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Abstract—A study of nonlinear electron acoustic (EA) cnoidal
waves is carried out in an un-magnetized plasma, in which
cold electrons and electron beam as a fluid, inertialess hot
superthermal electrons and stationary ions are considered. The
reductive perturbation approach is used to derive the Korteweg-
de Vries (KdV) equation. Further, the solution for EA cnoidal
waves is obtained with appropriate boundary conditions using the
Sagdeev pseudopotential technique. The effects of electron beam
and other plasma parameters have been analysed numerically to
analyse the characteristic properties of EA cnoidal waves. The
findings of the current study may be helpful in understanding
different nonlinear excitations in space and astrophysical regions.

Index Terms—Electron acoustic, Korteweg-de Vries equation,
Superthermal electrons, Cnoidal waves.

I. INTRODUCTION

OVer the past many years, satellite measurements in
the auroral and other areas of the magnetosphere have

confirmed the existence of electron acoustic waves [1]–[3].
In plasmas with cold and hot electrons having different
temperatures, electron-acoustic waves may occur. In these
plasmas, inertia is provided by the cold electrons, and the hot
electrons pressure provides the necessary restoring force [4],
[5]. Numerous authors have investigated the electron acoustic
waves in the presence of electron beam. The formation of
isolated structures in the geotail of Broadband Electrostatic
Noise (BEN) emissions indicates the presence of an electron
beam [6]–[8]. Singh et al. [8] demonstrated how electron
acoustic solitons evolved in a magnetised plasma containing
nonthermal electrons embedded with an electron beam. They
discovered that the electron beam and other plasma parameters
have a considerable impact on negative potential solitons.
Bansal and Gill [9] studied the propagation properties of
EA shock waves in an electron beam magnetised plasma
deriving the Korteweg–de Vries–Burgers (KdVB) equation

and showed that the EA shock waves are considerably altered
by the electron beam. Kaur and Saini [10] studied the role
of higher order effects in EA beam plasma using a the KdV-
type inhomogeneous equation. It was observed that electron
beam along with higher order contributions have significantly
modified the properties of different kinds of EA waves.

A number of studies have shown that when plasma particles
deviate from the Maxwell-Boltzmann distribution, especially
in the high energy tail, the physical velocity distribution can
be described by a non-Maxwellian distribution function [11],
[12]. To describe this, the Kappa (κ) distribution function,
which is an extension of the Maxwell-Boltzmann distribution,
describes the superthermal particles. Initially, the Kappa dis-
tribution was developed as a power-law function to describe
particles in plasmas that were out of thermal equilibrium
[13]–[15]. Many authors have investigated the behaviour of
electron-acoustic waves with the κ distribution for hot and
cold electrons. Danekhar [16] investigated the dynamics of
EA solitons in an unmagnetized plasma consisting of cool
inertial electrons, hot electrons obeying kappa distribution and
immobile ions. The propagation properties of EA waves were
analysed under the influence of superthermality (via κ) and
other different plasma parameters. Danehkar [17] investigated
the characteristics of EA solitary waves in an electron beam-
embedded superthermal plasma. It was found that the electron
beam parameters and other plasma parameters have a signifi-
cant impact on the properties of EA waves.

Numerous researchers have investigated nonlinear cnoidal
waves in various plasma environments. Due to its applicability
in several fields of plasma physics, the study of cnoidal
(periodic) waves has great importance during the past few
decades. The Korteweg-de Vries (KdV) equation has an ac-
curate periodic solution in the form of cnoidal waves (Jacobi
elliptic function) [18]. Nonlinear wave transportation in vari-



ous plasma environments is one of the principal applications
of the dynamics of cnoidal waves [19]. The features of DA
cnoidal waves in an unmagnetized dusty plasma with nega-
tively charged dust fluid, superthermal ions, and Maxwellian
electrons in the presence of polarization force were studied
by Singh et al. [20] by examining the impact of various
plasma parameters. Khaled and Rehman [21] reported the
propagation properties of ion acoustic periodic waves in a
plasma containing Maxwellian electrons and positive ions with
anisotropic thermal pressure. They analysed that the pressure
anisotropy has a great impact on the characteristics of ion
acoustic cnoidal waves.

Our goal in this work is to examine how the electron
beam and superthermal hot electrons affect the features of
EA nonlinear cnoidal waves in a four-component plasma
with stationary ions, electron beam, hot electrons that follow
a superthermal distribution, and inertial cold electrons. The
manuscript is organised as follows: In Section II, the fluid
equations are presented. The derivation of KdV and its cnoidal
solution are mentioned in Sections III and IV respectively.
Parametric analysis is illustrated in Section V. Section VI is
devoted to conclusions.

II. FLUID EQUATIONS

We consider an unmagnetized, collisionless plasma made
up of stationary positive ions embedded in an electron
beam, inertialess hot electrons, cold electron fluid, and
superthermal hot electrons. The dynamics of EA cnoidal
waves is characterized by the normalized fluid equations
(continuity,momentum and Poisson) [17]:
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where (r = b, c) denotes electron beam and cold electrons
respectively). The normalization of the above set of equations
is mentioned in detail in [10]. Here, ρh = nh0
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The number density of superthermal hot electrons is given as
[22]:
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2

)−κ+ 1
2

. (5)

At equilibrium, the plasma is quasi-neutral, so that

nc0 + nb0 = ni0 − nh0. (6)

III. DERIVATION OF THE KDV EQUATION AND ITS
SOLUTION

We use the reductive perturbation approach to get the KdV
equation by specifying the stretched independent variables as
follows:

ξ = ϵ
1
2 (x− λt) and τ = ϵ

3
2 t, (7)

where, λ is the phase velocity of EA waves. The physical
quantities in equations (1-5) are expanded into powers of ϵ
as:

S = S0 +

∞∑
m=1

ϵmSm, (8)

where, S = (nc, nb, uc, ub, pc, pb,Φ) and S0 =
(1, 1, 0, Vb, 1, 1, 0).
After substituting Eqs. (7-8) into Eqs. (1-4), we have obtained
the expressions with different powers of ϵ. For lowest order
in ϵ, we obtain the following first order evolution equations:
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Here, K1, K2 are integration constants. After solving Eqs.
(9-14), we get the phase velocity relation as:
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To the next order of ϵ, the second order equations are obtained.
After equating the second order equations using first order
equations, the KdV type equation for EA cnoidal waves is
derived as :
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here nonlinear coefficient A = b
a , dispersion coefficient B =

−1
a , K is integration constant,

where,
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IV. CNOIDAL WAVE SOLUTION OF KDV TYPE EQUATION

The stationary solution of equation (16) is obtained by using
the transformation η = ξ − U1τ , here U1 is velocity of EA
cnoidal waves. By changing Eq. (16) into η coordinate, the
energy balance equation is obtained as:

1

2

(
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)2

+W (Φ) = 0, (17)

where W (Φ) is the Sagdeev potential, which is given as:

W (Φ) =
A

6B
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2B
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2
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ρ0 and E0 are the integration constants representing the charge
density and the electric field, respectively. U = U1 −K and
E2

0/2 is the total energy of oscillations. By using the initial
boundary conditions Φ(0) = Φ0 and ∂Φ(0)

∂η = 0, the expression
for electric field E0 is obtained as
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Substituting Eqs. (18) and (19) in Eq. (17) and after some
mathematical calculations, the periodic wave solution of Eq.
(16) is given as [23]:

Φ(η) = Φ1 +Φcncn
2(Hη, q), (20)

where cn is the Jacobian elliptic function and the param-
eters q and H are defined as q2 = (Φ0−Φ1)

(Φ0−Φ2)
and H =√

A
12B (Φ0 − Φ2), where Φ1, Φ2 is explained in [23] and q2

is varied as 0 ≤ q ≤ 1. The amplitude and the wavelength
of the cnoidal wave are defined as Φcn = (Φ0 − Φ1) and
λc = 4

√
3B
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integral of the first kind.
For the case, q → 1 (E0 = ρ0 = 0) at Φ1 = Φ2 = 0,
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and cn δ = sech δ, the cnoidal wave solution reduces to the
following solitary wave solution [20] as:

Φ(η) = Φmsech2
( η

w

)
, (21)

where, Φm = 3U
A and w =

√
4B
U are the peak amplitude and

the width of the EA solitary waves, respectively.

V. PARAMETRIC ANALYSIS

In this section, we have analysed the features of EA cnoidal
waves in a superthermal plasma with an electron beam under
the influence of various plasma parameters such as beam to
hot electron temperature ratio (θbh) , cold to hot electron tem-
perature ratio (θch) and superthermal distribution parameter κ
along with other normalized physical parameters : hot to cold
electron number density ratio ρh(= nh0/nc0) and beam to cold
electron number density ratio ρb(= nb0/nc0) beam velocity
(Vb). We have taken the observations of BEN in the auroral
zone [2], [3] and selected the appropriate values nc ∼ 10
cm−3, nh ∼ 10 cm−3, Th ∼ 500 eV, Tb ∼ 1 eV .

Fig. 1 (a) depicts the variation of Sagdeev potential W(Φ)
with Φ for different values of superthermality parameter (κ). It

(a) (b)

Fig. 1. (Color online) Variation of (a) Sagdeev potential of EA cnoidal waves
W(Φ) vs. η (b) Phase plot for EA cnoidal waves for different values of κ
with Vb = 0.45, ρb = 0.008, ρh = 1, θbh = 0.004, U = 0.3, E0 = 0.004
and ρ0 = 0.001, Solid (Black) curve: soliton with κ = 3, ρ0 = 0 and
E0 = 0; Dashed (Red) curve: κ = 3; Dotdashed (Blue) curve: κ = 3.5;
Solid (Magenta) curve: κ = 10.

(a) (b)

Fig. 2. (Color online) Variation of (a) Sagdeev potential of IA cnoidal waves
V(Φ) vs. Φ (b) Phase plot for ion IA cnoidal waves for different values of
Vb with κ = 3, ρb = 0.008, ρh = 1, θbh = 0.001, U = 0.3, E0 = 0.004
and ρ0 = 0.001, Solid (Black) curve: soliton with Vb = 4, ρ0 = 0 and
E0 = 0; Dashed (Red) curve: Vb = 4; Dotdashed (Blue) curve: Vb = 5;
Solid (Magenta) curve:Vb = 6.

is seen that with the increase in the values of superthermality
parameter the maximum amplitude and depth of Sagdeev
potential increases for EA cnoidal waves. Additionally, the
Sagdeev potential W(Φ) associated with the electron acoustic
cnoidal waves does not vanish at Φ = 0, however, W(Φ) for
EA solitary waves becomes zero at Φ = 0 (with E0 = 0,
ρ0 = 0). Fig. 1 (b) presents the phase plane plots of
electron acoustic cnoidal waves and solitary waves separatix
for negative potential. It is observed that the nonlinear and
dispersion properties of EA cnoidal waves are significantly

(a) (b)

Fig. 3. (Color online) Variation of (a) Sagdeev potential of IA cnoidal waves
V(Φ) vs. Φ (b) Phase plot for ion IA cnoidal waves for different values of
θch with Vb = 0.45, κ = 3, ρb = 0.006, ρh = 1, θbh = 0.001, U = 0.3,
E0 = 0.004 and ρ0 = 0.001, Solid (Black) curve: soliton with θch = 0.01
, ρ0 = 0 and E0 = 0; Dashed (Red) curve: θch = 0.01 ; Dotdashed (Blue)
curve: θch = 0.03 ; Solid (Magenta) curve: θch = 0.05.



enhanced with a change in the superthermality parameter. Fig.
2 (a) shows the variation of Sagdeev potential W(Φ) with Φ
for different values of beam velocity (Vb). It is found that
the amplitude and width of EA cnoidal waves are decreased
with an increase in the values of beam velocity (Vb). This
shows that electron beam parameters have greatly modified
the characteristic properties of nonlinear EA cnoidal waves.
Fig. 2 (b) depicts the phase plot, which represents the similar
variation in the features of EA cnoidal waves with different
values of Vb. We have analysed the variation of Sagdeev
potential W(Φ) versus Φ for different values cold to hot
electron temperature ratio (θch) in Fig 3 (a). As seen in the
Fig. 3 (a), with the increase of cold to hot electron temperature
ratio (θch), the width and amplitude of EA cnoidal waves are
decreased. Fig. 3 (b) illustrates the variation in phase plot
of EA cnoidal waves with cold to hot electron temperature
ratio. It is important to remark that the EA cnoidal waves are
significantly influenced by cold to hot electron temperature
ratio.

VI. CONCLUSION

In this investigation, we have studied the propagation prop-
erties of EA cnoidal waves in an unmagnetized plasma consist-
ing of inertial cold electrons, electron beam fluid, inertialess
superthermal hot electrons, and with stationary background
ions. The reductive perturbation method is employed to derive
the KdV equation and only negative potential EA cnoidal
waves are observed in the presence of an electron beam. The
effects of the electron beam and various plasma parameters on
EA cnoidal waves have been analysed. The electron acoustic
cnoidal waves are reduced to solitary waves in the limiting
condition. The findings of this study may be helpful for
comprehending the plasma that is seen in various areas of
the Earth’s magnetosphere.
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