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We derive a necessary condition for the stability of the simple-feed model [1] , which
is used in the finite-difference-time-domain (FDTD) method [2] to approximate the
feed regions of antennas.

1 The Simple-Feed Model

The geometry of the simple-feed model is shown in Fig. 1(a). In this model, a
virtual transmission line is connected to the feed gap of the antenna, and is modeled
by a separate 1-D FDTD grid. The voltages and currents in the transmission line
are represented by two discrete sets of values placed at staggered positions both
in space and time. In Fig. 1(a), the 1-D FDTD grid is shown below the feed gap
of the antenna. The voltage (V n) and current (In−1/2) values on the 1-D grid are
represented by black squares and white triangles, respectively; and their behavior is
described completely by the following finite-difference equations [2]:
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in which c and Zc are the velocity of propagation and the characteristic impedance
for the transmission line, respectively, and S = c∆t/∆s is the Courant number.
Here, ∆t and ∆s are the temporal and spatial step sizes in the FDTD grid. In
our simulations, we fix the value of c at c = (ε0µ0)−1/2, and vary the characteristic
impedance Zc. The 1-D FDTD grid is terminated by a matched load at z = −L
(not shown in Fig. 1(a)), and connected to the feed gap of the antenna at z = zg.
At this point, some information is exchanged between the 1-D grid and the 3-D
simulation grid. This exchange is done at every time step in the main simulation,
and constitutes an approximation to the real connection between the transmission
line and the terminals of the antenna. During this exchange, the voltage value
Vn(z = zg) in the 1-D grid is translated to electric field values in the feed gap, and
used in the 3-D grid:

En = Vn(z = zg)/(Ng∆s) , (3)

in which Ng is the number of grid cells across the feed gap (e.g., Ng = 3 in Fig. 1(a)).
The operation in (3) is denoted by the solid upward arrow below the feed gap in
Fig. 1(a). The current value In−1/2(z = zg +∆s/2) in the 1-D grid is obtained from
the 3-D grid by applying Ampère’s law on the contours Ci and taking the average:
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Figure 1: (a) The geometry of the simple-feed model. (b) The simplest configuration
for the simple-feed model.

This operation is denoted by the solid downward arrow below the feed gap in Fig.
1(a). It is assumed that the contours lie at the closest possible distance to the
electric field values in the gap, namely, ∆s/2 away from the outermost field value.
In the following analysis, the number of magnetic field values on each of the contours
Ci will be denoted by Nc. For example, Nc = 12 in the feed gap shown in Fig. 1(a).

2 Stability of the Simple-Feed Model

In this section, we will attempt to quantify the stability of the simple-feed model
under some simplifying assumptions. These simplifications will allow the derivation
of a necessary condition for stability. More specifically, we will derive a loose up-
per bound for the transmission line impedance Zc in terms of the free-space wave
impedance Z0 = (µ0/ε0)1/2.

As a starting point, we will consider the simple configuration shown in Fig. 1(b).
We will assume that the only nonzero field components in the transmission line are
the current at z = zg + ∆s/2 and the voltage at z = zg, and the only nonzero
field components in the 3-D FDTD grid are the magnetic field components on the
contours Ci and the electric field components in the feed gap. In Fig. 1(b), one of
the contours Ci is shown in this configuration. The nonzero current at z = zg +∆s/2
is denoted by I1/2, and the nonzero gap voltage at z = zg is denoted by V0. The
magnetic field components Hm, m = 1, 2, . . . on the contour Ci are parallel to the
contour, and they point in a left-handed sense with respect to the electric field



components. For each magnetic field component Hm on this contour, we write
Faraday’s law on the smaller contour Fm centered at Hm as follows:
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in which En is the uniform electric field in the gap, given by (3), and Hn−1/2
i is

an arbitrary additive impressed magnetic field to be used in the stability analysis
that follows. Multiplying each side of (5) by ∆s, summing over m = 1, 2, . . . on
each contour Ci, and finally averaging over the contours Ci using (4), we obtain the
following update equation for the terminal current I1/2 at z = zg + ∆s/2:
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in which Vn
0 is the gap voltage obtained from En using (3), and In−1/2

i is the additive
impressed current. The update equation (6) can be rewritten in a fashion more
similar to (2):
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in which α = (Nc/Ng)(Zc/Z0) is a measure of the magnitude of the transmission-line
impedance Zc in terms of the free-space wave impedance Z0. The update equation
for the nonzero voltage component V0 at z = zg is written directly using (1):
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Now, the behavior of the system is determined completely by the equations (7)–(8).
The stability of this system can be analyzed using one of several standard methods,
such as eigenvalue analysis or the z-transform method. All of these methods yield
the same result, given as follows:

Zc < (Ng/Nc)(4/S2)Z0 ≈ 1506.8(Ng/Nc)(1/S2) . (9)

Let us observe some simple consequences of (9). It is apparent that the upper bound
increases as the Courant number decreases, and approaches infinity as S → 0. The
upper bound also increases as the gap becomes wider (increased Ng), but decreases
as the cross-section of the gap becomes larger (increased Nc).

In Table 1, we present a comparison of the simple upper bound in (9) with numerical
upper bounds obtained from FDTD experiments for several feed-gap geometries.
The simple feed was placed in a 3-D uniform free-space grid with ∆s = 1 mm
and S = 0.98/

√
3, which was terminated by a convolutional PML [2]. It was found

empirically that the free-space configuration imposes the most stringent condition on
Zc for stability. Any dielectric or conducting body near the feed results in a higher
upper limit for Zc. In the extreme limit in which the feed is almost completely
surrounded by metallic bodies, the model reduces to that in Fig. 1(b), and the
upper bound in (9) becomes exact. In the realistic case, however, the simple feed
radiates into free space, and the bound in (9) is not sufficient for stability. The
reason for this is the presence of extra feedback between the 1-D transmission-line
grid and the 3-D FDTD grid. This extra feedback consists of an infinite number of
paths that pass through the magnetic field components Hm, travel varying lengths
in the 3-D grid, and finally return to the 1-D grid through Hm.



Table 1: Numerical and theoretical upper bounds on Zc for the stability of different
simple-feed configurations.

Geometry Dimensions Upper Bound on Zc (Ω)

Ng Nc Numerical Theoretical

1 4 700 1073

1 8 370 536

1 10 260 429

2 4 1650 2147

2 6 1140 1432

3 Conclusion

We derived a simple theoretical condition for the stability of the simple-feed model,
which is an excitation method frequently used in the FDTD analysis of radiating
structures. The stability condition was expressed as

Zc < (Ng/Nc)(4/S2)Z0 , (10)

which was compared with numerical upper bounds obtained through FDTD experi-
ments. It was argued that the deviations from (10) are because of the extra feedback
paths that are not accounted for in the simple model used to derive (10).
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