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ABSTRACT

Numerical Schwarz-Christoffel methods for simply connected regions provide accurate values for the inductive
coupling on printed circuit boards and between the boards and the environment. Cabinet panels can be included
by the methods for doubly connected regions. A differential pair of tracks shows unexpected increase of coupling
in nearly closed cabinets.

INTRODUCTION

In the past few years advanced numerical programs to solve the parameter problem in Schwarz-Christoffel (SC)
transformations have become available. We applied this method to two-dimensional configurations with interest
in the field of electromagnetic compatibility (EMC). By virtue of the near-to-exact numerical SC approach,
setups with very small couplings have been modelled accurately. Most setups discussed can be described by
elements of Fig. 1. First, omit the cabinet and consider the flat groundplane and tracks extending in the
direction perpendicular to the complex plane. The Joukowski transform maps the ground plane onto the unit-
circle, and readily delivers the inductive coupling M ′ (in H/m) between tracks, and between a track and the
environment [1]. Secondly, omit the groundplane and keep the t-shape, which now represents a metal cable
conduit. The corresponding transforms first map the t-shape onto the rectangle between ±(K + iK ′) by the
Jacobi Zeta function, and secondly map the rectangle onto the unit-circle again [2]. The exponential decrease
of inductive coupling for cables deeper in the conduit is discussed in [3].
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Figure 1: Cross-section of a PCB inside a U-shaped cabinet panel, with a pair of track indicated.

The numerical SC toolbox [4] can deal with more complicated structures, such as a non-contacting u-cover
symmetrically placed on top of the t-conduit. When the finite metal thickness was included, the large number
of corners necessitated a numerical approach to obtain the parameters. The inductive coupling for a cable inside
the conduit and an external current or an external magnetic field agreed with measurements [5].

The combination of a printed circuit board (PCB) groundplane and cabinet panel (Fig. 1) requires a SC-
description by doubly connected regions. The main part of the paper will present some of the results obtained by
this approach, and whenever possible compare them with those by Method of Moments (MoM). A full account
is given in [6].

Figure 1 shows the cross-section of a typical configuration. The PCB consists of a continuous groundplane
(GP) of width w = 100 mm. A single thin wire represents a track at h = 1 mm above or below the GP and
at variable distance s from the middle of the GP. In case of a differential pair, both tracks are at identical
height. Their separation is ∆s = 1 mm and s is measured with respect to the mid-position between the wires.
Such a PCB is symmetrically placed inside the U-shaped metal cabinet panel (CP) of width wcp = w + 2g with
sidewalls of the height hsw = 20 mm. The GP is at the height hcp = 10 mm above the CP.

∗Portions reprinted from [6], with permission of IEEE. All figures c©IEEE.



SC TRANSFORM

The Schwarz-Cristoffel integral for the mapping function reads [7]:
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The θ-function are described in [8, Eqs 17.5-4]. The function z = f(w) maps the annulus µ < |w| < 1 in the
complex w-plane onto the exterior of two disjoint polygons described by sets of vertices z0k with k = 1, · · · ,m
and z1k with k = 1, · · · , n in the complex z-plane. The subscripts indicate whether the prevertices w{0,1}k are
on the outer (0) or the inner (1) circle. The exponents in (1) are related to the outer angles πα{0,1}k of the
polygons and obey the relations

∑
α0k = m+2 and

∑
α1k = n+2. The denominator in (1) ensures that w∞ is

mapped onto infinity in the z-plane. It is convenient to chose w∞ on the real axis µ < w∞ < 1; w∗∞ = µ2/w∞
is the image of w∞ with respect to the inner circle. This choice uniquely determines the arguments φ{0,1}k of
the prevertices w{0,1}k. The φ{0,1}k and the parameters µ, w∞ and C follow from a non-linear fitting procedure
[9]. The m + n + 4 fitting object functions are the directions and lengths z11 − z1n, z01 − z0m and z1n − z0m,
and m + n− 2 lengths of the remaining polygon sides. We let the inner circle correspond to the ground plane
(n = 2), and the outer circle to the cabinet panel (m = 6). On a present day laptop computer the fit required
about one second to converge with the desired maximum deviation of the object functions set at 10−12.

µ = 0.650825362804
w∞ = 0.9045881776270778
C = −0.199× 10−11 + i ∗ 0.2767398576959381

k z0(k) α0(k) φ0(k)

1 -0.55 0.5 1.0087535282594999
2 0.55 0.5 5.2744317788897028
3 0.55+0.2i 2.0 6.0345068421694652
4 0.55 1.5 6.2112250037584751
5 -0.55 1.5 6.3551456106005810
6 -0.55+0.2i 2.0 0.2486784650094369

k z1(k) α1(k) φ1(k)

1 0.5+0.1i 2.0 5.5345240005527776
2 -0.5+0.1i 2.0 0.7486613066124166

Table 1: Parameters for the typical GP-CP example
with z{0,1}k in units of 100 mm.
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Figure 2: Magnetic field lines due to a line current
at r = 0.71 (+) between the cylinders |w| = 1 and
|w| = µ = 0.5.

The parameters in Table 1 have been obtained for the typical PCB example with z{0,1}k in units of 100 mm.
The results are accurate at least to the first 6 digits. These parameters need to be determined only once per
GP-CP configuration. The inductive coupling follows from the complex potential function of a wire carrying a
current I between the two perfectly conducting cylinders. Assume the wire on the real axis at r, µ < r < 1,
with a logarithmic potential (−iI/2π)× log(w−r) at point w. Both cylinder generate an infinite series of mirror
images, and all images sum up to

W (w) = − iI

2π
log

θ(µw/r)
θ(µwr)

. (2)

The imaginary part V of W is the magnetic flux function. Inspection of the real part of (2) shows that the
current returns through the outer circle. If one adds the potential

W1(w) =
iI

2π
log(w) (3)

to W (w), the current returns through the inner circle. Examples of magnetic field lines for this case are shown
in Fig. 2; the magnetic field and current density are zero at the markers on the outer circle. If W1 is multiplied
by log(r)/ log(µ), the return current distributes over both circles and the magnetic flux between them is zero.
This occurs when the conductors represented by the circles are interconnected at their ends.



INDUCTIVE COUPLING

Consider track(s) on top of the CP, and a fixed gap g = 5 mm (Fig. 1). The mutual inductance M ′ between
track and the environment has been calculated from the magnetic flux between the track and GP due to a
current I through the GP with a return −I at infinity or r = w∞ in (2): M ′ = (µ0/I) [V (wt)− V (µ)] ,where
wt is the image of the track position zt.
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Figure 3: M ′ and |∆M ′| for tracks above the GP.
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Figure 4: M ′ and |∆M ′| for tracks under the GP.

Figure 3 shows the M ′-results for: a) no cabinet present (dashed lines), b) with cabinet but not connected to
the GP (thin solid line), and c) with interconnected GP and CP (thick solid line). Even an electrically floating
CP (case b) decreases the coupling, be it by about a factor of 2 at most. When the CP and GP are properly
connected at both ends in the third dimension (case c), the current is shared by the GP and the CP such that
no magnetic flux passes between them. For a track approaching the PCB edge, M ′ now decreases compared to
case a) and b); at the GP edge (s/w = 0.5) the reduction is a factor of 10. The reduction is mainly caused by the
sidewalls. Fig. 3 also shows ∆M ′, the difference in coupling for a balanced pair of tracks, which is also strongly
reduced by the CP. From a first order Taylor expansion of M ′(s) one concludes that ∆M ′ ' ∆s × ∂M ′/∂s.
The deep minima at s/w = 0 and 0.35 and near s/w = 0.5 stem from a zero derivative of M ′(s). The MoM
data – shown only for the connected CP case – agree very well with the SC values.

Figure 4 shows the results for the track(s) below the GP for the same three cases. When the GP and CP
are connected (case c), the wires are positioned between two plates. The potential deeper between the plates
varies ∝ eπs/hcp . Both M ′ and ∆M ′ follow this exponential behavior down to very small s. The ratio ∆M ′/M ′

becomes constant, equal to π∆s/hcp ' 0.3, independent on the track height for equal h1,2. For a single track
and disconnected CP (case b) the changes with respect to case a) are minor: a reduction of about a factor
of 2 for a track near the edge, and remarkably enough an increase by the same factor when the track is near
the GP center. On the other hand ∆M ′ decreases substantially in accordance with the levelling-off of M ′ for
s/w < 0.4. In fact, ∆M ′ varies again ∝ eπs/hcp for small s. Due to the inherent finite numerical accuracy, the
MoM data start to deviate for very small M ′. Doubling of the number of elements from 1000 to 2000 reduces
the difference between MoM and SC from about a factor of 4.5 to 1.3 for the lowest M ′ shown at s/w = 0.27.

The inductive coupling strongly depends on the shape of the cabinet. We started from the 110 mm wide
cabinet base, and extended the CP by adding metal of length ` at each side to a total of 110+2` mm. We then
compared three situations: a) flat horizontal extensions of the base, b) vertical sidewalls of height `, and c) the
same sidewalls up to hsw = 20 mm, but now folded inwards starting at the height hsw so that fins of length
`− hsw are formed; see the thick lines of the insets in Fig. 5. The single track is near the edge at s/w = 0.497
and either on top of or below the GP. Because the disconnected CP has nearly no effect, only the results for
the connected CP are shown. The added flat metal (a) is least effective, as M ′ decreases only slowly with `. In
situation b) about an order of magnitude reduction is obtained at ` = 20 mm, equal to hsw of the typical setup.
At larger `, the sidewalls form two parallel plates and the exponential decrease ∝ e−π`/wcp sets in. Situation c)
confirms the intuitive guess that it is better to fold the sidewalls and bend them inwards over the PCB. The
steeper descent is proportional to e−π`/(hsw−hcp), because the track is now in a slit formed by the GP and a fin,
acting as parallel plates at the distance of hsw − hcp = 10 mm.

This does not necessarily imply that ∆M ′ is also improved, because of the increased derivative ∂M ′/∂s. As
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Figure 5: M ′ versus added metal length `. The
markers are MoM data.
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Figure 6: M ′ and |∆M ′| as a function of s/w for
sidewall and fin of combined length ` = 40 mm.

an example, in Fig. 6 we show M ′ and ∆M ′ as a function of s/w for ` = 40 mm, or a sidewall of hsw = 20 mm,
with fins of the same length extending over the GP. The track is on top of the GP. For comparison, the
dashed lines correspond to the data of Fig. 3 with only the sidewall of hsw = 20 mm. Near the GP edge the
fins indeed reduce ∆M ′. Because of the exponential variation of M ′(s) between the GP and fin, |∆M ′| is
about M ′ × π∆s/(hsw − hcp). However, ∆M ′ increases by more than an order of magnitude near the fin edge
(s/w = 0.35). One observes that the range of positions where ∆M ′ is over 10−2 nH/m is extended and shifted.
As a result, tracks that were not critical without the fins, may become so with them.

CONCLUSIONS

An open U-shaped cabinet panel can strongly reduce the inductive common-mode coupling of circuits on a
printed circuit board, in particular when the cabinet is connected to the PCB ground plane. The reduction of
M ′ for a single track can be accompanied by a reduction in ∆M ′ for a balanced pair. However, it is shown that
∆M ′ may even increase by an order of magnitude when the cabinet panel causes large variations in M ′ as a
function of position. A cabinet panel extended by fins over the PCB served as an example.

The Fortran-coded numerical implementation of the Schwarz-Christoffel transformation for an unbounded
doubly connected region is able to calculate very small M -couplings accurately and fast. The speed allows a
systematic study of different configurations and an optimization with varying parameters.
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