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Abstract – An electromagnetic imaging technique
for the characterization of targets embedded in stratified
media is proposed. The method aims at reconstructing
the distributions of the dielectric properties from
scattering S-parameters measurements through a non-
linear inversion technique in variable-exponent Le-
besgue spaces merged with a finite-element formula-
tion. The proposed method is validated in a numerically
simulated three-layer scenario involving both single and
multiple targets, showing good reconstruction capabil-
ities.

1. Introduction

Electromagnetic imaging is an effective approach
for performing non-invasive diagnostics in the presence
of layered media, such as for subsurface prospection,
soil mapping, road pavement monitoring, and non-
destructive testing in industrial scenarios [1–4].

Qualitative and radar-based techniques represent
commonly adopted approaches in this context [5–7]. On
the one hand, they are fast and less computational
demanding; on the other, they usually provide only
limited information of the target. Quantitative inverse
scattering techniques constitute effective alternative
approaches, which have the main advantage of
providing the full distributions of dielectric properties
of the inspected scenario. However, they require dealing
with an ill-posed and non-linear problem. Several
approaches have been proposed to address this task
(e.g., [8–11]).

A promising class of quantitative techniques is
represented by methods formulated in variable exponent
Lebesgue spaces Lp �ð Þ [12–14], which have been found
particularly efficient thanks to the possibility of
adaptively tuning the exponent function that defines
the space of unknowns, such as to promote sparsity in a
subregion of the imaged area.

In this article, an electromagnetic imaging tech-
nique for the detection of unknown targets embedded in
stratified media is presented, combining a non-linear
inversion formulated in variable exponent spaces Lp �ð Þ

with a finite-element (FE) solver. Such an approach
extends the one initially present in [12] for stroke
detection by allowing the inspection of targets embed-
ded in a subsurface scenario where stratified media are
present. Moreover, since the approach directly works on
the S-parameters at antenna ports, a better modeling of
the measurements setup with respect to [13–15] can be
achieved. Numerical validation in the presence of a
three-layer scenario with single and multiple embedded
targets is presented.

2. Inversion Procedure

The detection of targets included in a multi-layer
environment is considered (Figure 1). In detail, a set of
N antennas, operating in a multi-static and multi-view
configuration, are located along a measurement line of
length l (parallel to the x-axis). The scenario is
composed of three layers of non-magnetic materials:
the upper one is air (characterized by the dielectric
properties of vacuum), the intermediate one has height
h2 and complex relative dielectric permittivity er;2, and
the lower one has complex relative dielectric permit-
tivity er;3. The targets under test (assumed to be
cylindrical with axis directed along the z-axis) are
illuminated by a z-polarized incident radiation and are
located within a rectangular D 3 W investigation region
I in the lower layer. Under these assumptions, a two-
dimensional setting is considered.

The dielectric properties of the investigation
region are described in terms of the contrast function
v rð Þ ¼ er rð Þ=er;3 � 1, r 2 I . The aim of the imaging
procedure is to retrieve such an unknown function from
measurements of the scattering parameters collected
between antenna pairs h; k, h 6¼ k. It is assumed to have
at our disposal data with and without targets, that is, Stot

hk
and Sinc

hk .
The investigation domain is discretized into N

triangles In and the z-components of incident and total
electric fields when lth antenna transmits are formulated

by the FE approach as u
inc;n
l rð Þ ¼

P3
q¼1

u
inc;n
l;q cn

q rð Þ and

u
tot;v;n
l rð Þ ¼

P3
q¼1

u
tot;v;n
l;q cn

q rð Þ with r 2 In; cn
q rð Þ being

triangular first-order basis functions and u
inc;n
l;q

u
tot;v;n
l;q coefficients of expansion in basis functions [16].
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Moreover, the unknown function is assumed constant in

each triangle and represented as an array v ¼
v1; . . . :; vN½ �T :

The scattering S-parameters SSC
hk ¼ Stot

hk � Sinc
hk and

contrast function are related as [17]

SSC
hk ¼ ahk

XN

n¼1

vn
X3

r¼1

X3

s¼1

u
inc;n
h;r u

tot;v;n
k;s Tn

r;s ð1Þ

where ahk ¼ �jxe0er;3=2bhbk , bl are the amplitudes of
the incoming waves at port l and Tn

r;s ¼
R

In
cn

r r0ð Þcn
s

r0ð Þdr0.
Considering measurements collected from all the

possible pairs of transmitting and receiving antennas,
the inverse problem is described by the system of
equations

R12ðvÞ
..
.

RhkðvÞ
..
.

RHKðvÞ

2
66666664

3
77777775
¼

SSC
12

..

.

SSC
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..

.

SSC
HK

2
6666664

3
7777775

ð2Þ

where H ¼ N , K ¼ N � 1, and Rhk v
� �
¼ ahk

PN
n¼1

vn

P3
r¼1

P3
s¼1

u
inc;n
h;r u

tot;v;n
k;s Tn

r;s. It is worth remarking that the total

internal field and the corresponding coefficients u
tot;v;n
l;q in

turn depend on values of the unknown contrast function

in array v, thus leading to a non-linear problem.
An inexact Newton procedure [18] formulated in

the framework of Lp �ð Þ spaces is used to invert (2). This
method solves the non-linear problem by means of two
iterative cycles [19]. At first, (2) is linearized around the
current solution, starting with initial guess v

0
¼ 0. Then

the linearized problem is solved by a Landweber-like
method in Lp �ð Þ spaces [12, 19]. In each step, incident
and total field coefficients u

inc;n
l;q , u

tot;v;n
l;q due to the

current solution are computed by using the FE method
(more details can be found in [16]). Moreover, the
exponent function p rð Þ, r 2 I , defining the adopted
variable-exponent space, is adaptively updated at each

outer iteration by applying a linear mapping between
the normalized magnitude of the current solution v

i
and

the interval mp;Mp

� �
with 1 � mp , Mp [15]. In this

way, the exponent function assumes low values in the
background to promote sparsity of the solution and
prevent ringing effects, whereas higher values in the
target region allow keeping a good reconstruction of
smooth profiles as well. Such an adaptively variable
exponent function p rð Þ defines the exponent of space of
unknowns Y , and its spatial average in I is assigned as
an exponent of data space X . The procedure is halted
when proper convergence criteria are satisfied [15].

3. Numerical Results

A numerical assessment of the proposed method
has been performed. In particular, a set of N ¼ 10
waveguide antennas with a cross section of size a ¼ 6
cm (along the x-axis) and d ¼ 8 cm (along the y-axis),
filled with a material of relative dielectric permittivity
er;w ¼ 36, has been considered. The antennas are placed
along a line at height h1 ¼ 3 cm from the soil and have
a distance of h ¼ 5:5 cm between adjacent elements
along a measurement line of length l ¼ 1:095 m. The
upper layer is air (characterized by er;1 ¼ 1), whereas
the lowest layer is characterized by er;3 ¼ 3� j0:0036ð Þ
(i.e., a dry sandy soil has been considered). The
intermediate layer has thickness h2 ¼ 6 cm, and tests
with different values of its relative complex permittivity
have been carried out. In particular, such a layer has
been characterized by values of the relative dielectric
permittivity er;2 ¼ er;3 þ d; with d ¼ �1; 1; 5; 9f g; that
is, Re er;2

� �
¼ 2; 4; 8; 12f g. A void target (i.e., having

relative dielectric permittivity er;t ¼ 1) with a circular
cross section of diameter d ¼ 14 cm is positioned at
xo; yoð Þ ¼ �15;�20ð Þ cm.

Forward simulations to obtain the total and
incident scattering parameters have been performed by
the FE solver at f ¼ 550MHz. Then multiplicative
Gaussian noise with a percentage of 3% has been added
to the total S-parameters. The simulation domain has
been discretized with a frontal Delaunay algorithm
using the Gmsh open-source tool [20] with maximum
edge length eI ¼ 0:2 cm at antenna ports and eI ¼ 0:5
cm otherwise. Absorbing boundary conditions are
enforced by using a perfectly matched anisotropic
absorber [16].

For the solution of the inverse problem, an
investigation domain of size W ¼ 60 cm and D ¼ 40
cm, centered at xI :yIð Þ ¼ 0;�28ð Þ cm, discretized with
maximum edge length eI ¼ 0:6 cm, has been consid-
ered. The inversion method has been run by setting
maximum numbers of inexact Newton/Landweber
iterations, L ¼ 50; threshold on residual relative varia-
tion, th ¼ 0.01; and range of the exponent function,
mp;Mp

� �
¼ 1:3; 2:0½ �.

The reconstruction method has been quantitatively
evaluated through the relative error on the dielectric
permittivity in the region where the target is contained
(Itar) and in the background (Ibg), defined as

Figure 1. Configuration of the problem in stratified media.
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e tar
bg

n ¼ 1

N tar
bg

n
X

n2 Itar
Ibg

�
er;n � er;n

		 		
er;n

		 		 ð3Þ

where N tar
bg

n is the number of elements in the

respective regions, er;n is the reconstructed relative

complex dielectric permittivity in the nth element, and

er;n the corresponding reference value.
First, the inversion has been performed consider-

ing the exact configuration of the layered background,
known as a priori information. Then a simplified
homogeneous soil characterized by er;3 (i.e., a two-
layer configuration) has been assumed to analyze the
effects of the uncertainty in the background knowledge.

Figure 2 reports the reconstruction errors for all
the considered cases. Moreover, Figures 3 and 4 show
two examples of the distributions of the reconstructed
real part of the dielectric permittivity (with superim-
posed the actual target geometry) achieved with
Re er;2

� �
¼ 4 and Re er;2

� �
¼ 12 when the layered

structure is unknown (Figures 3a and 4a) or when it is
exactly modeled in the inversion (Figures 3b and 4b).
As expected, when the exact structure is unknown, the
reconstruction is good (and comparable to the case of
exact knowledge) when the dielectric permittivity of the
intermediate layer is similar to that of the lower one
(e.g., as in Figure 3a), but the performance deteriorates
when dielectric properties become significantly differ-
ent. In particular, for Re er;2

� �
� 12, the target is not

recovered (Figure 4a). Conversely, when the exact
structure is considered in the inversion, the target is
always correctly localized, its shape is recovered, and a
suitable reconstruction of dielectric permittivity is
achieved, as confirmed by the error values in Figure 2
and by the examples in Figures 3b and 4b.

As an additional test, the performance of the
method has been validated when two targets are present
in the investigation domain. In particular, an additional

target of rectangular cross section with sides lM ¼ 10

cm and lm ¼ 4 cm characterized by ero;2 ¼ 6 has been

added at xo;2:yo;2


 �
¼ �10; 25ð Þ cm, and the intermedi-

ate layer is characterized by er;2 ¼ 4� j0:0036ð Þ. All

the other parameters are the same of the previous cases.

The reconstructed distribution of the real part of

dielectric permittivity is shown in Figure 5. As can be

noticed, both targets are localized, and their dielectric

properties are correctly identified. Moreover, geome-

tries are recovered quite well, although some artifacts

are visible in the background. The reconstruction errors

Figure 2. Relative reconstruction errors in the target and in the
background region versus the real part of the relative dielectric
permittivity of the intermediate soil layer, Re er;2

� �
.

Figure 3. Reconstructed distributions of the real part of relative
dielectric permittivity with Re er;2

� �
¼ 4 and inversion with (a)

unknown and (b) known layered configuration.

Figure 4. As in Figure 3 but with Re er;2

� �
¼ 12.
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in the background region and in the target region are
ebg ¼ 0:0276 and etar ¼ 0:578, respectively. Finally,
with the aim of comparison, inversion in Hilbert space
(i.e., p ¼ 2) has been considered, and the reconstruction
errors in the target and in the background regions are
ebg ¼ 0:0503 and etar ¼ 0:619, respectively. As can be
noticed, variable-exponent Lebesgue spaces allow
reconstruction errors to be smaller.

4. Conclusions

An approach to characterize targets included in
stratified media is discussed in this article. An inversion
procedure in variable-exponent Lebesgue spaces relying
on an FE inner solver is proposed and validated in a
numerically simulated environment composed of three
layers. The effects of the variation of the dielectric
permittivity of the intermediate layer have been
analyzed. Furthermore, the behavior of the method in
the presence of multiple targets of different shape has
been investigated. The results show that the developed
approach is potentially able to obtain a quantitative
reconstruction of both the shape and the dielectric
properties of targets embedded in stratified media,
which is relevant in many applicable fields. Further
studies will include a more extensive numerical analysis
and an experimental validation of the method.
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