
On the Scattering of a Plane Wave by a Transparent Wedge

Vasilii M. Babich

Steklov Math. Institute (St.Petersburg Branch), Fontanka 27, St.Petersburg,
191023, Russia

email: babich@pdmi.ras.ru

Natalya Mokeeva

St.Petersburg State University, Physical Faculty, Ulyanovskaya 3, St.Petersburg,
198504, Russia

natasha.mokeeva@gmail.com

2-D scalar problem of the scattering of plane wave by a transparent wedge is
considered. Dependence on time is harmonic. The velocities of the wave propaga-
tions inside of the wedge and outside of it are not equal. Boundary conditions on
the interface are classical.

If some condition of nondegeneracy is valid, existence and uniqueness theorems
are proved. The statement of the problem is traditional: as inside, as well outside
of the wedge the corresponding wave equation are satisfied, the Meixner condition
takes place in a neighborhood of the vertex of the wedge, if to remove from the
solution the incident wave, all reflected and refracted waves, the remaining part of
the solution satisfies the radiation condition in integral form.

1. Formulation of the problem

Let Ωi be domain 0 < ϕ < Φ, r > 0, Φ = const, 0 < Φ < 2π, (here r, ϕ – is
the classical polar coordinate system) and Ωo = R2\Ω̄i – is external domain with
respect to Ωi: Ωo = {r, ϕ : Φ < ϕ < 2π − Φ, r > 0}.

We assume, that the wave field in Ωo is h + hinc = h + exp iko(−x cosϑinc +
y sinϑinc), ( where ko = ω

co
, ω – is the frequency, co is the velocity, hinc is the

incident wave) h ∈ C2
loc(Ωo) and satisfies Helmholtz equation in Ωo:

(∆ + k2
o)(h+ hinc) = (∆ + k2

o)h = 0, ∆ =
∂2

∂x2
+

∂2

∂y2
(1.1)

and the function v ∈ C2
loc(Ωi) and satisfies Helmholtz equation in Ωi:

(∆ + k2
i )v = 0. (1.2)

The next assumptions are: the functions h and v have continuous derivatives of the
first order in the wedges without vertex: respectively Φ 6 ϕ 6 2π − Φ, r > 0 and
0 6 ϕ 6 Φ, r > 0, and boundary conditions are satisfied:

νo(h+ hinc) = νiv

ηo
∂

∂n
(h+ hinc) = ηi

∂

∂n
v (1.3)
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on the interfaces ϕ = 0 r > 0 and ϕ = Φ r > 0. Here ∂
∂n is derivative in direction of

exterior (with respect to Ωo) normal, νj and ηj are positive constants. We assume
that the Meixner condition:

∫

r<r0

(
∂u

∂x

∂ū

∂x
+
∂u

∂y

∂ū

∂y

)
dxdy <∞, (1.4)

is fulfilled, where r =
√
x2 + y2, r0 = const <∞,

u =

{
v for (x, y) ∈ Ωo

h for (x, y) ∈ Ωi
. (1.5)

An important assumption is radiation condition: let ugeom be the sum of the
incident, reflected and refracted waves (Lebeau ”H-hypothesis” of nondegeneracy
(see [1] chapter 2) takes place)1 and u− ugeom =: udiff then

∫

ΣR

∣∣∣∣
∂udiff
∂r

− ikudiff
∣∣∣∣
2

dΣR −→
R→∞

0, (1.6)

where

k =

{
ko in Ωo

ki in Ωi

The main result of the paper is:
Theorem
the problem in this formulation has solution and this solution is unique.

2. The method of the proof of the theorem

We use the approach developed in the book [1] and in the papers [2-3] and con-
nected very closely with potential theory. Thi methods allow to prove the existence
of solution of the problem under consideration in the form of sum of single layer
potentials. This solution satisfies all conditions described above.

The proof of uniqueness is equivalent to the proof that the solution of corre-
sponding homogeneous problem (let it be U) is equal to zero. The ideas of proof of
uniqueness is based on constructing (just as in the paper [2]) of the solution of the
problem of scattering by the transparent wedge the wave created by the point source
of oscillation – i.e. a version of Green function. Existence of the Green function
permit (with the help of integral Green formula) to produce integral representation
the function U in the terms of the boundary conditions. From this representation
follows that U = 0.
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1The fronts of the incident and every reflected and refracted wave are not ortogonal to the
wedges boundary.
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