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Seconda Università di Napoli, Dipt. di Ing. dell’Informazione, via Roma 29, I-81031 Aversa (Italy)

Tel.: +39 081 5010242; Fax: +39 081 5037042; email: rocco.pierri@unina2.it

Abstract: The reconstruction of the shape of 2-d ”strongly scattering” objects from the knowledge of the scattered electric
field under the incidence of TM plane waves with varying frequency and fixed angle of incidence is investigated. With
reference to perfectly conducting cylinders, the provided formulation accommodates the distribution nature of the induced
surface current density. Thus, as unknown representing the objects’ contour, a single layer distribution is chosen so that
the boundary of the scatterers is described by its support. The nonlinear unknown-data mapping is linearized by means of
the Kirchhoff approximation and the inversion is performed by the SVD approach.

INTRODUCTION
Microwave imaging is an inverse scattering problem consisting into determining the physical properties and/or
the shape of unknown scattering objects starting from the knowledge of the measured scattered field data[1].
This problem is of interest in many applications. For example, ground penetrating radar[1], non-destructive
testing or evaluation of materials[2], and geophysics [3], just to mention a few examples.
In this paper, we particularly concentrate on the problem of retrieving the shape of perfectly conducting in-
finitely long (2-d) cylinders. We derive a formulation accommodating the distribution nature of the induced
surface current density through the use of volume integrals involving compact support distributions. In such
a way, the objects’ contour can be represented and searched for as the support of a single layer distribution
[4, 5, 6, 7]. Also, the approach at hand does not requirea priori knowledge of neither the number nor the loca-
tion of the center of the scatterers. The unknown-data mapping arising from our formulation is then linearized
with resort to the Kirchhoff approximation. This leads to recast the problem as the inversion of a linear operator
L acting on a distribution space [5]. An extension of the Singular Value Decomposition (SVD) approach to
solve the linearized problem, or in other words, to invert the involved distribution operatorL was provided
in [5] and the SVD approach is now applied in order to perform inversions[6]in the case when the scattered
electric field is collected in the far zone under the incidence of plane waves with TM polarization, varying
frequency and fixed angle of incidence.

FORMULATION OF THE PROBLEM
Let us denote byΩ the union of the cross sections (belonging to thexy plane) ofNc perfectly conducting
infinitely long cylinders embedded in free space and byΓ the contour ofΩ (see Fig. 1.a). Suppose that the
cylinders are illuminated by TM-polarized time-harmonic plane waves with unitary amplitude (the electric field
has only one component directed along the axis of the cylinders). The only component (along thez-axis) of the
scattered electric field outsideΩ is given by[6]

Es(k0, r) = −ωµ0

4

∫

Γ
H

(2)
0 (k0R)J(r′)dΓ (1)

whereω is the working circular frequency,k0 = ω
√

ε0µ0 is free space wavenumber,ε0 andµ0 are the

dielectric permittivity and the magnetic permeability of vacuum, respectively,H
(2)
0 (·) is the Hankel function

of zero order and second kind,R = |r − r′| andJ is the induced surface current density. The surface current
densityJ satisfies the followingMagnetic Field Integral Equation(MFIE)



J = 2Ji +
j

2
∂

∂n

∫

Γ
H

(2)
0 (k0R)J(r′)dr′ on Γ (2)

whereJi = n̂×H i · ı̂z, H i is the incident magnetic field,̂n is the outward unit contour normal vector (see
Fig. 1.a) andj is the imaginary unit, that isj2 = −1.
Note that, because of the TM polarization, the problem at hand is scalar, in the sense that the scattered field
and the induced surface density current have only one component alongz-axis and the problem is governed
by the scalar equations (1) and (2). Es represents the data of the problem which are assumed to be gathered
at different wavenumbersk0 (multifrequency illumination), whereasΓ is the unknown. The problem at hand
thus consists into recovering the contour of the unknown scattering cylinders starting from the knowledge of
the scattered electric field.
At this point, we introduce the single layer distribution with densityJ , denoted byJδΓ, as

∫ ∫

O
J(x, y)δΓ(x, y)dO =

∫

Γ
J(x, y)dΓ (3)

whereO denotes the investigation domain, that is the domain within which the scatterers are supposed to
reside. Accordingly, equations (1) and (2) can be rewritten, respectively, as

Es (k0, r) = −ωµ0

4

∫ ∫

O
JH

(2)
0 (k0R)dO (4)

J = 2N ×H i · ı̂z +
j

2
N · ∇

∫ ∫

O
H

(2)
0 (k0R)J dO (5)

where the identity∂/∂n = n̂ · ∇ has been exploited,∇ being the gradient operator,J denotes the distri-
butionJδΓ,N denotes the vectorial distribution̂nδΓ. Equations (4) and (5) form the basis of our formulation.
Observe thatN depends only on the boundary of the cylinders’ cross sectionΓ, whereasJ depends also on
the impinging radiation. Also, note that the boundaryΓ coincides with the support of the distributionδΓ, where
the latter one represents the single layer distribution with unit density, and that the union of the supports of
nxδΓ and ofnyδΓ coincides withΓ, wherenx andny are thex andy components of̂n, respectively. Following
Dirac’s interpretation, the distributionnxδΓ (and thus alsonyδΓ) can be though of as a ”function” satisfying





nx(x, y)δΓ(x, y) = 0 ∀(x, y) /∈ Γ

nx(x, y)δΓ(x, y) = +∞ ∀(x, y) ∈ Γ

We thereby assume the vectorial distributionN as the unknown describing the cylinders’ shape and formu-
late the inverse problem as follows: ”determineN from the knowledge of the scattered field”.
It must be stressed that the relationship between the scattered electric fieldEs and the unknown distributionN
is nonlinear. This can be inferred by observing that, owing to (4), Es depends onJ which is also unknown
and, by virtue of (5), depends onN and on itself.

THE LINEAR MODEL
In this section, we introduce a simplified model of the electromagnetic scattering that is based on two hypothe-
ses. First, we assume that the spacing between the scattering objects is large compared to their extent and to
the impinging wavelength, with the result that the scattered field due to the mutual interactions between the dif-
ferent scattering objects is negligible. This means that, from a point of view of the electromagnetic scattering,
we can consider each object as it were standing alone in the free space. Second, we assume the local radius of
curvature of the scatterers to be large compared with respect to the impinging wavelength, so that each cylinder
may be locally considered as a plane (physical optics or Kirchhoff approximation) [5]. The above hypotheses
lead to assume for the surface current density

J ' JPO =
{

2Ji on Γi

0 on Γs
(6)



where theΓi andΓs denote the illuminated and shadowed sides ofΓ.
Under the further assumption thatki = ı̂x (i.e., the angle of incidenceθi = 0) and after some manipulations [6]
we obtain

JPO(r) = − 2
ζ0

nxe−jk0xU(−nx) (7)

in which ζ0 =
√

µ0/ε0 is the wave impedance of free space andU(·) is the Heaviside function accounting for
the shadow boundary.
Under the Kirchhoff approximation, the scattered field (1), normalized to a factork0/2, can be rewritten, in
terms of a single layer distribution with densitynxU(−nx), as

Es(k0, r) =
∫ ∫

O
K(k0, r; r′)n′xU(−n′x)δΓdO (8)

whereK(k0, r; r′) = H
(2)
0 (k0R) exp(−jk0x

′).
According to (8), the adoption of the physical optics approximation (6) leads to recast the problem as follows:
to determine the x-component of the unknown vectorial distributionN over the illuminated region from the
knowledge of the data. So, the Kirchhoff approximation allows to obtain a simplified model of the electromag-
netic scattering by leading to a linear relationship between unknown and data. However, it makes it possible to
recover only the illuminated side of the scatterers.

THE INVERSION
In order to perform the inversion, we consider a scattering experiment in which the scattered fieldEs is gath-
ered over the angular sectorθ ∈ [π − θM , π + θM ] (with θM ≤ π) of the far zone circular observation curve
r = (r cos θ, r sin θ) at frequencies yieldingk0 ∈ [k0min , k0max ]. In such case, eq. (8) can be rewritten, after
normalization to the nonessential factor

√
k0/(2πr), as the following relationship[6]

Es(u, v) =
∫ ∫

O
n′xU(−n′x)δΓe−j(ux′+vy′)dO (9)

whereu = k0(1 − cos θ) andv = −k0 sin θ. The unavoidable limitations introduced by the measurement
configuration along with the range of validity of the Kirchhoff approximation lead to an incomplete knowledge
of Es(u, v) which is then available only over a finite domain of the spectral(u, v) plane. The problem of
determiningn′xU(−n′x)δΓ from the incomplete knowledge of the scattered electric far field can be recast as the
inversion of the linear operator

L : n′xU(−n′x)δΓ →
∫ ∫

O
n′xU(−n′x)δΓe−j(ux′+vy′)dO (10)

Note that, as remarked in [5], the convergence to zero of the singular values ofL leads to a solution of the
equation (9) which does not continuously depend on data. This means that the unavoidable presence of noise
on data, due to the measurement and model errors, produces unreliable solutions. So in order to achieve stable
solutions of (9), the employ of some regularization technique is mandatory. Regularization is here achieved via
cut-off of the singular values (Truncated SVD) [5] as

Rn′xU(−n′x)δΓ =
N−1∑

n=0

1
σn

< Es, vn >L2(S) un (11)

whereRn′xU(−n′x)δΓ is the regularized solution and{σn, un, vn} is the singular system ofL . For the details
about the numerical implementation of the extended SVD approach see[6].
Finally, a numerical result concerning the reconstruction of a cylinder with a circular cross section of radiusa
is shown. We consider a square investigation domainO = [−xM , xM ]× [−yM , yM ], wherexM = yM = 2a,
[k0mina, k0maxa] = [2π · a, 2π · 3a] andθM = 70◦. The Signal to Noise ratio on data equals10dB.
Fig.1.b depicts the positive part of−Re{Rn′xU(−n′x)δΓ} normalized with respect to its maximum since the



density ofn′xU(−n′x)δΓ is a priori known to be real and negative. The singular values of operatorL have been
cut-off at a threshold put at10dB below the maximum singular value.
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Figure 1: (a) Pictorial view of the geometry of the problem; (b) Reconstruction of the perfectly conducting
cylinder with circular cross section.

FUTURE DEVELOPMENTS
In this paper, the problem of reconstructing the shape of perfectly conducting 2-d objects starting from the
knowledge of the scattered electric field has been faced throughout a SVD approach in free space.
This work is preliminary and can be extended to cases of interest in subsurface prospection[1], namely when
the unknown cylinders are buried below an air-soil interface.
Also, it is a starting point for treating the case of ”strongly scattering objects”, that is objects having dielectric
permittivity much different from that of the host medium. Indeed, such problem can be formulated according to
equivalent electric and magnetic surface current densities which can again be dealt with as distribution as done
in this paper[7]. For strongly scattering objects having radius of curvature large with respect to the impinging
wavelength, a physical optics approximation for the equivalent current densities can be further derived[7].
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