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Abstract

The problem of finding unique fields in perfect electromagnetic conductor (PEMC) is considered by
analyzing transmission of an obliquely incident plane wave to PEMC half space and slab. It is shown that
uniqueness depends on the exact definition of the PEMC medium conditions. Three possible medium condi-
tions are tested, out of which only one, defining PEMC as the limiting case of a Tellegen medium, leads to
uniqueness for fields inside the PEMC. Reflected fields are unique and the fields transmitted through the PEMC
slab vanish for all cases.

1. Introduction

The perfect electromagnetic conductor (PEMC) has been defined by the medium conditions [1,2]

D = MB, H = −ME, (1)

where M is the PEMC admittance parameter, or axion parameter [3]. In this study, the medium is assumed
lossless, whence M is restricted to have real values, positive or negative. The classical perfect electric conductor
(PEC) and perfect magnetic conductor (PMC) are two special cases corresponding to the respective parameter
values 1/M = 0 and M = 0.

PEMC can be also defined as a special case of Tellegen medium [4] obeying the medium conditions of
the form [1] (
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in the limit of the parameter |q| → ∞. In fact, (2) can be expressed in equivalent form as D −MB = 0 and
H + ME = D/q, As another similar representation we can write(
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for |q| → ∞. This corresponds to the conditions H + ME = 0 and D−MB = −H/q. Of course, (3) is not
just (2) inverted, since the matrices in these two expressions have no inverses.

To see the difference of these definitions, we analyze the problem of fields transmitted to a PEMC half
space and slab for an obliquely incident plane wave. The problem of interior fields in PEMC was studied in [5]
for normally incident waves with the result that the transmitted fields could not be uniquely determined when
the PEMC conditions (1) were used. In the present study we compare the three PEMC medium conditions to
find uniqueness.

2. Plane-wave fields

Let us consider the classical problem of a plane wave incident in the half space z > 0 to a boundary
interface at z = 0 and causing a reflected wave. The electric and magnetic fields are assumed to have the form

Ei(r) = Ei exp(−jki · r), Hi(r) = Hi exp(−jki · r), (4)

Er(r) = Er exp(−jkr · r), Hr(r) = Hr exp(−jkr · r), (5)



where the two wave vectors are defined by

ki = −kzuz + kxux, kr = kzuz + kxux, (6)

and kx is assumed to be a positive real number. The half space z > 0 is assumed empty, whence the wave-vector
components satisfy k2

z + k2
x = k2

o

From the Maxwell equations relations for the fields transverse to the axial direction can be found as

Hi
t = Yt ·Ei

t, Hr
t = −Yt ·Er

t . (7)

Yt is the free-space admittance dyadic. It can be expressed in terms of a dimensionless dyadic Jt

Yt =
1
ηo

Jt, Jt =
1

kokz
(k2

zuxuy − k2
ouyux) (8)

satisfying
J2
t = −It, It = uxux + uyuy. (9)

The transverse components of the fields Et,Ht transmitted through the PEMC interface z = 0 satisfy
the continuity conditions

Ei
t + Er

t = Et
t = −MHt

t, (10)

Jt · (Ei
t −Er

t ) = ηoHt
t, (11)

from which we can eliminate Ht and obtain the reflected field as

Er
t = Rt ·Ei

t, Rt =
1− (Mηo)2

1 + (Mηo)2
It −

2Mηo

1 + (Mηo)2
Jt. (12)

The transverse component of the transmitted field at the interface becomes

Et
t =

2
1 + (Mηo)2

(Ei
t −MηoJt ·Ei

t). (13)

3. Fields in the PEMC medium

Starting from the exact PEMC conditions (1) does not yield unique transmitted fields, since the two
Maxwell equations become the same equation. It is not much of an improvement to start from the conditions
(3). In fact, eliminating Et and Bt from the former of the Maxwell equations

kt ×Et = ωBt, kt ×Ht = −ωDt, (14)

yields kt ×Ht = −ω(Dt + Ht/q), which together with the latter Maxwell equation leads to Ht/q = 0. For
finite q this would imply Ht = 0 which eventually requires vanishing of all fields. To avoid that, we must
assume |q| = ∞, whence (3) coincides with (1).

As a third alternative let us consider the Tellegen medium conditions (2), which inserted in the Maxwell
equations as

kt ×Ht = −ωq(MEt + Ht), (15)

Mkt ×Et = ωq(MEt + Ht), (16)

yield
kt · (MEt + Ht) = 0, kt × (Ht + MEt) = 0, (17)



kt × (kt ×Et) = 0, kt × (kt ×Ht) = 0, (18)

whence
kt × (kt × (MEt + Ht)) = 0 ⇒ (kt · kt)(MEt + Ht) = 0. (19)

Assuming kt · kt 6= 0 yields MEt + Ht = 0, Dt = Bt = 0 and Et,Ht parallel to kt. Such a special
longitudinal wave cannot be excited by general incident fields, as can be shown by substituting in (13).

In the converse case the wave vector kt is determined as

kt · kt = 0, ⇒ kt = kx(ux + juz), (20)

by requiring that the field does not grow exponentially for z → −∞. Thus, the transmitted field has the form
of surface wave in the half space z < 0:

Et(r) = Et exp(kxz) exp(−jkxx). (21)

Expanding (18) we have kt ·Et = 0 and kt ·Ht = 0 whence the axial electric fields are found as

Et
z = jEt

x, Ht
z = jHt

x. (22)

Substituting these in the transverse part of (16) we obtain the following relation between the transverse fields
of the plane wave:

Ht
t = −MEt

t +
jkxM

ωq
uxEt

y. (23)

At this point we can let |q| → ∞, whence the fields satisfy the PEMC condition (1). Thus, (13) can be
applied to define the complete transmitted electric field in terms of any given incident field as

Et = (It + juzux) ·Et
t =

2
1 + (Mηo)2

(It + juzux) · (Ei
t −MηoJt ·Ei

t), (24)

Ht = −MEt. (25)

The other transmitted field components are obtained from the Maxwell equations as
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1
ω
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(kzE

i
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i
x), (26)

Dt = MBt =
2Mkx(uz − jux)
ωkz(1 + (Mηo)2)

(kzE
i
y + MηokoE

i
x). (27)

Bt, and Dt, are circularly polarized vectors.

Thus, by assuming the PEMC conditions as (2), the transmitted fields are uniquely obtained for any
incident plane waves and they are expressed as physically plausible decaying waves which, however, carry
along no energy because the Poynting vector has no real part for real M :

S =
1
2
E×H∗ =

M

2
E×E∗ = −S∗. (28)

4. Special cases

It is not often that fields inside the PEC or PMC media are considered and it may be erroneously assumed
that the fields vanish in both cases. However, the PEC conditions do not require vanishing of H and D and
the PMC conditions do not require vanishing of E and B. Considering the fields excited by the incident plane
wave, for the PMC half space we have M = 0, whence (24) – (27) become Ht = 0, Dt = 0 and

Et = 2(It + juzux) ·Ei
t, Bt =

2kx

ω
(uz − jux)Ei

y. (29)



Similarly, for the PEC we obtain Et = 0, Bt = 0 and

Ht =
2
ηo

(It + juzux) · Jt ·Ei
t, Dt =

2kxko

ωkzηo
(uz − jux)Ei

x. (30)

Thus, for example, in the PEC half space, the incident plane wave excites a surface wave with the fields

Ht(r) =
2
ηo

(It + juzux) · Jt ·Ei
t exp(kxz) exp(−jkxx), (31)

Dt(r) =
2kxko

ωkzηo
(uz − jux)Ei

x exp(kxz) exp(−jkxx). (32)

5. PEMC slab

The problem of the PEMC slab 0 > z > −d is an extension of the previous analysis. The plane-wave
fields Eτ ,Hτ in the region ζ < −d satisfy at z = −d the interface condition

ηo(MEτ
t + Hτ

t ) = (MηoIt + Jt) ·Eτ
t = ηo(MEt

t + Ht
t) = 0, (33)

whence Eτ
t = 0 because the dyadic in brackets has an inverse. This leads to vanishing of all field components

in the half space z < −d. The fields in the slab now consist of two plane waves as

Et
t(r) = exp(−jkxx)(Et+

t exp(kxz) + Et−
t exp(−kxz)), (34)

Ht
t(r) = −M exp(−jkxx)(Et+

t exp(kxz) + Et−
t exp(−kxz)). (35)

Because the transverse fields vanish at the interface z = −d, the z dependence in the PEMC slab must of the
form

Et
t(r) = Et

t exp(−jkxx) sinh(kx(z + d)). (36)

The amplitude is obtained from the condition at the interface z = 0 as

Et
t =

2(Ei
t −MηoJt ·Ei

t)
(1 + (Mηo)2) sinh(kxd)

. (37)

6. Conclusions

The problem of finding fields inside the perfect electromagnetic conductor (PEMC) has encountered
nonunique solutions when excited by exterior fields. In anticipation that it may be due to the definition of the
medium conditions, in the present study a problem was attacked by considering three different definitions for
the PEMC medium conditions, (1), (2) and (3). Considering an obliquely incident plane wave, it was shown
that both (1) and (3) do not lead to a unique representation of fields while (2) appears satisfactory in this
respect. In terms of (2) it was shown that the field in the PEMC half space has the form of a surface wave with
exponentially decaying field normal to the interface. In the problem of PEMC slab, the interior field was shown
to obey sinh dependence and the field transmitted through the slab is zero.
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