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Abstract - Large-scale wireless channel models are commonly used to describe the power-loss of signals, when
the transmitter-receiver separation distance is large and the propagation environment is not heavily populated. In
mobile communications, the relative movement between the transmitter and the receiver and dynamic variations
in the propagation environment, contribute to the dynamical spatial characteristics of the channel. This paper
introduces linear stochastic differential equations which describe the dynamical spatial characteristics of power-loss,
which in turn give rise to log-normal densities for the signal attenuation coefficient. These models are easy to analyze
and implement. Several simulation scenarios are presented to illustrate the concepts.

1

Introduction

Large-scale channel models are suited for describing the total power-loss of the signal when the transmitter-receiver
separation distance is large and the propagation environment is not heavily populated such as suburban areas [1, 2].
They attempt to predict the reflection/diffraction and long distance power-loss as depicted in Figure 1.1 A. This
power-loss is the cause for signal attenuation, generally known as shadowing. It has been reported in [1, 2] that the
power loss in dB’s along a single path is normally distributed, whereas the signal envelop is log-normally distributed.
These models [3, 4, 5, 6], treat power loss as static. They do not take into consideration the relative motion between the
transmitter and the receiver, or variations of the propagating environment which is a reality in mobile communications.
The development of the dynamical spatial models, presented in this paper, is based on the traditional log-normal
shadowing models and one way to model them is through stochastic processes.
Average power path-loss, at distance d, in decibels is given by
P Ld (d)[dB] = P L(d0 )[dB] + 10α log(d/d0 ),

d ≥ d0 ,

(1.1)

where P L(d0 )[dB] = 10 log Pt − 10 log P (d0 ) is the power-loss in dB’s at a reference distance d0 [1, 2], Pt is the
power of the transmitted signal and α is the path-loss exponent which depends on the propagation medium. Real
measurements indicate further that this relationship is best described by adding to equation (1.1) a zero-mean
Gaussian distributed random variable, X̃, ([2] p. 104), which can be interpreted as representing the variability of
power-loss of transmitter-receiver configurations located at different places,
P L(d)[dB] = P Ld (d)[dB] + X̃,

d ≥ d0 ,

(1.2)

Signal Attenuation Coefficient. The signal attenuation coefficient represents how much the received signal magnitude
is attenuated at a distance d, with respect to the magnitude of the transmitted signal [2]. It is defined by
4

r(d) =

p

P (d)/Pt = ekP Ld (d)[dB] ekX̃ ,

k = −(ln 10)/20.

(1.3)

From Static to Dynamical Log-Normal Shadowing Models. In converting the static models to dynamical models,
we first note that in mobile communications, the distance d is necessarily a function of time, d(t), and the random
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Figure 1.1: A: Large-Scale Channel Model illustrating a number of possible propagation paths and a relative
movement between the transmitter and the receiver. B: Mean-reverting log-normal model; for fixed τ ,
observe at different time instants.
attenuation coefficient, r(d) in (1.3), is relaxed to become a random process, which is denoted by {r(t, τ )} t≥0,τ ≥τ0 ,
with respect to the observation time, t, and spatial location, d, or equivalently the time-delay, τ , since d = v c τ ,
where vc is the speed of light. Similarly, the power path loss P L(d)[dB] in (1.2), becomes a random process, which
is denoted by {X(t, τ )}t≥0,τ ≥τ0 . Here we present the case where for fixed transmitter-receiver separation distance, d,
the dependence of {r(t, τ )}t≥0 on t captures the random attenuation coefficient variations with respect to time. When
expressed in dB’s the power path loss, {X(t, τ )}t≥0 , is described by an Ornstein-Uhlenbeck process with respect to
the variable t, which has a mean-reverting structure. It is further described [7] by stochastic differential equation
(SDE) whose solution, at every instant of time, represents the correlation properties both in time and space of the
channel, and they correspond to the statistics of the static log-normal shadowing model [1, 2, 6, 8, 9].

2

Dynamical Temporal Log-Normal Model


Let Ω, F, P denote a basis probability space and {Ft }t≥0 denote a complete filtration, on which all random processes
will be defined. The dynamical temporal propagation characteristics of the channel, capture the dependence of
{r(t, τ )}t≥0 on t in the case where τ is fixed via a SDE as a function of t.
Consider the transmission of a continuous signal arriving at the receiver via a path of length d which is kept fixed,
under the assumption that it undergoes many reflections along the way. We examine the attenuation coefficients at
time instants 0 < t1 , . . . , < tm . Let S(tj , τ ) denote the attenuation coefficient associated with time tj , 1 ≤ j ≤ M ,
Mj
along that path as shown in Figure 1.1 B. Here S(tj , τ ) is proportional
to the power-loss due to reflections, Πm=1
P`rm ,
p
1/P`rm is the attenuation coefficient corresponding to
where Mj is the number of reflections up to time tj and
the mth reflection along path d. Suppose that the propagation
environment from the transmitter up to location d
p
1/P`rm , associated with S(tj , τ ), correspond to those of
is such that a subset of the attenuation coefficients, i.e.
4

S(tj−1 , τ ), 1 ≤ j ≤ Mj . For fixed τ , define ∆S(tj , τ ) = S(tj+1 , τ ) − S(tj , τ ). Then (to a first-order approximation)
the percent change of the attenuation coefficient ∆S(tj , τ )/S(tj , τ )
S(tm+1 , τ ) − S(tm , τ )
S(t2 , τ ) − S(t1 , τ )
, ...,
,
S(t1 , τ )
S(tm , τ )

are independent random variables. It is thus reasonable to assume that these percent changes decompose into two
components, a systematic part (a drift) and a random part (diffusion), the former representing the evolution of the
local mean, while the latter the variability around the local mean respectively. This suggests that the evolution of
the attenuation coefficients {S(tj , τ )} follows the geometric (or exponential) Brownian motion (GBM [10] p. 62) for
the attenuation coefficients with respect to the variable t. Further, for fixed τ , we can let S(t, τ ) = ekX(t,τ ) , where
{X(t, τ )}t≥t0 , the power loss process, is a Brownian motion with non-zero drift, examined as a function of time.
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Figure 2.2: Left: Mean-reverting power path-loss and corresponding signal attenuation coefficient a function
of time, t, for a given t-varying γ(t, τ ) corresponding to an observation location d = v c τ ; top graph: β(τ ) =
225000, lower graph: β(τ ) = 105000 Right: Mean-reverting power path-loss a function of t and τ , for a given
t-varying γ(t, τ )
X(t, τ ) is the analog to P L(d)[dB] in (1.2) for fixed d = vc τ indexed by time, t. We thus choose to generate X(t, τ )
by a mean-reverting version of a general linear SDE given by





dX(t, τ ) = β(t, τ ) γ(t, τ ) − X(t, τ ) dt + δ(t, τ )dW (t), X(t0 , τ ) = N (P Ld (d)[dB]; σt0 ),

(2.4)

where N (α; β) denotes a Gaussian random variable with mean α and variance β and {W (t)} t≥t0 is a standard Brownian motion (zero drift, unit variance) which is assumed to be independent of X(t, τ0 ). In particular, γ(t, τ ) models the
average time-varying power path-loss at a distance d from the transmitter, which corresponds to P Ld (d)[dB] indexed
by t. This model tracks and converges to this value as time progresses. The instantaneous drift β(t, τ )(γ(t, τ )−X(t, τ ))
represents the effect of pulling the process towards γ(t, τ ), while β(t, τ ) represents the speed of adjustment towards
this value. Finally, δ(t, τ ) controls the instantaneous variance or volatility of the process for the instantaneous drift.
The initial condition X(t0 , τ ) can be obtained by estimating the average power path loss at distance d, say using
4

(1.1). The random parameters {θ(t, τ )}t≥t0 = {β(t, τ ), γ(t, τ ), δ(t, τ )}t≥t0 can be used to model the time-varying
characteristics of the channel for the particular location, τ , i.e. variations in the number of reflections along the path
up to d and corresponding power loss. A different location is characterized by a different set {θ(t, τ )}. The solution
of (eq3.25a) and first and second moments can be easily obtained [7].
Example. Figure 2.2 corresponds to simulations of (2.4) for a fixed location d from the transmitter for the two
different β(τ )’s. The two graphs on the left of this figure illustrate, as expected, that the larger the value of β(τ ) the
faster the trajectories of power path loss X(t, τ ) is pulled towards the mean of the process, and as time progresses
towards γ(t, τ ). On the right this figure presents simulations of the power loss as a function of t and τ . Each curve
corresponds to simulations of (2.4) with a time varying γ(t, τ ) of the form as presented above but with different γ’s,
thus each curve corresponds to a different transmitter-receiver distance.

3

Dynamical Spatial Log-Normal Model

Consider next the case where both the transmitter and the receiver move relative to each other each with an arbitrary
→
speed and in an arbitrary direction. Suppose also that we know their vector velocities given by where vmR (t) =
→
→
→
→
→
vmRx (t) x +vmRy (t) y and vmT (t) = vmT x (t) x +vmT y (t) y denote the instantaneous vector velocities of the
mobile receiver and transmitter respectively, at time t, relative to a fixed x − y frame as shown in Figure 1.1. The

3

X(t,τ) as a function of t; for θn(t,τ)

X(t,τ) − E[X(t,τ)] [dB]

90

γ(t,τ)
85
X(t,τ)
80
E[X(t,τ)]
75

0

0.5

1

1.5

2

2.5

3

3.5

4

Variable Speed vm(t) and distance d(t)
80

d(t) [m], vm(t) [m/s]

d(t)

60
40
vm(t)

20
0

0

0.5

1

1.5

2
time [s]

2.5

3

3.5

4

Figure 3.3: Mean-reverting power path-loss as a function of time, t, for a given t-varying γ(t, τ ). Mobile
moves away from point d with a constant angle of 143o and a variable speed, vm (t), as shown at the bottom
graph.
instantaneous distance is given by
d(t) =

h

d+

Z

t



vmRx (u) − vmT x (u) du
0

2

+

Z

t



vmRy (u) − vmT y (u) du
0

2 i1/2

.

(3.5)

According to (1.1), at each instant of time, the corresponding mean γ(t, τ ) for the model is thus given by



γ(t, τ ) = P Ld (d(t))[dB] = P L(d0 )[dB] + 10α log d(t)/d0 + ξ(t)

(3.6)

where ξ(t) could be any arbitrary function representing additional temporal variations of the environment. Figure 3.3
illustrates an example where the transmitter is fixed and the mobile moves away from point d = 50 m at an arbitrary
angle of θn = 143o with respect to the x-axis and with a variable speed, vm (t). The power loss is calculated using
(2.4) with γ(t, τ ) given by (3.6) where d(t) is computed using (3.5) and ξ(t) = 0. The initial power loss and the
average power loss, as the mobile moves, corresponds to that predicted by (1.1).
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