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ABSTRACT 

The electromagnetic fields scattering from arbitrarily shaped, three-dimensional (3D) anisotropic dielectric bod- 
ies is investigated by using the mixed technique of method of moment (MOM), conjugate gradient method (CGM) 
and fast Fourier transform (FFT). This method is based on a general volume integro-differential formulation 
of the scattering problem in frequency domain. Numerical results for both the isotropic and the anisotropic 
sphere are presented, including comparisons with results obtained by using analytical method or those given in 
other papers. 

1. INTRODUCTION 

The calculation of the scattering of electromagnetic waves by anisotropic objects is a problem that has received 
increased attention in recent years. Over the past few decades, many techniques have been developed for 
the numerical solution of integral equations representing electromagnetic scattering problems. The method of 
moment (MOM) [l] g ives rigious solutions for arbitrary bodies, but in the past, the application of this approach 
has been limited to bodies that are electrical small because the computer time and memory requirements place 
an upper limit on the size of the body to be analyzed. Current research in computational electromagnetics 
includes efforts to develop more efficient algorithms for the solution of integral equations, thereby permitting 
the analysis of electrically larger and more complex geometries. Because of their potential for efficiency and low 
storage requirements, conjugate gradient method (CGM) [2] and the fast Fourier transform (FFT) are often 
incorporated into these algorithms. 

For scattering problems, where the far field is often relevant interest, the use of higher-order basis functions 
is not essential, and a pulse-basis function can be used to obtain for the required radar cross section (RCS) 
with less efforts. The present paper is intended to investigate the RCS of three-dimensional (3D) anisotropic 
bodies by using MOM-CGM-FFT mixed technique. 3D pulses and 6 functions are introduced as basis and 
testing functions to discretize the electric field integral equation (EFIE). Here the emphasis will be made on 
the procedure followed to discretize the EFIE and the solution of the matrix elements. 

2. THEORY 

2.1. Electric Field Integral Equation 

We consider the scattered field when an arbitrary anisotropic body to be located inside the free space is 
illuminated by a plane electromagnetic wave as shown in Fig.1. The relative dielectric permittivity tensor of 
the objects is taken to be the most general form cij # O(i,j = x, y, x>, while the magnetic permeability is taken 
to be equal to that of free space. By applying the vector of Green’s theorem and using the free-space Green’s 
dyadic, we obtain the following integral equation in a way similar to the scalar permittivity case [3]: 

l?(f) = IqF) + k,2 - - 
G(F,r ) = (I + k;“Vo)GO(F,r ), 7 7 (1) 

- 
where the tensor susceptibility distribution x($) = Z($) - 7, 7 = 5% + @ + Z is the unit dyadic, ko is the 

free space propagation constant, ‘u is the scatterer volume, ,!%(F) is the incident electric field and z(F) is the 
unknown electric field inside or outside the scatterer volume. 

Actually, (1) consists of three coupled integral equations in terms of E,, E, and E,. For a case where the 
tensor permittivity distribution is taken as ~,J,Q # V, p, v = x, y, x> zero, one obtains the integral equation of 



isotropic objects. For a general z or an arbitrary incident field, the resultant field E’ should be found by solving 
the three coupled integral equations implied in (1). 

2.2. Solution Procedure 

An approximation to the EFIE (1) can be obtained by expanding the electric field in terms of basis functions 
and testing the fields with suitable functions. In this paper the volume V of the scatterer is inscribed in a cube 
of side length L, , L, and L,. This cube is divided by a set of (N, - 1) x (NY - 1) x (N, - 1) planes parrel to the 
coordinate axes into N,N,N, small cube of volume nxnyL& where Ai = Li/Ni (see Fig.2). Every component 

in Z is assumed to be constant in each small cube. On applying pulse functions to expand the unknown field E’ 
and using the point-matching technique, the integral equation (1) reduces to a set of 3M(M = NX x NY x NJ 

simultaneous linear equations in terms of 3M unknowns @xk, ym, x,) as 

5 

p=x,y,x, I%=1,2 ,... NX, m=1,2 ,... NY, n=1,2 ,... Nz 

where the summation indices V, < run on x, y and x, and the points (XL, ym, x,) are centers of the small cubes. 
E’ 

c k 

Fig. 1 scattering geometry 
Fig.2 the real geometry is approximated by 

a set of small cube of volume AxAyAz 

We now discuss the quantities g,J&V, m-m’, n-n’), denoting the values of iFi times the integrals of associated 
components of the dyadic Green’s function over an element centered at the point (XL/, yml, x,,>. 

gxY = gyx = s Xhf +A42 y,t +Ay/2 X,1 +A42 a2Go 
Xhl -Ax/2 s Y,’ --nY/2 s pdx’dy’dx’ 

x,1 -Ax/2 dxdy 

- - (3) 
R$& = 

For self-cell coupling, i.e. when the source and field cells coincide, &xl, and 6ynz are both zero, giving null values 
along the diagonal of gxy. The terms in g,, = g,, and gyx = gxy have similar forms as gxy and can be obtained 
f-‘_,---- /F)\ ppm:Ll- Ll- - -- r-,L:cl -1 --rpmr LZpm- l- -:-- -- -*---lr ~- -1 ppm:Ll- -r--?-- - -L L - rrom (3) ~15~11 one partial uerivatclve bemg rep~,ceu witn respect to x instead of y and x instead of X, respectively. 
The terms in g,,, gyy and g,, have similar forms and need to be evaluated carefully. g,, can be written as a 
sum of two integrals, 

gxx = 
11 + 127 for k # k’or rn # m’or n # n’, 

Il+Iz+l, for k=k’,m=m’,n=n’, (4) 

where 
II = k,” s,sr’_‘n4”,!1” syY,,,‘+ny’2 S;iff”$) G&k,,, r’)dx’dy’dx’, 

I -Ay/2 

I2 = s 

xkp +Ax/2 

s 

ymm, +Ay/2 &, +&/2 d2G 

Xhl -Ax/2 YmfmAY12 s Adx’dy’dx’ 
x,1 -Ax/2 8x2 

- 
s 

YmI +AY/2 I x,1 +Ax/2 
- 

YmfmAY12 dlJ s x,1 -Ax/2 
dz’$-[Q&(1 +.i~~R)e-~~OR]~:_~~~~~~~~, 

k 

R=J (Xk - X’)2 + (Ym - 9’)” + (2, - x’)2- 

For gxx 7 the second integral can be reduced to a two-dimensional integration in (5). The evaluation of 11 depends 
on the coupling modes. For cross-coupling interactions, Green’s function is nonsingular and the resulting integral 
can be approximated by numerical quadrature. The integral for self-coupling interactions, however, becomes 



singular, and analytical method must be resorted to. When Az = ny = &, Green’s function can be expressed 
in sphere coordinates and the integration on a small cubic cell can be replaced by an equivalent one over a 
sphere. We can obtained: 

I1 = exp(-jkoro) - 1) + jkoroexp( -jkoro), (6) 

where ro = (llxlly&/4ir) ‘I3 represents the radius of a sphere which has the same volume with the small cubic 
cell. The terms in gyy and g,, can be obtained from (5) with the partial derivative in 12 being replaced with 
respect to y instead of x and x instead of x, respectively. 

After gpv (rF - V, m, - m’, n - n’) are evaluated, one can obtain a 3M x 3M matrix equation 

AX=Y, (7) 

where A = I - KD, I is the unit matrix of order 3M, K is a 3M x 3M full matrix whose entries correspond 
to g,&k - k’, m, - m’, n - n’), D is a 3M x 3M sparse matrix whose entries correspond to xpv(xk, ym, x,), and 

X and Y are 3&Ldimensional vectors whose components correspond to ,!?,Jx~, ym, x,> and to ,!!?i (xk, ym, x,). 
When all the terms in the impedance matrix A have been calculated, the system is solved by the conjugate 

gradient scheme [a]. Observing the operations in each cycle, it can be noted that the more CPU-time-consuming 
computations are those of type Aw, A”w that can be seen as the electric field created by source w using the 
matrix A or its adjoint Au. When the scatterer is enclosed in a uniformly discretised parallelepiped, each of 
these submatrices Aij (i, j = 1,2,3) which consist of the impedance matrix A is block-Toeplitz-Toeplitz-block 
at the “third level” . Those submatrices must to be expanded into a block-circulant-circulant-block to make use 
of the FFT in which only the first rows of these extended matrices need to be stored. Therefore, it needs less 
memory and CPU time by using the MOM-CGM-FFT. 

2.3. Calculations of the RCS 

Once the field I?(x~, ZJ~,X,) within the anisotropic objects is solved, the scattered field ,!?(xk, ym, x,> can be 
calculated by evaluating the integral in (1). Considering far-field approximation of the scattered field and using 
the sum instead of the integral in (1)) the bistatic RCS is given as following 

44) = lim 4m2 I I!?” I2 / I Ifi 12= ~(1 N+ I2 + I No I”>/ I Ifi 12, 
r+cc (8) 

where 
N@,$) = cos8cos&9,(8,~) +c0s8sin&9~(8,$) - sin8S,(@,$), 

&5(87 4 = - sin ~s,(~,~> + cos Wy(e, 4>, 

S,(8,@ = +) C CXCcv(XK,Ym,xn)Ev(xl,,y,,xn)5(~,m,n,8,~), (9) 

k,m,n v 

c‘(rF, m, n7 87 4) = exp[jko (xk sin 8 cos 4 + ym sin 8 sin 4 + 2, cos 8)]. 

In (g), (XhYm7 x,> indicates the centroids of kmnth small cubic cells and Av = nxAy& is the volume of each 
of these identical cells. 

Numerical computations have been performed by applying the theory developed in the above section. The 
incident field is a plane wave with electric-field amplitude equal to unity, polarized paralled to x^, and that 
propagate in the positive ?? direction. In order to check the accuracy of the developed numerical algorithm, we 
performed several trials. In the first place, numerical computations have been performed for isotropic spheres, 
i.e., when ~ij = c&j, and the results have been compared with Mie series solution results. In Fig.3, a comparison 
for a sphere with koa = 1.0, cxx = cyy = cxx = 4 is quoted, and an excellent agreement is observed. The dielectric 
sphere was modeled with eight cells in each direction giving rise to 840 unknown current components in the 
sphere. The stopping criterion for the iterations was specified to be 10m4. 

In order to investigate the effects of anisotropy on scattering, Fig.4 shows the bistatic RCS of a Ti02 sphere 
with I%oa = 0.5 and the uniaxial permittivity tensor cxx = 7.197, cyy = cxx = 5.193, ~ij = O(i # j) when a 
plane wave is incident on it. The scattering pattern in the x - x plane turns out be predominantly 8-polarized, 
whereas in the y - x plane it is &polarized. For comparison, the data from Mie theory for isotropic spheres 
of relative permittivities 5.193 and 7.197 are also plotted. The depolarized scattered fields(i.e., the &polarized 



one in the x - x plane and 8-polarized one in the y - x plane), which are due to anisotropy of the scatterer, 
have not been plotted since they are several orders of magnitude smaller for the calculations pertaining Fig.4. 

In Fig.5, we show the normalized bistatic cross sections, in the E-plane, of spheres with koa = 0.5, 6 = 5,7 
(isotropic cases) and z = &, & (anisotropic cases), where 

In our calculations, we find that the two isotropic cases are in good agreement with the Mie solutions. The 
results relative to the first anisotropic case z = zi are equal to those obtained for 6 = 7, since the x-polarized 
incident electric field is unable to observe the anisotropy in question, and therefore this has no influence on the 
scattering patterns. On the contrary, for z = & the anisotropy of the material is detected by the incident field 
and a cross-polarized scattered field is present (as in Fig.5b). Moreover, the results for two anisotropic case 
demonstrate excellent agreement with those in [4]. 
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4. CONCLUSION 

A mixed method for computing electromagnetic scattering from arbitrarily shaped, 3D anisotropic dielectric 
bodies is presented. The method is based on a general volume integro-differential formulation of the scattering 
problem, and consists of the numerical method by MOM with pulse basis functions and a Dirac 6 testing 
function. A particularly feature of this mixed method is that CGM and FFT technique are used for reducing 
storage and CPU time, therefore electrically large bodies can be handled effectively. The numerical results 
are validated by comparing the RCS of isotropic and anisotropic dielectric spheres with those obtained using 
analytical method or those given in other papers. 
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