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Abstract 
 

Per tone equalization was recently proposed as an alternative equalization structure for multicarrier systems. In this 
paper we propose two NLMS based variable length per tone equalization algorithms. In the first algorithm, the number 
of equalizer taps used in every subchannel is determined according to channel conditions which results in a reduction in 
equalization complexity. While the second algorithm uses the variable length equalizers concept to ameliorate the 
convergence speed of the NLMS initialization algorithm. Simulation results show the enhanced performance of our 
proposed techniques compared with conventional per tone equalization techniques. 

 
1 INTRODUCTION 
 

Multicarrier modulation (MCM) [1] techniques like orthogonal frequency division multiplexing (OFDM) and 
discrete multitone (DMT) have been gaining in popularity in recent years. One reason for this surge in popularity is the 
ease with which MCM can combat channel dispersion, provided the channel delay spread is not greater than the length 
of the cyclic prefix (CP).  

Fig. 1 shows the baseband model of a typical multicarrier modulation system. Each block of bits is divided into N 
bins, and each bin is viewed as being modulated by a different carrier. An efficient means of implementing the 
modulation is to use an inverse fast Fourier transform (IFFT). After transmission and reception, an FFT can be used for 
the demodulation. In order for the subchannels to be independent, the convolution of the signal and the channel is made 
to appear circular by adding a cyclic prefix (CP) to the start of each data block, which is obtained by prepending the last 
ν samples of each block to the beginning of the block. If the channel is shorter than the CP, then the output of each 
subchannel is equal to the input times a scalar gain factor. The signals in the bins can then be equalized by a bank of 
complex scalars, referred to as frequency domain equalizers (FEQ). If the CP is not as long as the channel delay spread, 
then inter-channel interference (ICI) and inter-symbol interference (ISI) will be present. A well known technique to 
combat the ISI/ICI caused by the inadequate CP length is the use of a time-domain equalizer (TEQ) at the receiver 
front-end. The TEQ is a filter that shortens the channel so that the delay spread of the effective channel impulse 
response is no longer than the length of the CP. The TEQ design problem has been extensively studied in the literature 
[2, 3, 4, 5]. 
 
2 PER TONE EQUALIZATION TECHNIQUE 
 

A general disadvantage of time domain equalization is that the TEQ equalizes all tones in a combined fashion, 
which limits system performance. The recently proposed per tone equalization (PTEQ) approach [6] is based on 
transferring the TEQ operations to the frequency domain (i.e., after the FFT demodulation) which results in a separate 
T-taps PTEQ for each tone. Since equalization of one tone is now independent of the equalization of other tones, this 
scheme is able to optimize the SNR for each tone separately. The optimal equalizers' coefficients, which give rise to 
maximum SNR on each tone i, can be found as the solution to the MMSE problem: 
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where iv  denotes the coefficient vector iv   with its elements in reverse order, ( ), :NF i  is the ith row of the FFT matrix 

NF , ( )ky  is a vector of received samples at symbol period k and ( )k

iX  is the subsymbol on tone i at time k. 



Direct equalizer coefficient computation, based on the knowledge of the channel impulse response as well as the signal 
and noise statistics, has an excessively high computational cost. However (1) may be used for a training based 
initialization of the per tone equalizers. LMS-based schemes [7] for the per tone equalizers have a low computational 
complexity. However, they have poor convergence speed and have been shown to require an excessively large number 
of training symbols. On the other hand, RLS-based schemes [8] are faster but they are characterized by high 
computational complexity. 
 
3 VARIABLE LENGTH PER TONE EQUALIZERS 
 

In general, for a broadband channel, the amount of distortion in each subchannel will not be the same. A number of 
subchannels will exhibit severe distortion, and hence require relatively long equalizers to be able to reverse the channel 
effect, while other subchannels may exhibit mild distortion which can be equalized with shorter equalizers. Thus, it can 
be considered as a waste of computational power to use long equalizers for all subchannels. 

Our method exploits this fact and tries to find the best equalizer length for each subchannel based on the amount of 
distortion present. Our objective is to maximize the SNR in each subchannel, since maximizing the SNR maximizes the 
bit rate for a given probability of error in xDSL applications or minimizes the overall bit error rate in wireless 
applications. The proposed algorithm is as follows: 
 

1. Set the length of all equalizers to 2-taps 
2. Initialize the equalizers using the NLMS 
3. For every subchannel i, estimate the iSNR  using: 
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where XS  is the signal power in subchannel i and ( )ˆ k

iX  the equalizer output. 

4. For each subchannel i, if maxiSNR SNR<  (a prescribed SNR value), increase the length of iv  by 2 taps  
5. restart form 2 to initialize only the equalizers whose length has increased 
6. algorithm stops when the SNR in all subchannels attain the value maxSNR , or when all equalizers reach the 

maximum allowable length maxL , or if increasing the equalizer length increases the SNR by a value not larger 

than a prescribed value SNR∆  

 
The second proposed algorithm aims at improving the convergence speed of the NLMS PTEQ initialization 

algorithm used with fixed length equalizers. This is achieved by employing variable-length filters that can take 
advantage of the fast convergence speed of the NLMS algorithm when used to train short filters. The algorithm can be 
summarized in the following steps: 

 
1. Start the NLMS training algorithm with all equalizers set to a short length 1T  and with step-size parameter 1µ . 

1µ  could have a relatively large value since we are working with short filters, this results in a relatively fast 
convergence. 

2. After a specified number of iterations, the length of all equalizers is increased to 2T  taps. The initial condition 
of these new equalizers is chosen as the last state of the previous adaptation stage.  

3. To maintain the stability of the NLMS algorithm, the value of the step-size parameter has to be changed to 

2 1µ µ<  since we are now training longer filters.  
4. The algorithm continues in the same manner till we arrive at the desired equalizers' length. 
 
Since our algorithms are based on the NLMS algorithm, it is clear that they have the same computational 

complexity, i.e., ( )O T  computations per training symbol per tone.  

 



4 SIMULATION RESULTS 
 

We use the ADSL downstream transmission to test our algorithms, this system uses 512-point IFFT and FFT and 
cyclic prefix of length 32 [9]. The eight standard carrier-serving-area (CSA) loops are used as test channels [10]. The 
input signal power spectral density at the transmitter output is set to -40 dBm/Hz. Channel noise is modeled as an 
additive white Gaussian noise (AWGN) with -140 dBm/Hz power density,  plus near-end-cross-talk (NEXT) noise from 
15 ADSL and 5 ISDN disturbers [9, 10].  

Fig. 2 compares between the SNR distribution obtained by the NLMS initialization algorithm and by our first 
variable length algorithm over CSA loop 2. The average length of the equalizers is 6T =  taps. For fairness of 

comparison, we compare the variable length method with the constant length NLMS having length equal to T , and 
thus having the same overall computational complexity. It is clear that our method outperforms the constant length 
method in terms of SNR, which is translated in higher achievable bit rate. Table 1 summarizes the results obtained for 
the constant length and variable length algorithms over the eight CSA loops. 

Fig. 3 shows of the achievable bit rate as a function of the number of iterations (symbols) for the NLMS, the RLS 
and our proposed variable length algorithm (VL-LMS). It can be seen that the RLS algorithm needs about 200 iterations 
to converge to the optimal rate, whereas our VL-LMS algorithm needs about 400 iterations while the NLMS has not 
converged after 1000 iterations. The VL-LMS algorithm is advantageous over RLS by its very low computational 
complexity. 
  
5 CONCLUSIONS 
 

In this paper we presented a novel algorithm for defining the lengths of the per tone equalizers. It is shown that by 
tailoring the lengths of the equalizers to channel conditions the system outperforms other systems employing constant 
length equalizers of equivalent overall complexity. Then we proposed a variable length LMS adaptation algorithm 
which was shown to outperform the NLMS in convergence speed, and that it is comparable to the speed of the RLS 
algorithm but at a much lower computational complexity. 
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Table 1: Bit rate in Mbps over the 8 CSA loops 

Loop Constant-Length 
PTEQ Variable-Length PTEQ 

1 4.8760 5.5760 
2 4.1360 5.600 
3 4.2560 4.7680 
4 4.1040 4.7080 
5 5.3960 5.7120 
6 4.0920 4.3960 
7 2.9960 4.3120 
8 2.9400 3.8240 

 
 
 
 
 

 
 

Fig. 1: Multicarrier Modulation transceiver 
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          Fig. 2: SNR distribution over the set of used tones               Fig. 3: Achievable rate for the different algorithms 
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