w′

k + µ̃
x2

Mi

xkek, for xMi 6= 0

w′
k, for xMi = 0

(6)

where xk and ek carry their usual meaning as has been described by eqns. (1) and (5), xMi = max{|xk| | k ∈ Z ′i},
Z ′i = {iL, iL + 1, ..., iL + L − 1}, i ∈ Z, µ̃ is the so-called step size control parameter used to control the speed of
convergence with the range 0 < µ̃ < 2/L and w′

k = [wf,−L+1, wf,−L+2, · · · , wf,0]. As xMi corresponds to the maximum
magnitude of the input data samples xk for the ith block, the condition given by the latter half of R.H.S. of eqn. (6), i.e.,
w′

k+1 = w′
k, would arise if and only if all the data samples of any ith block are 0, which is alike the NLMS algorithm.

However, the main advantage of the above simpler algorithm stems from employing x2
Mi

in the denominator instead of xT
k xk

as is usual in NLMS, and thereby saving certain MAC operations while implementing the same in any finite precision digital
arithmetic.

To use the SMF criteria for BB-NLMS algorithm, we observe that it extends the set-membership identification (SMI) problem
with its bounded noise assumption to include filtering problems [6]. For a properly chosen bound γ, there are several valid
estimates of any length N coefficient vector w. Denoting S as the set of all possible input-desired data pairs (x, s) of interest,
the solution to the SMF problem is a set in the parameter space rather than a point estimate that satisfies |e| = |s−wT x| ≤ γ
for all (x, s) ∈ S . Such a set Θ is referred to as the feasibility set and can be defined as Θ =

⋂
(x,s)∈S{w ∈ RN : |e| ≤ γ}.



TABLE II
A COMPARISON BETWEEN BBNLMS-SM AND SM-NLMS ALGORITHM IN TERMS OF NUMBER OF MAC, DIVISION AND COMPARISON OPERATIONS

FOR CALCULATING µk PER L ITERATIONS

Algorithm Operation MAC Division Comparison
BBNLMS-SM αk

x2
Mi

1 1 L

SM-NLMS αk

xT
k
xk

2L L –

To find estimates belonging to this feasibility set adaptively, we define for an input-desired data pair at time instant k the
constant set Hk containing all vectors wk with estimation error ek upper bounded in magnitude γ such that

Hk = {wk ∈ RL+M : |s0,k −wT
k xk| ≤ γ} (7)

where the constraint set is the region enclosed by the set of parallel hyperplanes described by |ek| = |s0,k −wT
k xk| = γ.

In light of the above mentioned SMF principle, the BB-NLMS algorithm can then be modified by updating the filter
coefficients only if the error ek exceeds the bound specified above. In other words, the proposed weight update recursion can
be written as

wk+1 =

{
wk + αk

x2
Mi

ekxk for xMi
6= 0

wk for xMi
= 0

(8)

where

αk =
{

µ̃{1− γ
|ek|} for |ek| > γ

0 otherwise
(9)

with µ̃ being the step size control parameter and xMi as defined earlier in eqn. (6). A few remarks, as an outcome of the
above introduced algorithm, are given below.

Remark 1: It can be easily verified that putting the bound γ = 0 in eqn. (9) reduces the proposed BBNLMS-SM algorithm
to ordinary BB-NLMS algorithm.

Remark 2: Putting any γ 6= 0, to evaluate if an update wk+1 is required, it is only necessary to check if wk /∈ Hk. This,
in turn, means that for a non-zero bound, the number of computations of the proposed algorithm is reduced in comparison
with BB-NLMS on an average. On the other hand, as any update operation of BBNLMS-SM follows BB-NLMS recursion,
the computational complexity of the proposed algorithm is lesser than SM-NLMS algorithm.

A summary of the proposed BBNLMS-SM algorithm is provided in Table 1. An operational count is also provided in Table
2 for calculating µk = αk

x2
Mi

vis-à-vis SM-NLMS algorithm in terms of number of MAC, division and comparison operations
per L iterations. As as interesting property, theoretically, the proposed algorithm also maintains a steady state convergence
behavior. This is proved in the following Theorem.

Theorem 1: In eqn. (9), αk is chosen in such a way that the Euclidean norm of the coefficient update term and the sequence
of step sizes {αk} converges to zero in steady state, i.e.,

lim
k→∞

||wk+1 −wk|| = lim
k→∞

αk = 0 (10)

and the magnitude of ek is asymptotically smaller than γ, i.e.,

lim
k→∞

sup |ek| ≤ γ. (11)
Proof: Let the time index k denote only the updating indices, since ||wk+1 − wk|| = limk→∞ αk = 0 otherwise. By

taking a optimal bounding spheroids approach [7] within the feasibility set Θ, it can be shown that α2
ke2

k/x2
Mi

→ 0 for k →∞
for our case. From eqn. (8), it follows that ||wk+1 − wk|| = αk|ek||xk|/x2

Mi
≤ αk|ek|/|xMi | → 0. As xMi is bounded and

|ek| > γ > 0 at updating instants, it also follows that limk→∞ αk = 0, thereby proving eqn. (10). Using eqn. (9), it implies
that |ek| → γ at updating instants, and |ek| < γ otherwise, resulting in eqn. (11).

IV. RESULTS AND DISCUSSIONS

The performance gain of the proposed BBNLMS-SM algorithm over the NLMS-SM algorithm as well as ordinary BB-NLMS
algorithm is shown in Figs. 1-2. In the simulations, an amplitude distorted co-channel system involving two co-channels is
considered. Here, the time dispersive channel transfer function (TF) is represented by H0(z) = 0.3482+0.8704z−1+0.3482z−2

while the interfering co-channel TFs are taken as H1(z) = λ(0.6 + 0.8z−1). For the ADFE, L = 6 and M = 3 is considered,
respectively, and the finite bound is chosen to be γ =

√
5σ2

n where σ2
n is the variance of AWGN. Note that for all the

simulations, the transmitted signals are taken as simple QPSK signals.
A value of σ2

n = 0.0099 is chosen to provide a constant signal to noise ratio (SNR) of 20 dB while λ is varied to produce
different signal to interference plus noise ratio (SINR). The BER curves of ADFE with the proposed BBNLMS-SM algorithm
along with two other algorithms are shown in Fig.1 which confirms that the proposed algorithm is better than the other two in
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Fig. 1. BER curves for ADFE with BB-NLMS, SM-NLMS and
BBNLMS-SM algorithms with varying λ while keeping SNR fixed at 20
dB.
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Fig. 2. Percentage reduction of the weight updating operation of ADFE
with the proposed algorithm for QPSK signals with different γ values and
SIR = 20 dB.

presence of varied interfering signal. The BER curves with keeping λ constant while varying σ2
n are not shown as all the three

algorithms show almost same performance. The effect of changing the value of γ on percentage reduction of weight updating
operation with a constant signal to interference ratio (SIR) of 20 dB is shown in Fig. 2, which clearly depicts the advantage
of having two wider hyperplanes. The same effect with keeping SNR constant is not shown as it demonstrates almost same
effect as shown in Fig. 2. Further, the mean square error (MSE) curves of the ADFE with these three different algorithms,
respectively, are also found to be quite similar with almost same convergence speed.

V. CONCLUSIONS

A new data-selective adaptation algorithm for DFE with two non-zero decision boundaries has been proposed, which, in
turn, gives a threefold advantage of having (a) approximately 50 percent reduction in filter weight updating operations at
moderate SINR, (b) less BER with respect to SINR, and, (c) almost same convergence speed as compared to either NLMS-SM
or BB-NLMS algorithm. It is also found that the introduced algorithm sometimes performs better than the other two algorithms
in presence of CCI. The proposed general approach can further be extended for investigating certain suitable values of γ by
trading off the percentage operation reduction and convergence speed depending upon the requirement, which would be more
application specific for different equalization problems.

REFERENCES

[1] W. R. Wu and Y. M. Tsuie, “An LMS-Based Decision Feedback Equalizer for IS-136 Receivers,” IEEE Trans. Commun., vol. 51, pp. 130-143, Jan.
2002.

[2] N. Lo, D. D. Falconer and A. Sheikh, “Adaptive Equalization for Co-channel Interference in a Multipath Fading Environment,” IEEE Trans. Commun.,
vol. 43, pp. 1441-1453, Feb./Mar./Apr. 1995.

[3] S. U. H. Qureshi, “Adaptive Equalization,” Proc. IEEE, vol. 73, no. 9, pp. 1349-1387, Sept. 1985.
[4] I. J. Fevrier, S. B. Gelfand and M. P. Fitz, “Reduced Complexity Decision Feedback Equalization for Multipath Channels with Large Delay Spreads,”

IEEE Trans. Commun., vol. 47, no. 6, pp. 927-937, June 1999.
[5] S. Haykin, Adaptive Filter Theory, 4th ed. Englewood Cliffs, NJ: Prentice Hall, 2001.
[6] S. Werner and P. S. R. Diniz, “Set-Membership Affine Projection Algorithm,” IEEE Signal Processing Lett., vol. 8, no. 8, pp. 231-235, Aug. 2001.
[7] S. Gollamudi et. al., “Set-Membership Filtering and a Set-Membership Normalized LMS Algorithm with an Adaptive Step Size,” IEEE Signal Process.

Lett., vol. 5, no. 5, pp. 111-114, May 1998.


