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ABSTRACT

In this contribution, we present a new Hallén-type formulation for scattering by a two-dimensional, perfectly conducting
rectangular plate. We derive two coupled integral equations for the components of the induced surface current, which
are solved by marching on in time. The numerical results may exhibit instabilities, but the solution can be stabilized in
various ways. To arrive at a more detailed understanding of the stability problem, we reformulate the computation in a
combination of a finite-difference time-domain computation and the solution of two scalar integral relations which no
longer contain space and time differentiations. Both procedures are coupled via the boundary conditions at the edges of
the plate. As a reference result, we consider the transient excitation of an infinite flat plate by a pulsed, vertical electric
dipole, for which the unknown vector potential and the induced surface currents are available in closed form.

INTRODUCTION

The electric-field integral equation (EFIE) is a common tool for determining scattered or radiating fields emanating from
a perfectly conducting, open surface. In this type of approach the induced surface current and/or charge density are
solved from the integral equations, and, subsequently, the scattered electromagnetic field is determined at any given point
by evaluating the integrals in a conventional integral representation. Advantages of this approach are that the radiation
condition is accounted for inherently, and that only two-dimensional surface currents and/or charges need to be computed
over the area of the scattering surface, instead of three- dimensional electromagnetic fields over a volume surrounding
that surface.

When the EFIE is solved directly in the time domain, instabilities are often observed in the computed results. Numer-
ical experiments for a number of two-dimensional transient-scattering problems [1] as well as for perfectly conducting
surfaces indicate that the occurrence of such unstable solutions is enhanced by the presence of space derivatives in these
equations. In particular, the manner in which these derivatives are approximated in the space discretization has a consid-
erable influence on the stability of the computational solutions. To investigate this observation in more detail, we consider
the “canonical” problem of a rectangular, flat plate excited by a pulsed incident field. The role of the space derivatives is
isolated from the complete computation by reformulating the procedure in three steps. First, we reduce the original EFIE
to a Halĺen-type integral equation, which consists of two coupled, scalar integral equations for the transverse currents
Jx(x, y, t) andJy(x, y, t). This step was inspired by the success of using Hallén’s integral equation for the total current
I(z, t) along a straight conducting thin wire in time-domain computations [2]. Marching-on-in-time schemes based on
our new integral equation are still unstable, but can be stabilized with the aid of time averaging.

Therefore, the second modification in our approach is to reformulate the integral equations in terms of two coupled
differential equations that can be solved by a finite-difference time-domain scheme, and two uncoupled scalar integral
equations, where the current densitiesJx(x, y, t) andJy(x, y, t) are resolved from the corresponding components of a
vector potentialA(x, y, t). Here, we found our inspiration in a similar treatment of the EFIE in [3]. A straightforward
discretization of the differential equations results in a scheme that satisfies the well-known Courant stability criterion for
two-dimensional wave propagation. The scalar integral equation is then solved by marching on in time, as described in [3].
For the case where the flat plate is infinite, both parts of the computation can be validated independently, by comparing
numerical results with closed-form expressions for the field excited by a horizontally or vertically polarized, pulsed electric
point dipole located above the plate. When the plate has finite dimensions, coupling occurs via the boundary conditions at
its edges. This means that the two parts of the computation must be combined, and that the stability of the entire scheme
depends on the implementation of these boundary conditions.

FORMULATION OF THE PROBLEM

A pulsed plane wave is incident on a two-dimensional, perfectly conducting rectangular plate as shown in Fig. 1. The
Cartesian coordinate system is chosen such that the plate is located at0 < x < a, 0 < y < b, andz = 0. The surrounding



homogeneous, linearly and instantaneously reacting,
isotropic medium has permittivityε and permeabilityµ. We
start from the standard form of the electric-field integral
equation
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which holds forrT on the plate. In (1), the subscriptT stands
for transverse, and the vector potentialA(rT , t) is related to
the unknown surface current densityJS(rT , t) in the plane
z = 0 according to
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Fig. 1. Pulsed plane wave incident on a flat rectangu-
lar plate.

with R = |rT − r′T | andc = 1/
√

εµ. The aim of the computation is to determineJ(rT , t) for 0 < x < a and0 < y < b

for a given behavior of the transverse incident fieldEi
T (rT , t). Once this surface current is known, it can be treated as a

“secondary” source that generates the electromagnetic field scattered by the plate.

HALL ÉN-TYPE INTEGRAL EQUATION

As mentioned in the introduction, numerical differentations with respect to space and time are often the source of insta-
bilities in time-domain computations. Therefore, they should be avoided as much as possible. To this end, we break up
(1) into itsx- andy-components. Since we restrict ourselves to the planez = 0, we may replacerT by the corresponding
transverse coordinatesx andy. This reduces (1) to a pair of coupled scalar electric-field integral equations:
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Ay(x, y, t) + ∂y∂xAx(x, y, t) = −ε∂tE

inc
y (x, y, t). (4)

In analogy with the case of a straight thin-wire segment, we identify the differential operators in the first terms on the left-
hand sides as one-dimensional wave operators, that can be evaluated with the aid of a one-dimensional Green’s function
technique. This results in
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In (5), the time signalsF0(t, y), Fa(t, y), G0(t, x) andGb(t, x) correspond to homogeneous solutions of the relevant
one-dimensional wave equations. To fix these signals, we need to augment the pair of integral equations in (5) with the
boundary conditions

Jx(0, y, t) = 0, Jx(a, y, t) = 0, Jy(x, 0, t) = 0, Jy(x, b, t) = 0, (6)

which follow from the observation thatJS(x, y, t) is tangential at the edges of the plate.

Our first approach was to solve the system of equations formed by (5) and (6) bymarching on in time. In the space
discretization, the plate is subdivided intoL × M cells with dimensions∆x = a/L and∆y = b/L. The unknown
currents are approximated by rooftop functions, and the integral equation is collocated on a staggered grid, atx = `∆x
andy = (m + 1

2 )∆y, andx = (` + 1
2 )∆x andy = m∆y, respectively. This involves approximations of the form
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Jx[`,m; t) Λ(x− `∆x;∆x)Π(y − [m + 1
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where∆x = a/L, ∆y = b/M , Λ(ξ;h) is a triangle function of width2h andΠ(ξ; h) is a rectangle function of widthh.
In (7), the first two boundary conditions of (6) are accounted for by leaving out the terms with` = 0 and` = L. Similarly,
its counterpart forJy(x, y, t) satisfies the last two conditions of (6). In both cases, the relevant integral equation from (5)
is collocated as well at these points to allow the determination of the unknown time signals. Finally, the time coordinate
is discretized with time step∆t. The time retardation in the the delayed currentJx(x, y, t − R/c) is handled by linear
interpolation in time, and the differentiations with respect toy andx in (5) are evaluated via integration by parts. The
resulting integrals overx′ andy′ in each cell can now be evaluated in closed form. The first integrals overx′ andy′ in
the right-hand sides of (5) are approximated by a repeated midpoint rule, while the second ones are evaluated in closed
form. Depending on the choice of the time step, the space-time discretization described above results in an explicit or an
implicit scheme. In the latter case, a sparse matrix equation must be solved at each discrete time step.

As in the case of the original time-domain equation (1), the solution may exhibit instabilities. In our opinion, these
instabilities can be explained from the fact that, by choosing a fixed space discretization, one inherently introduces an
increasing error for increasing frequencies. Especially near the Nyquist frequency, this may lead to the introduction of
spurious poles outside the unit circle in the discretized-frequency plane. The corresponding residual contributions are
alternating, exponentially increasing time sequences. Based on this interpretation, several procedures seem available for
stabilizing the solution. Until now, we have had partial success with smoothing the result after each time step, and with
choosing a larger time step and using an implicit scheme. Smoothing does have a stabilizing effect, but generally affects
the accuracy of the solution. Moreover, refining the discretization may bring back the instabilities. Using an implicit
scheme is not as effective as we expected. The occurrence of instabilities depends critically on the condition of the system
matrix of the linear system of equations that must be solved for each time step to obtain the field at that instant. This
system matrix, in turn, depends directly on the manner in which the space-time integral equation is discretized.

FINITE-DIFFERENCE FORMULATION

A closed-form stability analysis of the procedure given in the previous chapter is, to our knowledge, not available. Even for
the case of an infinite plate, generalizing the Von Neumann procedure that is customary for finite-difference calculations
is too complicated. Therefore, we reformulate the integral equations in (5) in such a way that the vector potential can be
solved from a system of differential equations with the aid of finite differences. This part of the time-marching scheme
can then be subjected to a Von Neumann stability analysis. This leaves the calculation of the the induced surface currents
from the calculated potential. However, at least the consequences of the numerical differentiations in the scheme can be
understood in this manner. For the infinite-plate problem, the analysis provides exact answers since we do not have to
deal with boundary conditions. For a finite plate, the results are identical to those for the infinite plate until the induced
currents reach the edge of the spatial grid. From that instant on, boundary conditions must be imposed and the two parts
of the computation can no longer be carried out independently.

To arrive at the desired scheme, we introduce the auxiliary quantities
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Partial differentiation of the first and third lines of (8) with respect toy, and of the second and fourth lines of (8) with
respect tox directly results in the first-order partial differential equations
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The two coupled Halĺen-type integral equations given in (5) now reduce to

Ax(x, y, t) = −∂yRy(x, y, t) + Px(x, y, t) + F0(t− x/c, y) + Fa(t− (a− x)/c, y),
Ay(x, y, t) = −∂xRx(x, y, t) + Py(x, y, t) + G0(t− y/c, x) + Gb(t− (b− y)/c, x), (10)

wherePx(x, y, t) andPy(x, y, t) are known functions that depend on the incident field:
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The system of partial differential equations can be consistently translated into a finite difference scheme by approximating
the derivatives using the central difference rule, and using a grid staggered in space and time.

In formulating the difference equations, we use a
short-hand notation to indicate the approximated ver-
sion of the unknown quantities, e.g.,

Ax[`,m, n] = Ax(`∆x,m∆y, n∆t), (12)

where`,m andn denote integer numbers, and where
∆x, ∆y and∆t are the spatial cell sizes in thex- and
y-directions, and the time step. To arrive at a con-
sistent scheme, we evaluate the approximated quan-
tities Ax[`, m + 1

2 , n], Ay[` + 1
2 ,m, n], Rx[`,m, n],

Ry[`,m, n], Qx[`,m+ 1
2 , n+ 1

2 ], andQy[`+ 1
2 ,m, n+

1
2 ]. By sampling in this manner, we arrive at an FDTD
scheme on a Yee-type grid. The spatial part of the
sampling is illustrated in Figure 2.
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Fig.2. Four cells of the finite difference grid.

The resulting finite difference scheme can be subjected to a Von Neumann stability analysis to derive a stability condition
for the scheme. We arrive at the usual Courant condition for two-dimensional propagation:

c∆t ≤ 1/
√

1/∆x2 + 1/∆y2. (13)

As can be observed from Figure 2, the sampling ofAx andAy is consistent with the space discretization for the original
Hallén-type equations (5). This means that we can use the same procedure to discretize the equations for obtainingJx

andJy from thex- andy-components of (2). In the space discretization, we have introduced one refinement. To ensure
that the retarded timet′ = t−R/c is as much as possible in the correct “time zone”(n−k−1)∆t < t′ < (n−k)∆t, we
carry out the time interpolation and the integration overx′ andy′ in (2) over a subgrid in each cell prior to the marching-
on-in-time computation. In this manner, we allow each spatial cell to cover more than one “time zone”, which has been
demonstrated in the acoustic case to contribute to the stability of the solution [4].

Finally, it should be mentioned that each step of the procedure described above can be verified independently for the
special case of excitation by a vertical electric dipole located above the center of the plate. Until the currents reach the
end of the plate, the solution is identical to that for an infinite plate, for whichAx,y andJx,y are available in closed form.
This means that each step of the procedure can be validated independently. Results cannot be included here because of
space limitations, but will be presented and discussed at the conference.
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