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ABSTRACT

Time-reversal retrofocusing is used together with a gradient based inverse scattering algorithm to identify the material
distribution in a cavity. The time-reversal retrofocusing algorithm designs input fields such that the field energy is concen-
trated to the region where the material is unknown at a specific time. After this time the field energy in the cavity decays
rapidly.

1 INTRODUCTION

In time-domain inverse scattering problems the spatial distribution of a material is identified from time-domain scattering
data. The scattering data is determined from a scattering experiment where suitable input field impinges at the scattering
object and the resulting scattered output is determined. Here, it is important to use input fields that give a lot of information
about the unknown part of the scattering object [1]. In this paper a time-reversal retrofocusing algorithm is used to
construct input fields that concentrate its energy to the unknown part of the object.

It has been shown that time reversal mirrors can be used to retrofocus acoustic wave fields [2, 3]. The retrofocusing
is based on the symmetry of the acoustic wave equation under a time shift. Since the lossless Maxwell equations have
a similar symmetry, it is also possible to retrofocus electromagnetic wave fields. Here, we consider a case where the
background material is known and the time-reversal retrofocusing is used to design input fields such that the field focus
its energy to a specific region, i.e., a boundary control problem [4]. The wave field is retrofocused towards its original
configuration in an iterative fashion. The algorithm is initiated by the use of a wave field that is focused to the region if
interest. As time evolves the wave field is recorded by a set of receivers at the boundary of the region. The recorded wave
field is time reversed and re-emitted into the region. This re-emitted wave field gives the first part of the retrofocused
wave together with an output field that is used to iterated the algorithm. If the region is bounded and the output field is
recorded for sufficiently long time, the algorithm converges and the retrofocused wave field approaches the controllable
part of the original field distribution. This produces a wave field that is concentrated to the region of interest and, hence,
also an adequate input field for the inverse scattering problem.

In this paper, a conjugate-gradient algorithm that minimizes the least-squares error between a set of calculated output
fields and the recorded output field is considered. The gradient (Freshlet differential) of the least squares functional
is determined from the solution of an additional scattering problem. The Maxwell equations are solved with the finite
difference time domain (FDTD) method on an equidistant grid. The memory problem of this adjoint based algorithm is
reduced by the inverse scattering problem where only a small part of the object is unknown and hence it is only necessary
to store the field values in this region. The time-domain formulation was introduced by Tarantola in �
	��� for a seismic
problem, see Refs [5]. In [6], a two dimensional electromagnetic inverse problem is discussed. The present approach is
found in [7, 8].

2 CAVITY

The scattering object is assumed to be located inside a two dimensional cavity. The cavity is a bounded region with a
perforated perfectly conducting boundary. A wave field is induced through a set of wave guides with the openings ��� ,
��� ���
���
����� , see Figure 1. The wave guides support a ground mode that propagates for all frequencies. Moreover, they
are assumed to be sufficiently narrow such that only the ground mode propagates and sufficiently long such that fields are
plane waves at the end of the wave guides, see Figure 1b. The induced wave field is a locally plane wave propagating in
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Fig. 1. The scattering geometry. a) the scattering object is located in a two dimensional cavity that is intersected by a
set of wave guides. The scattering object consists of a known background permittivity ��������� together with an unknown
permittivity �	�
��� . b) magnification of a wave guide with its propagating ground mode.
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Fig. 2. The iterated time-reversal algorithm. a) The output field is recorded from the original field as the initial step of the
algorithm. b) the recorded output is time reversed and re-emitted into the region.

the normal direction � . This gives the boundary condition ��� � ����� �
� ��� ���  ����� �
� ��� �� �
� ��� ���� � � � �����! � for �#" � �$

for �#" �&% � � (2.1)

and � "#' ( ��)+* where � � � � � �����! � is the excitation number  through wave guide number � . The boundary condition at
the perfectly conducting wall, �-, , is �.�/� ��� �0� � � $

for �1" �2, and � "3' ( �!)4* . The out-going wave constituent is
measured at the wave guide openings � � , � � �����
��� ��� . This gives the measured data

�5
� �
57698;:  ��� � ����� �
� ��� �!�-< �=��� ��� �0� �� >�? � ��� �@�A0BDC � � �0���! � (2.2)

for �E" � � , � "#' ( �!)+* , � � ��� � �
��� ���0F , and  � ��� � ��� � ����� . Observe that the wave fields are essentially independent of
the transverse coordinated due to the evanescent character of the higher modes.

3 TIME-REVERSAL RETROFOCUSING

A time-reversal-retrofocosing algorithm is used to construct input fields that steers the wave field, GH� �0�.I , towards
the state GH�KJ � $ I at time � � )@J , see Fig. 2. The case with a non-vanishing magnetic field is given by superposition.
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Fig. 3. Example of a focused electric field in the cavity. a) the field energy is concentrated to the time interval ) J  ) �� � )@J < ) . The variation of the energy around its center point is minimized at the focusing time ) J . b) The electric field
dominates at the focusing time )2J .
An iterative algorithm is used, where GH� ��� �

�0� ��� � I is the electromagnetic field of iteration number � , � � ( �
����� � ����� .
The time-reversal-retrofocusing algorithm is initiated by quiescent fields, i.e.,

�� �����A�B�C � � ��� � � ( . Solution of the Maxwell
equations in the interval ) J � � � ) J < ) and the initial values G ����

��.I � GH� J � $ I at � � ) J gives the output�� ��� �A0BDC � ��� � � together with a reminding field. The output field is time reversed to give a corresponding input field, i.e.,� ��� �� � � ��� � � � �� �	� �A0BDC � � )@J  ��� � � . This input field is re-injected into a quiescent cavity to produce the output field � ��� �A�B�C � ��� � � ,
see Fig. 2b. The algorithm is iterated � ��� �� � � ��� � � � �� �	��
 ���A0BDC � � ) J  ��� � � until the reminding field is sufficiently small.

We consider three different cases of input fields for the inverse scattering problem. For a single measurement situation
it is reasonable to choose an input field such that the field is concentrated to the region of interest at time ) J and then
vanish the cavity. In Fig. 3a, the first two moments of the energy distribution is depicted. It is obvious that the field
energy is concentrated around the focusing time ) J . At these times the energy is catered around the focusing point. The
concentration of the energy is measured with the variation of the energy. The variation is scaled such that an energy with
uniform distribution has unit variation. From the variation curve, it is clear that the wave field is concentrated around
the focusing point at the focusing time but the wave field is not concentrated for other times. The field energy of each
field component is shown in Fig. 3b. For multi-measurement situations, we need to construct input fields that generate
independent data. We consider two cases. In the first case, input fields are generated such that the different fields are
concentrated at different points is space. In the second case, locally plane waves are generated that propagate in different
directions.

4 LEAST-SQUARES INVERSION

The electromagnetic properties in a region ������ are identified from a set of given time-domain electric and magnetic
fields at the wave guide openings. The inversion data consists of the incoming and outgoing wave constituents in the wave
guide, i.e., � � �@�� � � ��� � �! � and � � �������� � ��� � �� � are given for � "�' ( ��)+* , � � ��� � ��� ��� ��F , and  � ��� � ��� � ����� , where F is
the number of waveguides and � the number of measurements, see Fig. 1. The inverse scattering problem is to identify
the material parameters such that a set of corresponding calculated electromagnetic fields resemble the given fields in the
wave guides. The calculated field satisfies the source-free Maxwell equations together with a the constitutive relations
generated by the identified material parameters. The error of an identified set of material parameters is measured by the
least-squares difference between the given and calculated fields. For the cavity geometry, the misfit functional reduces to
the �

�
difference of the output field.

In Fig. 4, a numerical inversion result with synthetic data is depicted. The cavity with its background permittivity, the
true permittivity, and the identified permittivity are shown in parts a, b, and c, respectively. The background has a relative
permittivity between 1 and 2, where the relative permittivity in the wave guides is equal to 1. Five measurements are used
to identify the perturbed permittivity distribution in the central part of the cavity. The input fields are determined by the
retrofocusing algorithm in Section 3, where each measurement focuses the electric field to one of the points denoted by
the � in Fig. 4. The relative permittivity is between 0 and 1.
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Fig. 4. a) the cavity and the background permittivity. b) the true perturbed permittivity. c) the identified permittivity.

The permittivity were first identified on a course grid generated by 128 grid points. After 7 conjugate gradient iterations,
the identified permittivity was interpolated to a grid with 256 points. Two additional iterations gave the identified permit-
tivity depicted in Fig. 4. To reduce the committed inverse crimes, the used scattering data was generated on a grid with
512 points. In addition to this, a small amount, �

�
, of white noise was added to the scattering data.

5 CONCLUSIONS

The time-reversal retrofocusing algorithm can be used to generate wave fields that are useful for the solution of inverse
scattering problems. The algorithm is conceptually simple and numerical simulations indicate that it is efficient. Due to
the memory requirement of adjoint based inverse scattering algorithms [7], the use of focused input fields are especially
useful for these kind of algorithms.
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