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ABSTRACT

An optimization approach to imaging of electrical property distributions of inhomogeneous anisotropic objects
is developed using time-domain total field data. The approach is the extension of the forward-backward
time-stepping method previously described for a two-dimensional case. It is shown that the gradient of the
functional given by a difference between the measured field data and the calculated field data for estimated
objects is explicitly derived using adjoint fields. Direct and adjoint problems are solved numerically using the
finite-difference time-domain method. As a numerical example, slice images of reconstructed results for an
inhomogeneous isotropic dielectric cube are given.

INTRODUCTION

In several areas of applied sciences such as geophysical exploration, medical imaging, and nondestructive testing,
we often encounter nonlinear inverse scattering problems. Therefore, substantial interest has developed in the
effort to reconstruct the shape, location, internal structure, and material parameters of an unknown object
from measurements of the scattered field exterior to the object. In the last two decades, a variety of inversion
algorithms for the problems in both the frequency and time domains have been proposed with the aim of
widening the range of the contrast of electrical parameters and the size of a scatterer to be reconstructed. Some
of the inversion algorithms in the frequency domain have been applied to three-dimensional (3D) objects[1]-[6],
while few have considered 3D inverse scattering problems in the time domain. In this paper, we consider
reconstruction of electrical parameter profile of 3D penetrable objects embedded in a homogeneous medium
from the knowledge of measured transient total electromagnetic field data. We describe a forward-backward
time-stepping (FBTS) method to solve the 3D time-domain inverse scattering problem. The FBTS method
was previously applied to 2D isotropic and anisotropic objects and its effectiveness was shown for noise-free
and noise-contaminated data [7], [8]. This work extends the FBTS method to a 3D case.

PROBLEM STATEMENT

Maxwell’s equations in a nondispersive medium are represented in a matrix form as

Lv = j, (1)

where
v = (Ex Ey Ez ηHx ηHy ηHz )

t , (2)

j = ( ηJx ηJy ηJz 0 0 0 )
t
. (3)

The differential operator L is defined by

L ≡ Ā ∂

∂x
+ B̄

∂

∂y
+ C̄

∂

∂z
− F̄ ∂

∂(ct)
− Ḡ, (4)

where



Ā =


0 0 0 0 0 0
0 0 0 0 0 −1
0 0 0 0 1 0
0 0 0 0 0 0
0 0 1 0 0 0
0 −1 0 0 0 0

 , B̄ =

0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 −1 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0

 , C̄ =


0 0 0 0 −1 0
0 0 0 1 0 0
0 0 0 0 0 0
0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0

 ,

F̄ =

µ
¯̄εr 0
0 ¯̄µr

¶
, Ḡ =

µ
η ¯̄σ 0
0 0

¶
. (5)

The tensors ¯̄εr , ¯̄µr , ¯̄σ are the tensor relative permittivity, permeability, and conductivity, respectively. The
quatity η denotes the intrinsic impedance in free space.
Consider an object of inhomogeneous anisotropic material surrounded by a homogeneous isotropic medium.

The object is successively illuminated by a short pulsed wave generated by an electric dipole source located at
a transmitter points rtm (m = 1, 2, · · · , M):

jm = J(t)δ(r− rtm), (6)

where the time factor J(t) is assumed to be null vector before time t = 0. We want to determine the unknown
constitutive parameter distributions of the object from the knowledge of the incident pulsed wave and the
time domain data of electromagnetic waves measured at receiver points rrn (n = 1, 2, · · · , N). The inverse
scattering problem considered here can be formulated as an optimization problem of finding the parameter
distributions which minimize the following cost functional :

F (p) =

Z T

0

MX
m=1

NX
n=1

Kmn(t) |vm(p; rrn, t)− ṽm(r
r
n, t)|2 dt, (7)

where p is the parameter vector consisting of the elements of ¯̄εr, ¯̄µr, and η ¯̄σ. The vector ṽm(r
r
n, t) is the

measured electromagnetic fields at rrn due to the source jm and the vector vm(p; rrn, t) is the calculated
electromagnetic fields for an estimated parameter p at the same receiver position under the same source
excitation. The function Kmn(t) is a nonnegative weighting function which takes a value of zero at t = T ,
where T is the duration of the measurement.

GRADIENT OF THE FUNCTIONAL

Let us denote a parameter variation as δp. Then, the Fréchet derivative of the functional F (p) at p is given
by

F 0(p)δp = 2
Z T

0

MX
m=1

NX
n=1

um(p; rrn, t)
tδvm(p; rrn, t)dt, (8)

where
um(p; rrn, t) = Kmn(t) [vm(p; rrn, t)− ṽm(r

r
n, t)] , (9)

and δvm(p; rrn, t) is the Fréchet differential of the nonlinear operator which maps the parameter vector p to
the field vector vm at the receiver position r = rrn and is the solution of the following equation:

L (δvm) =
∙
δF̄

∂

∂(ct)
+ δḠ

¸
vm, (10)

under the condition δvm(p; r, 0) = 0 , where δF̄ and δḠ are the variations of F̄ and Ḡ.
In order to represent the Fréchet differential F 0(p)δp as an inner product of δp and the gradient vector g ,

we introduce the adjoint operator L∗ defined by
(L∗w, δv) = (w, L(δv)) , (11)

where the symbol (f , g) denotes an inner product:

(f , g) ≡
Z T

0

Z
∞

f(r, t)tg(r, t)dvdt, (12)



and where the space integral is performed over the whole space. Using the initial condition δvm(p; r, 0) = 0
and the causality:

lim
|r|→∞

δv(p; r, t) = 0, for 0 ≤ t ≤ T, (13)

the adjoint operator is found to be given by

L∗w =

∙
− ∂

∂x
Āt − ∂

∂y
B̄t − ∂

∂z
C̄t +

∂

∂(ct)
F̄ t − Ḡt

¸
w =

∙
−Āt ∂

∂x
− B̄t ∂

∂y
− C̄t ∂

∂z
+ F̄ t

∂

∂(ct)
− Ḡt

¸
w, (14)

subject to
w(p; r, T ) = 0. (15)

Let wmn(p; r, t) be the solution of the following equation:

L∗wmn = um(p; rrn, t)δ(r− rrn). (16)

Note that the right-hand side of (16) becomes zero at t = T due to the choice Kmn(T ) = 0, and thus we can
find the solution wmn(p; r, t) which satisfies the condition (15). Substituting (10) and (16) into (11), and
comparing the resulting equation with (8), it is found that

F 0(p)δp =
3X
i=1

3X
j=1

(hgεij, δεriji+ hgµij, δµriji+ hgσij, δησiji), (17)

where the inner product is defined by

ha(r), b(r)i ≡
Z
V

a(r)b(r)dv. (18)

The domain V of integration is an estimation region which contains the unknown object. Note that the domain
of integration with respect to the space coordinates has been changed from an infinite extent to the finite
region V since we can set δp(r) to be zero outside the region V . Because of the space limitation, the explicit
expression of the gradients gεij, gµij , and gσij are not shown here. Those are expressed in terms of the adjoint
field vector wm(p; r, t) . The expressions of gradients for a two-dimensional anisotropic case are found in [8].

NUMERICAL EXAMPLES

The conjugate gradient method is applied to the minimization of the functional F . At each step of iteration,
direct and adjoint problems are solved numerically using the finite-difference time-domain (FDTD) method.
To illustrate the effectiveness of the FBTS method, we consider the reconstruction of a 0.62λ inhomogeneous
isotropic cube having sinelike relative permittivity profile with maximum value 5, where λ is the wavelength in
free space corresponding to the highest frequency contained in the incident pulsed wave with the time excitation
function:

J(t) =
d3

dt3

h
e−α

2(t−τ)2
i
, (19)

where τ = β∆t , α = 4/τ , β = 132 . The reconstruction domain containing the object is a 0.89λ cubic
region. Six transmitter points on the surface of a 1.43λ cube are used and two orthogonal electric dipoles
located at each transmitter point illuminate the object separately. For each illumination, all components of
electromagnetic fields are collected at 318 receiver points on the surface of the cube. The FDTD solution space
consists of 43× 43× 43 cells with cell size ∆x = ∆y = ∆z = 4.0 mm . The time duration of the measurement
is 500∆t with the time step size ∆t = 7.55ps. The weighting function is chosen to be Kmn(t) = cos (πt/2T ).
The initial guess for the relative permittivity is chosen as that of the background medium, i.e., free space. Fig.
1(a) shows the sixth, eleventh, and sixteenth slice in the z axis of the reconstruction cube containing the true
object, while Fig. 1(b) shows the corresponding slices of reconstructed results at the 200th iteration. The
reletvie permittivity profiles are found to be reconstructed quite accurately. We have also tested the iterative
reconstruction method for several examples of high-contrast objects and found that the method can reconstruct
the relative permittivity successfully.



CONCLUSIONS

We have proposed an optimization approach to reconstructing the electrical parameter profiles of three-
dimensional penetrable objects from time-domain field data. The gradient of the functional given by a difference
between the measured field data and the calculated field data for estimated objects have been explicitly derived
using the adjoint fields. Numerical simulations have demonstrated the validity of the reconstruction method.

REFERENCES

[1 ] N. Joachimowicz, C. Pichot, and J. Hugonin,“ Inverse scattering: an iterative numerical method for
electromagnetic imaging,”IEEE Trans. Antennas Propagat., vol. 39, pp. 1742-1752, December 1991.

[2 ] S. Caorsi, G. L. Gragnani, and M. Pastorino,“ Redundant electromagnetic data for microwave imaging
of three-dimensional dielectric objects,”IEEE Trans. Antennas Propagat., vol. 42, pp. 581-589, May
1994.

[3 ] J-H. Lin and W. C. Chew,“ Solution of the three-dimensional electromagnetic inverse problem by the
local shape function and the conjugate gradient fast Fourier transform methods,”J. Opt. Soc. Am. A,
vol. 14, pp. 3037-3045, November 1997.

[4 ] S. Y. Semenov, et. al.,“Three-dimensional microwave tomography: experimental prototype of the system
and vector Born reconstruction method,” IEEE Trans. Biomed. Eng., vol. 46, pp. 937-946, August
1999.

[5 ] A. Abubakar, P. M. van den Berg, and B. Kooij,“A conjugate gradient contrast source technique for 3D
profile inversion,”IEICE Trans. Electron., vol. E83-C, pp. 1864-1874, December 2000.

[6 ] H. Harada, M. Tanaka, T. Takenaka,“ Image reconstruction of a three-dimensional dielectric object using
a gradient-based optimization,”Microwave Opt. Technol. Lett., vol. 29, pp. 332-336, June 2001.

[7 ] T. Takenaka, H. Jia, and T. Tanaka,“Microwave imaging of electrical property distributions by a forward-
backward time-stepping method,”J. Electromagn. Waves Appl., vol. 14, pp.1611-1628, December 2000.

[8 ] T. Takenaka, H. Jia, and T. Tanaka,“Microwave imaging of an anisotropic cylindrical object by a forward-
backward time-stepping method,”IEICE Trans.Electron., vol. E84-C, pp. 1910-1916, December 2001.

Fig. 1 Slice images in the z axis of a dielectric cube with a smooth sine-like relative permittivity profile:
(a) true object, (b) reconstructed results after 200 iterations.


