
Adaptive Mask Scaling In Alternating-Projection Antenna Synthesis

Javier Leonardo Araque Quijano, Giuseppe Vecchi

Politecnico di Torino, Antenna and EMC Lab
javier.araque@polito.it, giuseppe.vecchi@polito.it

Abstract

In  the constrained antenna synthesis via the alternating projections method, the calculation of projections 
often impacts on the quality of the obtained solution, and therefore is a relevant issue in practice. We propose a 
novel approach to compute these projections, based on the linearity of the excitation-to-field relationship, and the 
non-linearity of the projection operations.  In our approach, at each iteration step we adaptively change the reference 
levels,  based  on  the  properties  of  the  employed  metric.  The  approach  appears  generally  applicable,  simple  to 
implement, and computationally efficient. These properties are confirmed by application examples.

1 Introduction

The intersection approach affords a very general  and powerful tool in problems of constrained synthesis, 
allowing direct re-use of unconstrained synthesis tools [1,2]. It formulates the problem in terms of set operations by 
defining two sets in the space of radiated fields: the constrain set (B) and the specification set(S). B refers to all the 
fields that can be effectively radiated obeying design constraints such as geometry and/or feeding amplitudes/phase, 
while S includes all the fields exhibiting a set of desired features (SLL, HPBW, FBR, etc). Hence, the problem is 
that of finding the intersection between the sets B and S, which is tackled by means of the alternating projections 
algorithm, originally proposed in [3]. Its generic iteration is given by [2]:
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where cn and cn+1 are successive  antenna parameter estimates (antenna geometry/excitation), U and U-1 are the direct 
and inverse radiation operators, and PB and PS are the projection operators onto the B and S sets respectively. 

An important and often underestimated aspect in the application of the alternating projections is the non-
linearity of the projection operator. In [4] the projection operation involved the minimization of a quartic functional 
by means of the BFGS (Broyden-Fletcher-Golfarb-Shanno) method. In recent years, an annealing-like technique 
was proposed  to  improve  the convergence  properties  of the alternating projections  algorithm [5]  by which the 
excitation/field masks gradually stiffen during the process until reaching full specification enforcement. The present 
communication  presents  an  alternative  approach  based  on  an  iterative  solution  of  the  projection  problem  by 
exploiting the geometric features of the sets involved in the intersection operation.

The application scenario for our work is the constrained pattern synthesis, e.g. the synthesis of a pattern lying 
within a mask such as that seen in Figure 2 with an analog mask specifying the feeding constraints.

2 The Field Projection Operator

The set  onto which a generic vector  F is to be projected (i.e.  S) is given by a real non-negative mask with 
upper limit  M(u,v) and lower limit  m(u,v).  The conventional projection operator applied to the complex function 
F(u,v) of the observation coordinates u and v is given by (dependence of the function F and the masks m and M on 
the observation coordinates is not  shown for compactness):

(2)
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m  is clearly non-linear; on the other hand, the sets considered in field synthesis are 
not limited to a fixed mask since any scaling may be applied without changing the formulation of the problem (this 
constrasts  with the formulation of a gain-synthesis  problem, in which the scaling problem disappears  since the 
absolute reference is known). The marked sensitivity of non-linear processes to scaling rises the question on how to 
choose the optimum scaling. The answer to this lies in the definition of projection onto a set, which given a point x 
chooses the point P(x) in the set which is closest to x under a suitably metric; it should be noted however, that the 
complexity of the problem in high-dimensional space generally prevents a direct implementation.

For simplicity, let us consider the case where the function to be projected has only two components (spatial 
samples). Note that during the projection we do not consider the phase of the original complex numbers, which is 
simply extracted at the start, and is restored at the end as implied by (2); furthermore, the underlying 2-D nature of 
the function F (defined on the (u,v) plane) is disregarded, and it is considered as a vector, so we effectively deal with 
the euclidean RN  space. Our particular example is thus embedded in R2, which is a far simpler situation than the 
high-dimensional found in practical  applications; however some useful conclusions may be drawn therefrom, as 
seen below. A sample mask for this case is shown in Figure 1 (left).

Figure 1. Mask for a simple function in R2 (left) and its representation in the space of field samples (right).

The mask is better seen in the space of field components with each field sample being associated with an 
axis, as shown in  Figure 1 (right);  therein, points in strict accordance with the definition of the mask lie in the 
interior of a rectangle (the set S). However, since any multiplicative constant of this remains a valid mask, the actual 
region of validity is the triangle shown therein (the envelope of all the scaled versions of the original mask). In the 
n-dimensional case we have a rectangular hyper-box for the fixed-scaling mask and a hyper-cone with (generally) 
irregular hyper-polygonal transverse section and (2^n)-2 hyper-faces, giving an idea on the complexity of a direct 
approach.

In  Figure 1 (right) the cross represents a point to be projected into the set  M, and four arrows indicate the 
result of different scaling schemes applied before using (2): 

• minima (maxima) equalization (horizontal (vertical) arrow): masks are scaled to have the minimum (maximum) 
component of the original point equal to the corresponding component of the mask so that it remains unmodified.

• no scaling: the original mask values are used.
• 2-norm scaling: mask is scaled so that the resulting point is the closest within the valid region in 2-norm.

It is clear that depending on the initial scaling of the fields/masks and the placement of the point to project, 
the results for all these approaches except the third one may lead to a point rather far from the original one, thus 
lacking the desired property of a projection operator and in general introducing excessive distortion (unnecessary 
clipping)  on  the  original  element.  This,  in  turn  may induce  oscillatory  behavior  on  the  solution  or  failure  to 
converge. In practice it is observed that fixed scaling schemes give rise to sub-optimal results as will be seen later.

The approach proposed is a compromise between the simplicity of directly applying (2) and the complexity 
of an exact projector. The starting point is the observation that in the course of the synthesis process, the optimum 
scale  factor  varies  smoothly provided  that  a  fixed normalization is  applied to  the point  before  projection (this 
prevents divergent behavior). Thus, instead of calculating the optimum scaling at each of the alternating projections 



-as required in exact projection-, an estimate is iteratively refined based on the result of the previous projections. 
The technique presented is general  enough to accommodate for various definitions of metric or other goodness 
criteria;  it  offers  computational  efficiency  (contained  additional  burden  with  respect  to  the simplest  projection 
operator) and simplicity of implementation. Finally, as will be seen in section 3, numerical tests confirm a consistent 
improvement in the convergence of the alternating projections.

The general strategy followed to project a given point into a mask initially applies (2) with a scaled version 
of  the mask and the normalized field-modulus  vector.  After  calculating a “goodness”  measure  of  the resulting 
projection, the scaling constant is updated and the process is repeated with the new constant while the measure is not 
good enough. A fixed maximum number of iterations is set since convergence is not always achieved in few steps. 
The value of the scaling constant is stored for subsequent projections so that the number of iterations is minimized in 
virtue of a very accurate initial guess.

3 Numerical Results

This  section  presents  a  selection  of  numerical  results  demonstrating  the  effectiveness  of  the  approach 
presented. The projection operators were tested in 2-D array synthesis with various constraints on the excitation, 
considering  Huygens'  sources  as  the  elemental  radiators  with  half-wavelength  inter-element  spacing.  Our 
implementation  follows  that  of  [1],  employing  the  2-D  FFT  in  the  direct/inverse  radiation  operators.  The 
convergence criterion is the maximum difference of the dB-fields, which is a rather stringent measure; it is found, 
however, that it provides an appropriate indicator in practical applications, in contrast to the customary 2-norm error, 
which virtually neglects error on SLL. This is particularly useful towards the end stages of the synthesis process, 
where actual progress is generally not visible in 2-norm metric.

The alternating projections algorithm runs for a maximum of 10000 iterations; execution terminates either if 
the error  is below 0,1dB (convergence achieved) or when no significant  improvement is  observed during 2000 
iterations. The error indicators (both maximum and average) are calculated inside the field projector as follows (the 
tilde-topped variable refers to the projected version of the vector, while vector's name with a subindex denotes an 
individual vector component):

(3)

The goal field is the rotationally symmetric iso-flux depicted in  Figure 2. The iterative projector has in all 
cases a maximum iteration count of 10, while the threshold of the goodness criterion is 0,001. A static scaling 
scheme (maxima equalization) along the following instances of the algorithm described at the end of section 2 are 
tested:

• 2-norm and inf-norm iterative projectors: the goodness criterion is defined to minimize respectively the 
2-norm and inf-norm distance from the original vector to the one resulting from projection.

• as an example of the generality of the approach, tests were performed also on an iterative projector which 
aims at keeping constant the 1-norm of the original vector after projection. The goodness measure is the 
change in the norm-1 modulus induced by the projection.

The excitation of an 11 x 11 array is synthesized with different constraints in feeding dynamic as seen in 
Table 1. The overall performance of static scaling lags behind dynamic iterative scaling for the various constraints in 
terms of the result quality. Among the dynamic rules, those aiming at exact projectors (2-norm ad Inf-norm) present 
the best performance, reaching convergence in all cases and in most cases with a small number of iterations. As a 
matter of fact it has been observed in sets of markedly distinct tests conducted in the course of this work that the 
iterative projectors proposed (in particular the 2-norm and inf-norm instances) consistently outperform the standard 
(.i.e. static scaling) projections in terms of convergence speed and quality of the final result.



Figure 2. Relative field mask for the numerical tests:  iso-flux pattern similar to that considered in [6].

Table 1.  Convergence results for the iso-flux pattern.
Excitation dynamics (dB)-> No constraint 3 0

Projector  #Iter Max 
err (dB)

Avg err 
(dB)

#Iter Max 
err (dB)

Avg err 
(dB)

#Iter Max 
err (dB)

Avg err 
(dB)

Maxima equalization (standard) 3171 0,79 0,30 593 1,4771 0,014 836 0,63 0,0069

Present: 2-norm iterative 23 0,097 0,002 177 0,099 0,0007 423 0,1 0,0009

Present: Inf-norm iterative 19 0,097 0,0017 616 0,099 0,0006 498 0,1 0,0011

Present: Constant 1-norm iterative 545 0,29 0,0008 195 0,16 0,0026 3925 0,34 0,0054

4 Conclusion

A novel approach to the implementation of the projection operator required in the alternating projections 
algorithm is presented which exploits the geometric properties of the sets involved in the intersection step required 
in the alternating projections algorithm. It appears general, simple and computationally efficient as compared to non-
linear minimization routines, while improving convergence with respect to the straightforward projector. In fact, 
numerical tests show that specific implementations of the approach outperform fixed-scaling projection in practical 
instances. Ongoing work aims at further characterizing the resulting algorithms and their application in alternative 
pattern representations for the synthesis problem.
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