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Abstract. In this paper a method is presented how to perform interpolation and anterpolation in both spherical

coordinates θ and φ by trigonometric polynomials and the fast Fourier transform (FFT) in the 3-D multilevel

fast multipole algorithm (MLFMA). The proposed method is exact in interpolation and anterpolation, and has

the high numerical efficiency of FFT. A numerical comparison suggests that the proposed method is equally or

more efficient, depending on the desired accuracy, than the method of using spherical harmonics and polynomial

interpolation in interpolation and anterpolation.

1. INTRODUCTION

The multilevel multipole methods (MLFMA) are fast methods applied to solving a scalar or vector wave
equation by the integral equation method; here we consider the scalar MLFMA. In MLFMA the far fields are
iteratively constructed by shifts and interpolations and the local fields by translations, shifts and anterpolations;
for the data structure of MLFMA we refer to [1],[2],[3]. In this paper we present how in the 3-D MLFMA to
perform interpolation and anterpolation rather by using trigonometric polynomials and the fast Fourier trans-
form (FFT) than by using spherical harmonics and polynomial interpolation [2], [3]. A numerical comparison
of these methods suggests that the method of this paper is equally or more efficient than the latter one. Our
method is introduced for the time-harmonic MLFMA , but it also well suits to the time-dependent one [4].

Our key idea is to extend smooth functions on the unit sphere to be 2π−periodic in both spherical coordi-
nates θ and φ. This enables an efficient approximation of far fields and the amplitude fields by trigonometric
polynomials. In MLFMA a local field F is presented in the terms of plane waves by the integral

F (x) =

∫

|z|=1

v(z)eikx·zdz,

where the integral is a surface integral over the 3-D unit sphere and the function v is the amplitude field of F .
Next we introduce the basic tools for our method; for more details, we refer to [6].

We use centralized 1-D and 2-D discrete Fourier transforms (DFT). The 2D transform Fu of a matrix u is
defined by

(Fu)(m,n) =

M∑

p=−M

N−1∑

q=−N
u(p, q)e−i(

2π
2M+1mp+

π
N nq)

for −M ≤ m ≤ M,−N ≤ n ≤ N − 1. The inverse transformation is denoted by F−1. Let V (θ, φ) =
V (sinθcosφ, sinθsinφ, cosθ), 0 ≤ θ ≤ π,−π ≤ φ ≤ π be a smooth function on the 3-D unit sphere. By this
presentation, we can extend V (θ, φ) for all real numbers θ, φ, and so make V (θ, φ) to be 2π − periodic both
in θ and φ. Note that then V (−θ, φ) = V (θ, φ + π) for all θ, φ; we call a function V (θ, φ) with that property
spherical. The extended V (θ, φ) can now be approximated by a trigonometric polynomial of two variables

U(θ, φ) =
M∑

m=−M

N−1∑

n=−N
a(m,n)ei(mθ+nφ) .(1.1)

where the coefficient matrix a = [(2M + 1)2N ]−1Fu with u(m,n) = U(m2π/(2M + 1), nπ/N) is the sample
matrix of U and denoted u = Sample(U). We say that U is of degree (M,N), and also call (M,N) the sampling
rate of u.



If the coefficient matrix a of U in (1.1) is zero-padded or truncated, we say that u = Sample(U) or U is
interpolated or anterpolated, respectively. We denote the result by Interp(u, (M1, N1)) or Anterp(U, (M1, N1)),
where (M1, N1) is the new sampling rate or degree, respectively. For trigonometric polynomials and DFT of one
variable we define the interpolation and anterpolation in an analogous way. It is well-known that interpolation
and anterpolation can be performed with DFT, and so with FFT. Note also that U in (1.1) is a spherical
function, and it is not difficult to show that then u(−m,n) = u(m,n+N) and a(−m.n) = (−1)na(m,n) for all
m, n; this can be utilized for reducing the storage space and the DFT operation cost by half.

In MLFMA the following theorem, not difficult to prove, is fundamental for implementing the anterpolation
in an optimal manner.

Theorem 1.1. (Anterpolation of a product) Let U and V be trigonometric polynomials of one variable. Let the
degree of U be N and the degree of V ≥ N+M for an integer M ≥ 0. Then Anterp(UV,M) = Anterp(W,M) where
W is a trigonometric polynomial with Sample(W ) = w so that w(n) = u1(n)v1(n), with −N−M ≤ n ≤ N+M ,
where u1 = Sample(Interp(Sample(U), N +M)) and v1 = Sample(Anterp(V,N +M)).

2. AGGREGATION AND DISAGGREGATION STEPS IN MLFMA

In this section we show how to construct the data structure of MLFMA in 3-D by using trigonometric
polynomials and FFT in the interpolation and anterpolation.

In the aggregation steps for each level M = 1, 2, . . . ,Mmax, we choose an appropriate sampling rate (N,N ′)
so that the far field of each division cube is represented by a (2N+1, 2N ′)-sample matrix with a desired accuracy.
Also, for each level M we choose the order L for the Rokhlin translation function TL, [3]; L can be chosen, for
instance, as suggested in [3]. The optimal, accuracy dependant values for N , N ′ and L can also be numerically
searched and pretabulated.

After these choices, the aggregation step from level M + 1 to level M will be performed. Let Q be a division
cube on level M and let (N1, N

′
1) and (N2, N

′
2) be the sampling rates for levels M + 1 and M, respectively.

The far field corresponding to Q is approximated by a sample matrix u∞, which is formed by interpolation and
shifting so that

u∞(m,n) =

r∑

j=1

e−ikqj ·z(θm,φn)vj(m,n),

where the sum is over the non-empty level M+1 subcubes of Q, each vj = Interp(uj , N2, N2′) where uj are the
sample matrices of the far fields of those subcubes. In addition, qj are vectors from the center of Q to those of
the subcubes, and z(θm, φn) is a position vector on the unit sphere with θm = m2π/(2N2 + 1), −N2 ≤ m ≤ N2,
and φn = nπ/N ′2, −N ′2 ≤ n ≤ N ′2 − 1. The matrix u∞ is saved and the aggregation iteration step is completed.

For the disaggregation step from level M − 1 to M , we consider a cube Q on level M < Mmax. Our aim is
to form the amplitude field V of the incoming field in Q due to sources outside both Q and its immediate level
M neighbor cubes. The field V is divided into two parts: V = V1 +V2. The field V1 is due to the sources in the
subcubes of the interaction list of Q, which is the list of those level M subcubes, which are neither Q itself nor
its immediate neighbors but are contained in the immediate level M − 1 neighbor cubes of the parental cube P
of Q. The field V2 is due to sources outside P and its immediate M − 1 level neighbor cubes.

First consider V1. Let Qj be a cube in the interaction list of Q. The field F due to sources in Qj has
been represented as a far field U∞ and stored as a sample matrix u∞ sampled with the level M sampling rate
(N1, N

′
1). We need to translate F to be an incoming field in Q and to form its amplitude field. Using the

well-known translation formula [3], we translate F to a local field in Q,

F (p+ x) '
∫

|z|=1

U∞(z)TL(z)eikx·zdz ' 1

2

∫ π

−π

(∫ π

−π
U∞(θ, φ)TL(θ, φ)eikx·z(θ,φ)dφ

)
|sin θ|dθ.

where p is the vector from the center cj of Qj to that of Q (for convenience, assume cj = 0). On the right side
of the above equation the functions in the integrand have been extended to be 2π-periodic also in θ. We first
treat the integration with respect to φ. Due to the proper choice of L, the function U∞(θ, φ)eikx·z(θ,φ) can be
approximated by a spherical harmonics expansion of degree L which is also a trigonometric polynomial of degree
(L,L+ 1), and the function eikx·z(θ,φ) can be approximated by a trigonometric polynomial of degree (N1, N

′
1).

Applying the usual anterpolation reasoning in φ based on the orthogonality of functions einφ, we see that in the
above integral U∞TL can be replaced by a trigonometric polynomial W represented by the sample matrix w
which is formed as follows. Start with u∞ and Sample(TL), interpolate them to sampling rate (N1 +L,L+ 1).



Thereafter, multiply them with each other, element by element, and anterpolate the product matrix in the
φ-variable, i.e. rowwise, to degree (N1 +L,N ′1), and get w. So, after changing the order of integration, we have

F (p+ x) ' 1

2

∫ π

−π

(∫ π

−π
W (θ, φ)|sin θ|eikx·z(θ,φ)dθ

)
dφ,(2.1)

Next we treat the integrating with respect to θ in (2.1). Because eikx·z(θ,φn) can in θ be approximated
by a trigonometric polynomial of degree N1, we can anterpolate 1

2W (θ, φn)|sin θ| down to degree N1 without

changing the value of the integral by Theorem 1.1 as follows. First, interpolate 1
2Sample(W ) = 1

2w in θ, i.e.
columnwise, from sampling rate (N1 +L,N1) to (2N1 +L,N1) and get the sample matrix u1. Then anterpolate
the Fourier series expansion of |sin θ| down to degree 2N1 + L, and get a trigonometric polynomial S of order
2N1 + L, and let u2 = Sample(S). Next multiply the columns of u1 by u2, element by element, and get u3.
Thereafter, anterpolate u3 in θ from degree (2N1 + L,N ′1) to (N1, N

′
1), and get the sample matrix vQj . The

trigonometric polynomial VQj with Sample(VQj ) = vQj , is the wanted amplitude field, i.e.

F (p+ x) '
∫ π

−π

∫ π

−π
VQj (θ, φ)eikx·z(θ,φ)dθdφ(2.2)

Finally, sum up vQj over the subcubes Qj in the interaction list of Q and get v1 so that the trigonometric
polynomial V1, with Sample(V1) = v1, is the wanted joint amplitude field.

In practice, we can in the θ-direction take the matrix sizes smaller than the above theoretical upper bounds
are, as the example in the next section shows, because in practice the anterpolated |sin θ| increases the degree
of U∞TL|sin θ| less than Theorem 1.1 suggests.

Next we treat the amplitude field V2 due to sources outside P and its immediate level M − 1 neighbor cubes.
In the previous iteration step it is already stored as a sample matrix, say w, sampled with the level M − 1
sampling rate (N2, N

′
2). We shift the origin from c′ of P to the center c of Q, and obtain incoming field in Q in

the form,

F (x) =

∫ π

−π

∫ π

−π
W (θ, φ)eik(p+x)·z(θ,φ)dθdφ =

∫ π

−π

∫ π

−π
W (θ, φ)eikp·z(θ,φ)eikx·z(θ,φ)dθdφ,(2.3)

with p = c − c′ and W being the trigonometric polynomial with Sample(W ) = w. Because eik(p+x)·z and
eikx·z can be approximated with trigonometric polynomials of degrees (N2, N

′
2) and (N1, N

′
1), respectively,

we can, due to the orthogonality of functions ei(mθ+nφ), reason that Weikp·z in (2.3) can be replaced by a
trigonometric polynomial V2(z) with sample matrix v2 formed as follows: multiply sample matrices w(m,n)
and eikp·z(θm,φn), θm = m2π/(2N2 + 1), −N2 ≤ m ≤ N2, φn = nπ/N ′2, −N ′2 ≤ n ≤ N ′2− 1, element by element,
and anterpolate the resulting matrix from degree (N2, N

′
2) to (N1, N

′
1) and get v2. Finally, let V = V1 +V2, and

store v = v1 + v2 = Sample(V ). The disaggregation step from level M − 1 to level M is completed.
After the last disaggregation step from level Mmax−1 to Mmax, we want to compute the final incoming field

F for any level Mmax cube Q by its amplitude field V . We can easily show that F is given by

F (c+ x) '
∫ π

−π

∫ π

−π
V eikx·zdθdφ ' 4π2

(2N + 1)N ′

[N ′−1∑

n=0

v(0, n)eikx·z(0,φn) +

N∑

m=1

N ′−1∑

n=−N ′
v(m,n)eikx·z(θm,φn)

]
,

because V eikx·z is a spherical function; here c is the center of Q, v = Sample(V ) and θm = m2π/(2N+1), −N ≤
m ≤ N, φn = nπ/N ′, −N ′ ≤ n ≤ N ′ − 1, with (N,N ′) being the level Mmax sampling rate.

3. A NUMERICAL EXAMPLE AND COMPARISONS

In this numerical example the MLFMA method of this paper, here called the DFT method, is compared with
the method of using polynomial interpolation, spherical harmonics and Gaussian integration, here called filter
method, see [2],[3]. In the example we set a source into a division cube Q on the level M = Mmax −m, with
side length 2mπ, for m = 1, 2, . . . , 5. The normalized wave number k = 1. The source is a constant area density
on a diagonal plane in Q joining two opposite edges. We interpolate and shift the associated far fields from the
level M + 1 subcubes of Q into Q, translate the resulting field into a local field in a non-immediate neighbor
P of Q and anterpolate that local field into a level M + 1 subcube P1 of P . We compare the obtained field to
its exact value and compute the relative error in P1. This is done for both the DFT method and filter method
with an n× n Lagrangian interpolation stencil for n = 4, 6.



To compare the effiencies of the three methods, for each MLFMA level M and for each accuracy level
10−p, p = 1, 2, we for the DFT method choose the smallest L and level M + 1 sampling rate (N1, N1) and an
integer N2 so that the relative error is ≤ 10−p; here the role of N2 is the same as the θ-direction sampling
rate 2N1 + L in the anterpolation of u∞TL|sinθ| in the previous section. For the filter method and for each
MLFMA level M , for each accuracy level and for each stencil size we choose the smallest degrees LM for
M = Mmax −m,m = 1, 2, . . . , 5, so that the relative error is ≤ 10−p on each level M .

Finally, we compare the computational costs, which are estimated by counting the number of scalar multi-
plications in the procedure and using the cost nlog2n for the FFT of a vector with length n. The results for the
three methods are presented in Table 1.

Table 1

DFT 4× 4 stencil 6× 6 stencil

M p L N1 N2 cost/103 L cost/103 L cost/103

Mmax − 1 1 8 5 8 7.1 11 12.1 8 10.0
2 9 5 11 9.8 14 28.6

Mmax − 2 1 15 7 14 22.1 23 44.9 16 33.5
2 18 9 21 40.5 27 92.6

Mmax − 3 1 27 12 27 82.1 31 89.2 28 96.3
2 34 15 35 138 42 215

Mmax − 4 1 46 20 46 261 61 288 60 386
2 60 24 60 444 79 684

Mmax − 5 1 105 37 104 1394 110 932 120 1522
2 121 44 119 1917 137 2063

Table 1 shows that the computational cost is lowest for the DFT method but roughly of the same order for
all three methods. The lower cost with the DFT method is due to the fact that the same accuracy level is
reached in the DFT method with smaller sampling rates than in the filter method. This mainly follows from
the situation that in the filter method for interpolation and anterpolation an oversampling by a factor of 2 is
needed [5]; also the filter method, because of the Lagrangian interpolation, is more sensitive for sampling noise
than the DFT method. Our example suggests that the DFT method, altogether, is about from 1.5 to 2 times
more efficient than the filter method, at least for MLFMA with 6 or less levels.
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