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Abstract 

 
 A theoretical model that fully explains the salient features of the probability density function (PDF) of the 

multiple access interference (MAI) in time-hopping UWB (TH-UWB) systems is discussed. The proposed model is 

enabled by considering simplified low-duty cycle rectangular and triangular pulses, but reveals precisely why a 

Gaussian approximation for the MAI in TH-UWB systems is highly inaccurate even when a large number of 

interferers are present. This theoretical model predicts correctly impulses, singularities, and heavy tails found in the 

distribution of the MAI. Results obtained from the model are validated by simulation. 

 
1. Introduction 

 
Ultra-wideband (UWB) wireless has fully emerged only in the very recent history of communications. 

Although UWB was used for positioning, military communications, radar and sensing 20 years ago, it has been 

focused on consumer electronics and communications only very recently [1]. Impulse radio-UWB (IR-UWB) has 

some unique features such as large bandwidth (7.5 GHz) and low-duty cycle pulses which makes it an attractive 

solution for high data rate multi-user indoor wireless communications [2]. Therefore, appropriate multiple access 

techniques need to be designed for multiple user communication applications. Two prominent randomization 

techniques applied in IR-UWB for multiple access are time-hopping (TH) and direct-sequence (DS).  

 

In spite of the fact that DS and TH multiple access methods have some differences, the conventional matched 

filter or correlation receiver is the widely adopted receiver in both cases. In the case of a single user, the dominant 

hindrance at the receiver for symbol detection is ambient noise which is always assumed to have a Gaussian PDF. 

However, in the multiple user environment there are signals from several other users with different amplitudes and 

delays combined with each other, and the single-user receiver has to extract the desired signal of the specific user. 

Therefore, the MAI which is unknown to us can be more problematic than Gaussian noise. Having knowledge of the 

PDF of the MAI enables us to design and implement more sophisticated receivers with better performance. 

  

 In many communication systems, the MAI is assumed to have a Gaussian distribution due to a central limit 

theorem (CLT) argument. A matched filter receiver is optimal if the detection problem is that of detecting a known 

signal immersed in additive Gaussian noise. However, in IR-UWB, it is known that the PDF of MAI is not Gaussian 

[3, 4]. In fact, the MAI consists of the superposition of a number of interferers with different amplitudes, and for 

TH-UWB systems the correlation receiver is not an optimal structure because of the non-Gaussian nature of the 

MAI. Therefore, some research has focused on proposing a more appropriate statistical model for the MAI. In [5-7] 

the Laplacian model is introduced for the distribution of the MAI and based on that model novel receiver structures 

are proposed which surpass the performance of the correlation receiver. Reference [8] introduces three different 

methods to estimate the distribution of the MAI which are based on nonparametric estimation, the generalized 

Gaussian distribution and the α-stable distribution. Another approach is to characterize the MAI by a Gaussian 

mixture model (GMM), in which the total interference is assumed to be a stochastic process with PDF given by a 

weighted superposition of zero-mean Gaussian PDFs with assigned variance [9]. In [4], the authors derive an 

approximation to the PDF of the interference in an IR-UWB system transmitting the second derivative of the 

Gaussian pulse modulated by binary pulse position modulation under the assumptions of power control at the 

reference receiver. A MAI distribution model in [10] is based on the observation that interference is caused by 

collisions occurring between pulses belonging to different transmissions. In most works, it is assumed that the delay 

of each user is independent of the delays of the other users and those individual pulses in different frames cause 

interference independently. However, in [11], in order to find the MAI, a Poisson arrival process is employed for 

time variables in a multipath UWB environment. Recently, a new modeling approach for the MUI has been 

introduced using a characteristic function technique [12]. Some other models can be found in [13-16]. 



 A mathematical model that can clarify the characteristics of the PDF of the MAI in UWB systems will help 

to understand when the CLT should be expected to hold and, conversely not to hold, in UWB systems. It will also 

provide insights into receiver design for MAI environments. In this paper, a theoretical model will be developed to 

fully explain impulses, singularities and heavy tails found in the PDF of the UWB MAI. The remainder of this paper 

is organized as follows. In Section 2, we discuss a TH binary phase shift keying (TH-BPSK) UWB model followed 

by an exact analysis of the received signal at the correlation receiver in order to find a theoretical benchmark for the 

PDF of the MAI. Section 3 introduces exact mathematical models for rectangular and triangular pulses. Section 4 

interprets the results in terms of practical UWB systems. 

 

2. System Model 
 

This section briefly introduces some of the notations used for modeling a TH-BPSK UWB system. The signal 

transmitted by the mth user can be expressed as [2, 17-19]: 
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where p(t) is the transmitted UWB pulse shape with pulse duration Tp and Eb is the total energy of all Ns pulses 

required for transmission of one information bit. Tc is the chip duration which is at least twice larger than Tp and Tf is 

the length of a frame. )(m

kc  represents the time-hopping pseudo-random code taking an integer in the range 

0 ≤ )(m

kc  < Nh and Nh satisfies NhTC ≤ Tf. The symbols a
(m)

 belong to the set {-1, +1}. The duty cycle is defined as the 

ratio of the time that a pulse is present, Tp, to the frame repetition time, Tf 
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In practical TH-UWB systems, the duty cycle is less than 0.5 percent. Assuming that there exist Nu users 

transmitting asynchronously on an additive white Gaussian noise (AWGN) channel, the received signal can be 

written as 
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where γn and τn represent the gain and asynchronous delay of the nth user, respectively, and n(t) is AWGN with zero 

mean and variance N0/2. Also, it is assumed that τn is uniformly distributed on a bit duration [0, Tb = NsTf]. 

 

3. The PDF of the MAI for Simple Pulses 
 
 In order to clarify the specific characteristics of the distribution of the MAI, two simple low-duty cycle 

pulses, rectangular and triangular pulses, are employed. These two pulses can not be used in practical UWB systems 

because, for instance, they do not meet the spectral emission constraints. However, in our study here, using these 

pulses will permit deriving the exact mathematical PDF of the MAI, which in turn will give valuable insights into 

the detection mechanism in UWB systems.  

 Taking into account the low-duty cycle feature of UWB pulses, it is observed for rectangular pulses that 

almost all the mass of the PDF of the MAI is captured in an impulse located at amplitude value zero. It is for this 

reason that the PDF does not converge to the Gaussian distribution in practical systems with a small or even 

moderately large number of users. Also, it is clear that interference can take values from a finite range which 

explains the heavy tails in the distribution of the MAI.  

 In case of triangular pulses, it can be seen that the PDF of the MAI resulting from each user not only has an 

impulse located at amplitude value zero, but also contains three singularities. In fact, the singularities correspond to 

the values of the autocorrelation function at which the points have zero derivatives. The PDF of a sum of statistically 

independent random variables is obtained by convolving the PDFs of each of them. Therefore, MAI which is the 

sum of Nu-1 interferences will inherit some singularities from the PDF’s of each of the interferences.  
 

4. Practical UWB System 
 

 In reference [21] families of practical time-limited UWB pulses are proposed. We shall use some of the even 

pulses of [21] to verify the results of our model for practical UWB systems. The even pulses, )(tPe

n , are denoted by 
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where τ fc has to be an integer value to ensure a zero DC component. In order for the pulses to both have the smallest 

possible time duration and meet the Federal Communications Commission (FCC) spectral mask, fc = 6.85 GHz, 

τ = 1/fc = 0.146 and n = 3. Fig. 1 shows the pulse )(3 tPe and its autocorrelation function. Also, points in which the 

autocorrelation function has derivative zero are marked in Fig. 1. 

 
Fig. 1. The pulse shape and the autocorrelation of )(3 tP

e . 

 

Our example assumes that all the users are transmitting with equal power, i.e., γn = 1 for all values of n. Then, 

the PDF of the MAI can be found by simulation which is shown for 15 interferers in Fig. 2. In our simulation, 

Tp = 0.22, and Tp/Tf = 35 are chosen. The singularities in the PDF of the MAI occur at the values of total interference 

at which the sum interference has derivative zero. One of the important applications of UWB is for wireless personal 

area networks (WPANs) which have a range of operation on the order of 10 meters. For this range of operation, 16 

is likely the maximum number of users that can be served by a WPAN system. However, it is seen in Fig. 2 that a 

Gaussian distribution is not a good approximation even when the TH-UWB system has a moderately large number 

of interferers. The most important reason of this phenomenon is the existence of the impulse at the origin.  

 
Fig. 2. The PDF of the MAI for a practical TH-UWB system with 16 users. 
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