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ABSTRACT
A problem of reconstructing a vertical ionospheric electron density profile using measurements of the satellite signal
Doppler shift comes to solving an integral equation of the first kind. For this, one uses a new iteration algorithm
allowing obtaining a stable in the sense of Hadamard normal solution of the ill-conditioned linear algebraic system,
which does not depend on sampling. Accuracy of the solution depends on an irregularity of the experimental data. For
used experimental data a relative error does not exceed 4%.
INTRODUCTION
The first serious interest in the problem of reconstructing the electron density, N(z), .profile using measurements of the
integral effects arising in the ionosphere under radio wave propagation aroused in the early 1970s [1, 2]. In [3–5], there
were made attempts to use this possibility for investigating ionospheric parameters. Difficulty in practical use of such
an approach is explained by large values of the condition number of the matrix equation (ME), which is to be solved in
this case. It is possible to look for a solution of the ME with respect to the parameters of the profile model N(z) but a
larger interest gives a direct reconstruction of a real profile N(z) using experimental data on temporal changes in
characteristics of transionospheric propagation of radio waves.

MAIN PRINCIPLES
The problem of finding the ionospheric electron density profile, N(z), using the experimental measurements of the
satellite signal Doppler shift due to the ionosphere influence comes to solving an integral equation of the 1st kind [6]:
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where ∆ƒ(β) is the experimental Doppler shift dependence on the satellite elevation angle, β, a = 6370 km (Earth
radius), ƒ is the signal frequency in MHz, c is the speed of light (km/sec), zc is the satellite height (1000 km), zo is the
low boundary of the ionosphere. Equation (1) was solved by a collocation method after its reducing to a standard
interval on the nonuniform set of points. The integral was discretized by Gauss formula. The ME obtained as a result of
discretization is greatly ill-conditioned (the condition number being ~1020). Moreover, the experimental Doppler shift
dependence on the satellite elevation angle is extremely irregular. Under these conditions, the well-known methods for
solving ill-conditioned systems are not suitable [7]. Therefore, to solve such systems for a nearly spherically stratified
ionosphere, i.e., in the absence of large horizontal gradients of the electron density, it has been worked out a new
iteration algorithm [8] for obtaining a normal pseudosolution stable in the sense of Hadamard and independent of
sampling. Let us write down a system of equations obtained under discretization of (1) as follows:

AX = B.
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(2)

Instead of (2), we consider regularized equation

αX+AX= B,

(3)

which minimize the ||AX-B|| discrepancy at α→ 0. Equation (3) has a unique solution for any α≠ 0. If there is an
*
algorithm to solve (3), allowing to find X for any small α, and there exists the following limit:

X * = lim X α*

(4)

α →0

*

then this limit solution X will be a normal pseudosolution of (2) [9].
As the right-hand side obtained experimentally is extremely irregular, we use the following transformation of integral
equation (2), which smooth out the right-hand side:

AX = B ⇔ γX+AX= B + γX,

(5)

At the same time, γ is chosen so that the matrix

L = γE + A

(6)
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would be good-conditioned (here E is the identity matrix), and there would exist an inverse matrix L . Multiplying (5)
by L-1, we obtain equation
X - γL-1X = L-1B.
(7)
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The condition number of the matrix E-γ L is the same as the initial one, but the right-hand side is multiplied by the
-1
matrix L which, for some γ values, smoothes out the right-hand side and stabilizes the solving. We designate as
follows:
A1= E - γL-1, B1= L-1B .
(8)
In order to solve regularized (7),

αX + A1X = B1,

(9)

we use the following factorization [8]:

k= αE + A1 = L1 + U1,

(10)
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and α1 is the parameter of the factorization allowing to put down (9) in iteration form

X= L1-1 B1 - L1-1U1X.

(11)
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A norm of the iterating operator ||L U1|| is not smaller than unity but is very close to it. Therefore, the iteration process

X(n)= L1-1 B1 - L1-1 U1X(n-1)

(12)

does not always converge. Its convergence depends on a type of the right-hand side and the factorization parameter
(n)
(α1). If the iteration process (12) converges, then its subsequent solutions X form an increasing limited subsequence,
then they constitute a compact set in a Banach space. Corresponding discrepancies form a subsequence decreasing to
(n)
zero. In this case, as was shown in [10], X solutions tend to a normal pseudosolution of (9).Iteration algorithm (12)
used in our paper allows to obtain a solution for any small value of regularization parameter α, including α = 0. At the
same time, there is a limit (4) allowing to obtain a normal pseudosolution of (2).

NUMERICAL SOLUTIONS
Testing of the proposed algorithm was carried out using both the ionosphere models and experimental data on temporal
changes in the ionospheric component of the Doppler frequency shift, ∆ƒ, of navigation satellite signals, which were
obtained within satellite elevation angles of 8–62o (ascending branch), Fig. 1.
In order to obtain a numerical solution, the integral equation (1) was reduced to a standard integration interval. Under
discretization, there was used a quadrature Gauss formula together with roots of Legendre polynomial as nodes. The
number of nodes varied from 32 to 100. As a result, the solution does not practically change, its accuracy increasing
slightly with the number of nodes.
A solution error of the ill-conditioned ME depends on an irregularity degree of the experimental data. For very irregular
experimental data of the Doppler satellite signal shift (Fig. 1), used in calculations, a relative error is not more than 4%.
A convergence rate of the iteration process (12) used for solving the ill-conditioned ME is extremely high. The time of
solving the system of the 35th order with the ME condition number of ~1020 is 3 sec when using PC Pentium Pro 200
MHz (the program being written in Mathlab). Fig. 2 shows results of reconstructing the N(z) profile, conforming to the
ionosphere models. Curve 1 is the solution of algorithm integral equation (1) — N(z) profile reconstructed using initial
experimental temporal changes of ∆ƒ (dots). Curve 2 presents the N(z) profile reconstructed by means of smoothing
out the ∆ƒ dependence. When comparing these profiles, it is seen that the equation system solution is stable.
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Fig. 1 Experimental temporal dependence of satellite signal Doppler shift on 150 MHz.
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Fig. 2 Reconstructed electron density profiles.
CONCLUSION
A new iteration algorithm of reconstructing the N(z) profile using records of the temporal changes in characteristics of
transionospheric radio wave propagation is suggested. The reconstruction is made by solving the ill-conditioned linear
algebraic system. The solution of this system is stable in the sense of Hadamard and immune to the sampling. Such an
algorithm may be used for investigating dynamics of the ionospheric F2 region
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