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ABSTRACT
Cascade of obliquely propagating Langmuir waves, through parametric decay to obliquely propagating Langmuir
sidebands and lower hybrid decay modes, is analyzed. Wave vectors of parametric coupling have to be matched in
three-dimensional space, rather than on a plane for the conventional simplification. It generates a broad downshifted
spectrum of obliquely propagating Langmuir waves, including those 400 plasma lines (HFPLs) detected by UHF radar
in Arecibo heating experiments. It is also shown that HFPLs prefer to be excited at the matching height of the mother
Langmuir wave excited by OTSI or PDI, rather than near the HF reflection height.
INTRODUCTION
In Arecibo heating experiments, parametric decay instability (PDI) and oscillating two-stream instability (OTSI) excite
Langmuir waves as instability sidebands in sizable region below the reflection height of the O-mode HF heating wave
[1,2], where the heating wave converts to nearly linear polarization in the geomagnetic field direction. Theory [3] also
shows that those Langmuir sidebands (with a 400 oblique propagation angle) contributing to HFPLs favor to be excited
close to their matching height region, where the 400 Langmuir sidebands can closely satisfy the local dispersion relation.
With improved spatial resolution of radar detection, HFPLs were found to originate from a narrow altitude region
located slightly (~300−600 m) above the height of below-threshold plasma lines [4] (which was defined the matching
height of the plasma lines and was about 1.9 km below the HF reflection height for an inhomogeneous scale length of
50 km).
Likewise, in the high latitude heating experiments such as at Tromso, O-mode HF heating wave also excites PDI and
OTSI in the region below its reflection height; however, both Langmuir waves and upper hybrid waves, excited in
slightly different height regions [5-7], are the high frequency sidebands of the instabilities. Experimental results also
showed that HFPLs were detected from the matching height [8] of the PDI line in HFPLs, rather than from the HF
reflection height.
Usually, frequency downshifted HFPLs have narrow spectra, attributed to cascade of Langmuir waves through ion
acoustic waves [9,10]. However, HFPLs, showing broad cascade spectra with bandwidths as large as 50 kHz, were also
observed in Arecibo heating experiments [4]. Both discrete cascade and continuum features appeared in the spectra.
These HFPLs were characteristically different from those broad HFPLs observed in Tromso heating experiments, which
were frequency up-shifted and much wider, and originated from regions near and above the HF reflection height.
Although Langmuir waves excited by OTSI and PDI in the region below the HF reflection height can become pump
waves to excite secondary parametric instabilities, which generate frequency-downshifted Langmuir waves to be their
sidebands, successive cascade of Langmuir waves through secondary parametric instabilities is required to produce a
broad downshifted frequency spectrum. However, the permissible number of cascade and required pump threshold field
depend on the secondary parametric instability process. In this work, a secondary parametric instability process as a
cascade channel to broaden the downshifted frequency spectrum of Langmuir waves is studied. It is a parametric decay
of an obliquely propagating Langmuir pump to an obliquely propagating Langmuir sideband and a lower hybrid decay
wave, in which the lower hybrid wave is generalized from the lower hybrid resonance wave, which was considered in
the previous work [11], by including a finite parallel component in its wave vector. Thus the frequency spectrum of
lower hybrid decay waves is broad and continuum, and the cascade spectrum of Langmuir waves can carry both discrete
and continuum features.
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FORMULATION AND ANALYSIS
Consider the decay of a Langmuir pump φ1(ω1, k1) to a Langmuir sideband φ2(ω2, k2) and a nearly field-aligned lower
hybrid resonance mode n3(ω3, k3) in each cascade step. The first (mother) Langmuir pump φ10(ω0, k10) is generated
either by OTSI or by PDI in a layer region located at a height h = h10, where ωp2(h10) = ω0(ω0 + νe) − 3k102vte2 −
Ωe2sin2θ0 (i.e., h10 is the matching height of a Langmuir wave having propagation angle θ0 and k0 = k10z = k10cosθ0 as
its parallel wave number). The frequency and wave vector matching conditions are ω1 = ω2 + ω3* a nd k1 = k2 + k3. The
coupled mode equation for the Langmuir sideband is given by [12]

{[(∂t+νe)2 + Ωe2](∂t2 + νe∂t + ωp2 −3vte2∇2)∇2 − Ωe2(ωp2 −3vte2∇2)∇⊥2}φ2
= −ωp2{[(∂t+νe)2∇ + Ωe2∇z]⋅⋅<∇
∇φ1(n3/n0)> − Ωe(∂t+νe) ^
z ⋅ ∇(n3*/n0) × ∇φ1 }

(1)

The coupled mode equation for the lower hybrid decay mode n3(ω3, k3) is derived to be [13]

∂t{∇⊥2 (∂t+νe)[∂t(∂t+νi) − Cs2∇2] + ΩeΩi(∇⊥2 + M∇z2/m)∂t }(n3/n0)
z]
= (m/M)∇2[(∂t+νe)∂t∇⊥⋅ ap + Ωe2∂zapz − Ωe2∂t∇⋅JB/n0 − Ωe∂t∇⋅ ap× ^

(2)

where ap = ve⋅∇ve and JB = áneve . Equations (1) and (2) are the set of coupled mode equations for the cascading
process considered in the present work. In the following (1) and (2) will be analyzed in the spectral domain by assuming
a general expression p = p exp[i(κ
κ⋅r − ϖt)] as the spatial and temporal variation of the perturbation quantities, where κ
and ϖ are the appropriate wave vector and frequency of each perturbation. The wave vector matching condition can be
satisfied in a two-dimensional arrangement, which is usually a favorable choice for simplifying the analysis, or a
general three-dimensional arrangement.
A. Two-dimensional Coupling
z
We first consider a two-dimensional arrangement having k1, k2, and the z-axis on the same (e.g., x-z) plane, i.e., k1 = ^
k0 + ^
x k⊥ , k2 = ^
z (k0 − kz) − ^
x k⊥, and thus k3 = ^
x 2k⊥ + ^
z kz, where k⊥/k0 = tanθ and |kz/k⊥| << 1. In the spectral
domain, (1) and (2) can be combined to obtain the dispersion relation of the instability for the Nth cascade as

[iω0(2γN + νe) − ∆ωN2] [−iω30(2γN + ν3) − ∆ω32] =
4(e2/mM)[ωp2cos2θ/(ω02−Ωe2)][1 − ω02tan2θ /(ω02−Ωe2)]×
[k⊥2(k02 − k⊥2) + (kzk0Ωe2/ω30ω0)(k⊥2 − k02/2) − kz2k02Ωe2/4ω302] |φN|2

(3)

where ω3 = ω30 + iγN is assumed and γN is the growth rate of the instability; ∆ωN2 = ω02 − ωN2 + Ωe2(sin 2θ − sin2θ0) +
3k02vte2(tan2θ − tan2θ0), and ∆ω32 = 4k⊥2Cs2 + ΩeΩiξ + νeνi − ω302; ν3 = νi + νe(1 − 4k⊥2Cs2/ω302); |ω1| ≈ ω0, νe/ω30 <<
Ωe/ω0 and k⊥2Ωe2/ω02k12 << 1 are assumed.
It turns out that there is no instability (no cascade) for large oblique propagation angles. This is because the coupling
coefficient on the right hand side (RHS) of (3) becomes very small and turns to a negative value.
B. Three-dimensional Coupling
Therefore, the matching of wave vectors in the coupling is extended to a three-dimensional arrangement with k1 = ^
z k0
+^
x k⊥ , k2 = ^
z (k0 − kz) + ^
y k⊥, and thus k3 = (^
x−^
y ) k⊥ + ^
z kz. Again, k⊥/k0 = tanθ, θ is the oblique propagation angle
of the Langmuir pump, and |kz/k⊥| << 1. Then instability can be excited to lead to continuous cascade of the Langmuir
sidebands of OTSI and PDI as being shown in the following. The cascading process is first described as follows. When
the k2-line grows to a level exceeding the threshold of the subsequent cascading, the wave vectors of the sideband and
z k0 − ^
x k⊥ and k3′ =(^
x+^
y ) k⊥ − ^
z kz, which are separated from the k1 and k3-lines. This
decay mode will be k1′ = ^
decay process continues when the k1′-line becomes strong enough to be a pump, which decays to a sideband with k2′ =
^
z (k0 + kz′) − ^
y k⊥ and a decay mode with k3′′ = −(^
x−^
y ) k⊥ − ^
z kz′; again, |kz′/k⊥| << 1.
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Since the third and fourth coupling terms on the RHS of (2) cancel each other, it leaves the first two terms on the RHS
of (2), attributed to the transverse convective force and parallel ponderomotive force, to be the dominant coupling
terms. (1) and (2) are combined to obtain the dispersion relation of the instability for the Nth cascade as

[iω0(2γN + νe) − ∆ωN2] [−iω30(2γN + ν3) − ∆ω32] =
2ξ−1(e2/mM)(ωp2/ω02)cos2θ(1+ξΩe2/ω02+iξΩe/ω0)[1+iΩeω0tan2θ/(ω02−Ωe2)]k02k⊥2|φN|2

(4)

where again, ω3 = ω30 + iγN is assumed and γN is the growth rate of the instability; ∆ωN2 = 2ω0(Nω30 + νe/2) + Ωe2(sin2θ
− sin2θ0) + 3k02vte2(tan2θ − tan2θ0), and ∆ω32 = 2k⊥2Cs2 + ΩeΩiξ + νeνi − ω302; ν3 = νi + νe(1 − 2k⊥2Cs2/ω302); ξ = 1 +
Mkz2/2mk⊥2. The threshold field is determined, by setting γN = 0 in (4), to be

|φN|th = (m/e)ξ[∆ωN2νeΩeω0/2ω30(1+ξΩe2sin2θ/ω02)k02k⊥2]1/2

(5)

Next, the growth rate is found to be

2γN = [νe2 + (νe2 +∆ωN2νeΩi/ω302)( |φN|2/|φN|th2 − 1)]1/2 − νe

(6)

where the slight frequency shift of the decay mode owing to the pump field is neglected. Since the threshold field
determined by (5) increases with ∆ωN and ∆ωN2 increases with the number of the cascade process, cascade of Langmuir
waves eventually stops when the threshold field becomes too high.
In Arecibo heating experiments, ω0/2π = 5.1 MHz, Ωe/2π = 1.06 MHz, νe = 500 s−1, vte ∼ 1.3×105 m/s, and Cs ∼ 1.4×103
m/s; magnetic dip angle is about 500 and HFPLs are detected by 430-MHz backscatter radar, thus k0 and θ of the lines
in the HFPLs are 4.39π (i.e., twice the parallel wave number of the 430-MHz radar signal) and 400, respectively.
Substitute these values into (5), results to

|EN|th ≅ 1.51ξ[N + 3.87ξ−1/2(tan2θ − tan2θ0) +17.86ξ−1/2(sin2θ − sin2θ0)]1/2/sin2θ V/m

(7)

Therefore, the threshold field for the Nth cascade of (k1, 400) lines occurring near the HF wave reflection height in the
layer at h10 = h0, where k1 = 5.73π m−1, twice the wave number of the radar signal, and ωp2(h0) = ω0(ω0 + νe) − 3k02vte2,
i.e., θ0 = 0, is given by

|EN(h0)|th = 1.53ξ(N + 10.1ξ−1/2)1/2 V/m

(8)

and occurring in the matching height layer of the mother Langmuir pump at h10 = h1, where ωp2(h1) = ω0(ω0 + νe) −
3k12vte2 − Ωe2sin2400, i.e., θ0 = 400, becomes

|EN(h1)|th = 1.53ξN1/2 V/m.

(9)

The threshold field (9) is smaller than that of (8). Moreover, the OTSI and PDI threshold fields [3] for exciting (k1, 400)
sidebands in the layer at h10 = h0 are much larger than the corresponding ones at h10 = h1. Thus the cascade process
favors to occur in the layer at h10 = h1, where the threshold field requirement of the process is governed by (9). It is
noted that the lower hybrid frequency is proportional to ξ1/2, thus a larger ξ will need fewer number of cascades to
obtain the same bandwidth, i.e., N ∝ ξ−1/2. Include this fact the threshold field in (9) is still proportional to ξ3/4, thus the
decay instability prefers to excite the field-aligned lower hybrid resonance mode having ξ = 1.
We now examine the threshold conditions for producing a broad frequency downshifted HFPLs of 50 kHz bandwidth.
Since the lower hybrid resonance frequency f30 ≅ 6.2 kHz, thus N = 8 is needed in ξ = 1 case. The threshold field
evaluated from (9) for N = 8 is 4.33 V/m. This field amplitude is about twice of that of the HF pump wave [14], thus the
required HF field amplitude for 400 Langmuir sidebands excited by OTSI or PDI in their matching height layer able to
cascade 8 times is about 2.17 V/m. The result of 8 cascades produces a broadband of HFPLs having a broad spectral
bandwidth of about 50 kHz, which is downshifted continuously from the HF wave frequency.
In Tromso heating experiments, the parameters are: ω0/2π = 4 MHz, Ωe/2π = 1.35 MHz, νe = 1 kHz, vte ∼ 1.8×105 m/s,
Cs ∼ 1.66×103 m/s, and k01 = 12.17π (i.e., λ||1 = 0.1644 m, corresponding to 933-MHz radar) or k02 = 2.92π (i.e., λ||2 =
3

0.685 m, corresponding to 224-MHz radar); the propagation angle of HFPLs is θ = 120. In the case detected by 933MHz radar, the threshold field of the instability excited in the matching height layer of the mother Langmuir pump is
found to be |EN(h1)|th = 2.16ξN1/2 V/m. In the same situation but detected by 224-MHz radar, the threshold field is
increased to |EN(h1)|th = 9ξN1/2 V/m. In both cases, the threshold fields are higher than that in Arecibo.
SUMMARY
A parametric instability decays a Langmuir pump wave to a lower hybrid wave and a Langmuir sideband is studied.
This instability process cascades Langmuir sidebands of OTSI and PDI, excited by O-mode HF heating waves in
heating experiments, to produce a broad spectrum of frequency downshifted Langmuir waves. It is found in the analysis
that the cascade process can proceed continuously only if the wave vectors of three parametrically coupled waves in
each cascade are matched three-dimensionally. If k1, k2, and the z-axis are arranged on the same plane as the
conventional way to simplify the analysis, the product of the coupling terms of the two coupled mode equations will
have a wrong sign and there will be no instability. In other words, the cascade events have to proceed in threedimensional space. Moreover, the threshold fields of OTSI and PDI generating vertically propagating Langmuir waves
in their matching height region is much lower than the corresponding ones in the HF reflection height region [3], the
mother line of the cascade spectrum in HFPLs can be generated directly by the O-mode heating wave via OTSI or PDI
excited in the matching height region of this mother line.
The results of analysis for Arecibo heating experiments show that the cascade of 400 Langmuir sidebands of OTSI or
PDI can directly lead to a broad downshifted spectrum of HFPLs originating from the same altitude, which is the
matching height of the 400 Langmuir waves rather than the reflection height of the O-mode HF heating wave. The
required heating wave field for achieving cascade 8 times is about 2.17 V/m.
Lower hybrid waves, in general, have a broad spectrum with a spectral peak at lower hybrid resonance frequency. Thus
the generated cascade spectrum is expected to contain both discrete and continuum features. For a given bandwidth of
the cascade spectrum, the required number of cascades decreases as the frequency of the lower hybrid decay mode in
the cascade process increases. However, the threshold field of the Langmuir pump wave in each cascade step increases
with the increase of the frequency of the lower hybrid decay mode. It turns out that the threshold field of the HF heating
wave for the overall process is the minimum when the decay mode is a field-aligned lower hybrid resonance mode.
Thus the discrete feature is expected to prevail in the spectrum of HFPLs.
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