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ABSTRACT 
 
We describe a multidimensional maximum likelihood estimator for radio channel parameters. We also derive a data 
model to describe the complete data, that is virtually applicable to every antenna array geometry. The proposed iterative 
gradient based algorithm has been developed, since algorithms using component-wise updates of the likelihood function 
shows a slow convergence, if at least two propagation paths with nearly the same parameters exist in the measured radio 
propagation scenario, that means if super-resolution is necessary. The algorithm provides furthermore a variance 
estimate of the estimated parameters, since the Fisher-information matrix is calculated throughout the algorithm. 
 
INTRODUCTION 
 
The interest in the multidimensional structure of the mobile radio channel is growing rapidly. The initial motiva-tion 
was the investigation of the space-time structure at the base station (BS). In the recent time the double-directional 
modeling of the radio channel has attracted a lot of interest [1]. This is mainly due to two reasons. At one hand, double 
directional channel measurements gives a better physical insight into the wave propagation mechanism in real radio 
environments since it provides an enhanced multi-path resolution and it has the ability to remove the measurement 
antenna influence from the channel observation [2]. On the other hand, there is a growing interest in the exploitation of 
multiple antennas at both the BS and MS site. These MIMO (multiple-input-multiple-output) transmission systems 
promise a considerable increase in capacity [3]. Parametric MIMO channel models are required not only to estimate the 
achievable capacity from measurements [4] but also for realistic link-level simulations [5], [6] and to predict the long 
term channel parameters for controlling of the modem signal processing at the down-link. 
Since resolution and accuracy of classical signal processing algorithms is limited by the available measurement aperture 
in the space-frequency-time domain, parametric super-resolution algorithms are applied to enhance the resolution by 
fitting an appropriate data model to the measured data. The achievable resolution is only limited by the signal to noise 
ratio (SNR), the remaining measurement device calibration error, and the limited validity of the data model. The 
algorithms applied to joint multidimensional radio channel parameter estimation from field experiments so far are the 
multidimensional ESPRIT (Estimation of Signal Parameters via Rotational Invariance Techniques) algorithm [7] and 
the SAGE (Space Alternating Generalized Expectation maximization) method [8] which, essentially, is an EM-based 
simplified ML parameter estimation procedure whereby the parameters are updated sequentially. Both algorithms have 
been applied to the problem [9],[10],[11],[12],[13],[14]. Important differences between the two algorithms to be 
considered is their applicability to certain antenna array architectures, calculation time in terms of convergence speed 
and statistical efficiency. It is well known that the ESPRIT-algorithm is an unbiased estimator for direction estimation 
only if the antenna arrays used for the measurements show a so called shift invariant structure (ULA, URA, CUBA) 
[7],[12],[14]. For other antenna array structures, i.e. UCA, UCPA, or spherical arrays, ESPRIT application is not 
possible or will at least result in biased estimates. Other drawbacks arise if we ask for a statistically efficient estimator 
and/or for the parameter estimation in a more complicated context such as colored measurement noise, non-ideal 
antenna-array-characteristics, etc. Therefore, we will focus on maximum likelihood parameter estimation in this paper. 
As long as an sufficient accurate continuous parametric data model of the antenna array output signal is available, 
SAGE based channel parameter estimation can be applied for a large variety of antenna array architectures. The 
drawback is its slow convergence rate if two “closely spaced”  propagation paths exist in the multi-path propagation 
scenario. Clearly, since we have only one transmitting source, all received paths have to be considered as potentially 
coherent. From our experience, this is a serious problem in typical micro- and pico-cell radio environments. 



In the following Section we present our general data model for the measured radio channel, in the third Section an 
expression for the Fisher information matrix (FIM) of the parameters to be estimated is derived. In Section four we 
outline our gradient based multidimensional ML channel parameter estimator, and finally, in the last Section we present 
some concluding remarks. 
 
GENERAL DATA M ODEL 
 
We will use the well known base-band representation of the double directional channel model [1],[12],[14] that 
approximates the narrow-band radio channel by the superposition of a finite number of propagation paths. Every 
propagation path is parameterized by 8 real values, the real- and imaginary part of the complex path weight γ, the 
transmit angles ϕΤ, Tϑ   (azimuth and elevation), the time-delay τ, the Doppler-shift α, and the receive angles 
ϕR, Rϑ   (azimuth and elevation). 
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It is important to observe that every propagation path can be interpreted as a R-dimensional (6-D) shift operator on the 
transmit signal. It shifts the Tx-signal in the 4 independent angular domains, in the time-delay domain, and in the 
Doppler-frequency domain. A second observation important as well is, that the 6 related aperture domains frequency, 
time, and antenna array aperture are finite. The excitation signal is band-limited, the observation time interval is always 
finite, and the aperture of antenna arrays is limited too. Thirdly the parameters are or can be treated as bounded 
parameters. All angles are bounded by at least (–π, +π), the time-delay is bounded by (0, τmax) where τmax is a function 
of transmit power, free space loss, and receiver noise, and the Doppler-Shift is bounded by (-αmax , +αmax) whereby αmax 
is a function of the maximum velocity of the objects in the observed scenario and the carrier frequency. 
Under this terms and considering that a shift in one domain can also be expressed by the multiplication with a complex 
exponential in the related aperture domain, the family of exponential functions is sufficient to construct a complete data 
model of the radio channel. For notational convenience we replace the shift-parameters of propagation path 
(component) k from the physical model using normalized shift parameters ( )i

kµ , which are related to their physical 
counterparts by a unique projection. We collect all parameters ( )i

kµ  belonging to one propagation path k in the vector µk, 
and construct the vector-valued basis function for one propagation path using the aperture sizes N1...NR in the respective 
domains. Let  
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be the vector valued complex exponential related to the shift parameter ( )i
kµ  in the dimension i of component k with 

length Ni, than ( ) ( )( ) ( )( ) ( )( )11
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from ��� to a complex vector in ���   with unit length and size RNNNN ⋅⋅⋅= �21 . Introducing the linear projector G, 
describing the measurement system, we can express the observed MIMO impulse response of size M simply by 
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Let us clarify the meaning of G a little bit using an example. We assume the radio channel has been measured Mt times 
equally spaced over time using two-dimensional antenna arrays at both the Tx- and the Rx-site with MT and MR antenna 
elements respectively. The radio channel is measured in the frequency domain with a broadband-signal of Mf equally 
spaced lines around the carrier frequency fc. Furthermore we assign the normalized shift parameters to the physical 
parameters in the following fashion ( ( ) ( )Tf ϕ=µ 1 , ( ) ( )Tf ϑ=µ 2 , ( ) ( )τ=µ f3 , ( ) ( )α=µ f4 , ( ) ( )Rf ϕ=µ 5 , ( ) ( )Rf ϑ=µ 6 ). 
To keep things simple, we will assume narrow-band measurements in that sense, that it is sufficient in terms of the 
measurement accuracy to describe the directional characteristics of the antenna arrays at the carrier frequency, and that 
the Nyquist sampling theorem is strictly adhered to in all six dimensions. Now using the fact that the far-field beam-
pattern of an antenna-array is the two-dimensional Fourier-transform of its aperture field, we can express the relation 
between the signals of the antenna array ports and the beam-patterns using their aperture fields. Collecting the aperture 
fields of the Tx- and Rx-array row-wise in the matrices GT and GR respectively, we can use 

( ) ( )( ) ( )( ) ( )( )( )1221 , µ⊗µ⋅=µµ aaGb T  and ( ) ( )( ) ( )( ) ( )( )( )5665 , µ⊗µ⋅=µµ aaGb R  to express the relation between the signals on 
their ports and a far-field point source or drain in a fixed distance. Furthermore we use the diagonal matrix Gf to 
describe the frequency response of the measurement system and the identity matrix IG =t  to describe the time 
sampling of the MIMO impulse responses. Altogether the matrix TftR GGGGG ⊗⊗⊗=  describes the measurement 
system of our example. 
Taking into account that the radio channel is a linear system, we can say that the observation ( )	s  is up to a certain 
accuracy a superposition of a finite number K of propagation paths plus a complex vector n with i.i.d. Gaussian noise 



independent between real- and imaginary part. Introducing the complete parameter vector containing the parameters of 
all K components  
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our observation can be expressed by 
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We will use this data model to derive the Fisher information matrix of the parameter vector θθθθ in the next Section. 
 
STRUCTURE OF THE FISHER INFORM ATION M ATRIX 
 
The conditional density of the observation x given θθθθ and σ is  
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taking the logarithm yields the log-likelihood function of the estimation problem as 
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Defining  the matrix with the first order partial derivatives of the complete data ( )�
s  
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we get for the score function the expression 
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and using some simple mathematics yields 
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for the Fisher information matrix of the parameter vector θ. θ. θ. θ. Now we introduce the matrix containing the complex 
exponentials of all components in one dimension Ai and the related matrix with the first order derivatives ΩΩΩΩi as 
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For notational convenience we will use “ � ”  to express the column wise Kronecker-product of two matrices, leading to 
a compact matrix expression for our data model ( ) ( ) 
AAG�s ⋅��⋅= 1�R , where [ ]T

Kγγ= �1
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express (2) using the Schur-product “ � ”  by 
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and if the matrix G is unitary we can simplify (3) to  
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Recalling that the Cramer-Rao bound is the inverse of the Fisher information matrix, we can now easily calculate an 
lower bound for the error covariance matrix of any efficient unbiased estimator � ˆ . But the Fisher information provides 
furthermore some insight into the behavior of our problem in the vicinity of the solution as we shall see in the next 
Section.  
 
MAXIMUM LIKELIHOOD ESTIMATION 
 
Due to the large number of free parameters ( ) KR ⋅+2 , the computational load involved in the direct maximization of 
the log-likelihood function by an ( )KR ⋅ -dimensional search algorithm is very heavy, and since the log-likelihood 
function is non-linear in the shift-parameters a general closed solution is, to our knowledge, not available. Therefore in 
[9],[10] the application of an EM-based iterative optimization the SAGE algorithm is proposed, unfortunately the 
computational attractive strategy to maximize the log-likelihood function coordinate-wise is also one of it’s problems. 
To understand why, let us discuss another approach to the optimization task. Is it known that the log-likelihood function 
is quadratic near the maximum [15]. Therefore it is possible to calculate, in our case even analytically, a direction 
through the parameter space pointing in the direction of the local maximum, what leads us to an iterative optimization 
procedure using the Gauss-Newton algorithm. For this purpose we need the gradient and the Jacobian of the log-



likelihood function at the actual point in the parameter space ( )n� ˆ . Recalling that the gradient is the score function at 
( )n� ˆ  and the Jacobian is ( )( )n�D ˆ , we obtain for the optimal step direction of the Gauss-Newton algorithm 
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and have now to maximize the log-likelihood function over λ to find the improved parameter set ( )1ˆ +n�  
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A good strategy is to start with a step size of 0.1=λ  since it will send us right to the optimum for a function which is 
really quadratic. If we have improved the log-likelihood function we go to the next iteration or, if not, half the step size 
and try again. Considering that our log-likelihood function is quadratic at the optimum our algorithm will in general 
converge faster the closer we are to the optimum. Now lets discuss what happens if we use the SAGE strategy for the 
iterative maximization using two special cases. At first we assume a case where all components are separated in the 
parameter domain in such a way that all vectors ( )k

�a  are orthogonal and furthermore that G is unitary, than the off 
diagonal elements of the FIM are very small and the optimal step direction for the Gauss-Newton algorithm is approx. a 
scaled version of the gradient. In other words we can also use a coordinate wise update strategy to find the optimum in 
an computational reasonable time. But if we change the scenario and assume we have at least two components which 
are close together in the parameter domain, meaning we have at least two vectors among all basis vectors ( )k

�a  which 
are “highly correlated” . Than the FIM has some strong off diagonal elements and the coordinate wise update strategy is 
not a good one anymore, especially if we consider that the closer we are to the optimum the higher the correlation 
between the vectors will be, leading to a decreasing convergence speed the closer we are to the maximum of the 
likelihood function.  
Altogether, we propose the following general optimization strategy, i. calculate raw estimates of the parameters using 
some SAGE iteration, ii. maximize the likelihood function iteratively using the proposed Gauss-Newton algorithm until 
the optimum is found. After reaching the optimum one can calculate an estimate of the variance of  ML

�ˆ  using 
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It should be pointed out that although the algorithm is simple in concept, it still offers a lot of possibilities to reduce the 
computational costs further. One important point is for instance the calculation of the step direction ( )n

�
∆ . One can 

collect components which are close together in the parameter domain in groups and break the problem into sub-
problems. Another way to reduce the computational costs is e.g. to exploit the centro-symmetry of the vectors ( ))(i

kµa . 
Figure 1. shows exemplarily the convergence behavior of the proposed algorithm compared with the SAGE algorithm. 
Only two propagation paths has been simulated having the same parameters except the receive azimuth angle ϕ . An 
UCA with 16 elements and a diameter of two times the wavelength was used as the Rx antenna array. Our data model 
outlined above has been used for the SAGE and for the Gauss-Newton algorithm as well. The latter was initialized 
using one SAGE iteration. 

 
Figure 1.: Number of iterations vs. angular separation 

 



CONCLUSION 
 
We have presented an algorithm for multidimensional maximum likelihood radio channel parameter estimation from 
measurements that converges very fast to the optimum. The algorithm can be used with virtually every antenna array 
that is suitable for the parameter estimation problem itself. An issue not discussed in this paper is the initialization of the 
iterative ML algorithms. They will find a local maximum but it is not guaranteed that it will be the global maximum. 
This problem is still waiting for a solution. 
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