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Abstract – The diffraction by a semi-infinite plate
with fractional boundary conditions (FBCs) and imped-
ance boundary conditions (IBCs) is rigorously analyzed
for the E-polarized plane wave incidence using the
Wiener–Hopf technique. The scattered field is evaluated
with the aid of the steepest descent method, leading to a
Fresnel integral representation. Numerical examples of
the total field intensity are presented, and scattering
characteristics of the semi-infinite plate are discussed.
Comparisons of the results between the FBCs and the
IBCs are also shown.

1. Introduction

Analysis of the diffraction by a semi-infinite plate
is a fundamental and essential issue in electromagnetic
theory. Recently, the diffraction problems related to
fractional boundary conditions (FBCs) have been
analyzed in several papers [1, 2]. Veliyev et al. studied
the diffraction by a semi-infinite plate with FBC using
an analytical-numerical approach and clarified the near-
field behavior [2]. In a previous paper [3], we rigorously
analyzed the plane-wave diffraction problem involving
a semi-infinite plate with the FBCs using the Wiener–
Hopf technique [4, 5] and obtained the closed-form
solution.

In this article, we consider the same semi-infinite
plate geometry as in the previous article [3] and carry
out the Wiener–Hopf analysis of the diffraction for E-
polarized plane wave incidence via the use of the FBCs.
Furthermore, we will also solve the semi-infinite plate
with impedance boundary conditions (IBCs) [6] using a
similar procedure to the above. Comparing the results
applied to the FBCs and the IBCs, we will verify the
difference in scattering characteristics of the surface
with the FBCs and the IBCs.

Introducing the Fourier transform of the scattered
field and applying FBCs and IBCs in the transform
domain, the problem is reduced to the Wiener–Hopf
equations, which are solved exactly via the factorization
and decomposition procedure. The scattered field in the
real space is evaluated by taking the Fourier inverse of
the solution in the transform domain and using the
steepest descent method and the Fresnel integral
representation. Numerical examples of the reflection
coefficients and the field intensity are presented, and the

semi-infinite plate scattering characteristics are dis-
cussed in detail. Some comparisons of the results
between the FBCs and the IBCs are also given.

The time factor is assumed to be exp �ixtð Þ and
suppressed throughout this article.

2. Diffraction by a Semi-Infinite Plate with
FBCs

We consider the diffraction of a plane wave by a
semi-infinite plate with FBCs, as shown in Figure 1.
The incident field is assumed to be of E-polarization.

Let the total electric field /t x; zð Þ [ Et
y x; zð Þ

h i
be

/t x; zð Þ ¼ /i x; zð Þ þ / x; zð Þ ð1Þ
where /i x; zð Þ is the incident field given by

/i x; zð Þ ¼ e�ik x sin h0þz cos h0ð Þ; 0 , h0 , p=2 ð2Þ
In (2), k ¼ x

ffiffiffiffiffiffiffiffiffi
l0e0
p� �

is the free-space wavenumber,
where e0 and l0 denote the permittivity and permeabil-
ity of the vacuum, respectively. The term / x; zð Þ in (1)
is the unknown scattered field and satisfies the two-
dimensional Helmholtz equation.

The total electric field /tðx; zÞ satisfies the FBCs
on the fractional semi-infinite plate as given by

Dm
xEt

y x; zð Þ
���
x¼6 0

¼ 0; z , 0 ð3Þ

where the fractional order m takes the value between 0
and 1 and Dm

x f xð Þ denotes a fractional derivative and is
defined by the integral of Riemann–Liouville [7],

Dm
x f xð Þ ¼ 1

C 1� mð Þ
d

dx

Z x

�‘

f tð Þ x� tð Þ�m
dt ð4Þ

with C �ð Þ being the gamma function. The reflection
coefficient is given by

RFBC ¼ �e�ipm ð5Þ
We now define the Fourier transform of the

unknown scattered field / x; zð Þ with respect to z as

U x; að Þ ¼ 2pð Þ�1=2

Z ‘

�‘

/ x; zð Þeiazdz ð6Þ

where a ¼ rþ is:
For convenience of analysis, we assume the

medium to be slightly lossy as in k ¼ k1 þ ik2; 0 , k2

� k1: The solution for real k is obtained by letting k2

! þ0 at the end of analysis.
We introduce the polar coordinate x ¼ q sin h and

z ¼ q cos h for �p , h , p: Rearranging the Wiener–
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Hopf solution for the half-plane with the FBCs
established in the previous paper [3], we can show that
the scattered field / q; hð Þ is reduced to an exact
representation of the scattered field. The details are
not discussed here, but we arrive at the exact field
representation as in

/ q; hð Þ ¼ eikq

2pi

Z ‘

�‘

f1ðtÞe�kqt2

dt þ
Z ‘

�‘

f2ðtÞe�kqt2

dt

� �
� Gs;d p� h0ð Þe�ikq cos hj jþh0ð ÞF 2kqð Þ1=2

cos
hj jþh0

2

h i
� Gd;s p� h0ð Þe�ikq cos hj j�h0ð ÞF 2kqð Þ1=2

cos
hj j�h0

2

h i
ð7Þ

where F �ð Þ is the Fresnel integral defined by

F zð Þ ¼ e�ip=4p�1=2

Z ‘

z

eit2

dt ð8Þ

and

f1ðtÞ ¼
Gs;d wþ hj jð Þ

��
t¼ 2ið Þ1=2

sin w=2ð Þ � Gs;d p� h0ð Þ

2i� t2ð Þ cos
hj jþh0

2
� t 1� it2=2ð Þ1=2

sin
hj jþh0

2

ð9Þ

f2ðtÞ ¼
Gd;s wþ hj jð Þ

��
t¼ 2ið Þ1=2

sin w=2ð Þ � Gd;s p� h0ð Þ

2i� t2ð Þ cos
hj j�h0

2
� t 1� it2=2ð Þ1=2

sin
hj j�h0

2

ð10Þ
with

Gs;d wð Þ ¼
sinmh0

2

cosmw
2

e�ipm þ 1

2
6

e�ipm � 1

2

cos w
2

sin h0

2

" #
ð11Þ

Gs;d p� h0ð Þ ¼ e�ipm

1

�
ð12Þ

The solution (7) reduces to the exact solution with
perfect electric conductor (PEC) and perfect magnet-
ic conductor (PMC) boundary conditions when m ¼ 0;
1.

3. Diffraction by a Semi-Infinite Plate with
IBCs

We consider the E-polarized plane wave diffrac-
tion by a semi-infinite plate with IBCs, as shown in
Figure 1.

On the surface of the semi-infinite plate, the
tangential electric and magnetic field components
satisfy the IBCs as given by

Et
y 6 0; zð Þ6 gHt

zð6 0; zÞ ¼ 0; z , 0 ð13Þ

where g is surface impedance. Equation (13) is also
known as the Leontovich boundary condition for a
planar surface [6]. The reflection coefficient is given by

RIBC ¼
gY0 sin h0 � 1

gY0 sin h0 þ 1
ð14Þ

where Y0 is an admittance of free space.

Using the Wiener–Hopf technique, the exact
solution of the scattered field in the Fourier transform
domain is obtained as

U x; að Þ ¼ ~U að Þe�c xj j ð15Þ
where c ¼ a2 � k2ð Þ1=2

and

~U að Þ ¼ �J 0
� að Þ= 2cð Þ6 J� að Þ=2; x⁄ 0 ð16Þ

with

J 0
� að Þ ¼ � 2pð Þ�1=2

i

Mþ k cos h0ð ÞM� að Þ a� k cos h0ð Þ ð17Þ

J� að Þ ¼ � 2pð Þ�1=2
k sin h0

Kþ k cos h0ð ÞK� að Þ a� k cos h0ð Þ ð18Þ

In (17) and (18),

M6 að Þ ¼ i=2ð Þ1=2
k 6 að Þ�1=2

N6 að Þ ð19Þ

K6 að Þ ¼ k= 2igY0ð Þ½ �1=2
N6 að Þ ð20Þ

with

N6 að Þ ¼ 1þ 1=dð Þ1=2
1þ a2

	
k2 d2 � 1

 �� �� 1=4

� exp � d
p

Z arccos 6 a=kð Þ

p=2

t cos t

sin2t � d2
dt

(

6
i

2p
ln dþ d2 � 1


 �1=2
h i

� ln
ik d2 � 1

 �1=2 þ a

ik d2 � 1

 �1=2 � a

2
4

3
5) ð21Þ

d ¼ 1= gY0ð Þ: ð22Þ

The scattered field in the real space is obtained by
taking the inverse Fourier transform of (15) according
to the formula

Figure 1. Geometry of the problem.
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/ x; zð Þ ¼ 2pð Þ�1=2

Z ‘þic

�‘þic

~U að Þe�c xj j�iazda ð23Þ

where �k2 , c , k2 cos h0:
We introduce the polar coordinate x¼q sinh and z

¼ q cosh for �p , h , p and let k2 � þ0. Using the
steepest descent method [8], we can show after some
manipulations that (23) is reduced to the Fresnel
integral representation,

/ðq; hÞ;�h h; h0; gð Þe�ikq cos hj jþh0ð ÞF 2kqð Þ1=2
cos

hj jþh0

2

h i
� h h; h0; gð Þe�ikq cos hj j�h0ð ÞF 2kqð Þ1=2

cos
hj j�h0

2

h i
þH hj j � pþ h0ð Þe�ikq cos hj jþh0ð Þ

� h h; h0; gð Þ � 17gY0 sin h0

1þ gY0 sin h0

� �
; x⁄ 0 ð24Þ

under the condition that kj jq is not too small, where F(�)
is the Fresnel integral defined by (8) and

h h; h0; gð Þ ¼ �
1� 2gY0 sin h0

2
sin h

2

Nþ k cos h0ð ÞNþ k cos hð Þ ð25Þ

H nð Þ ¼ 1; n . 0;

¼ 0; n , 0 ð26Þ

4. Numerical Results and Discussion

We compare the reflection coefficients RFBC in (5)
and RIBC in (14). Figures 2 and 3 show the amplitudes,
fractional order m; and surface impedance g as a
function of phase of reflection coefficient w for RFBC

and RIBC ; where h0 ¼ 608: The term g satisfies the
following conditions for the phase of reflection
coefficient w:

Regj j, 1= Y0 sin h0ð Þ ð27Þ

Img ¼
cos wþ 1� Y0 sin h0 sin wRegð Þ2

h i1=2

Y0 sin h0 sin w
ð28Þ

We have chosen Reg ¼ 1= 2Y0 sin h0ð Þ in these calcula-
tions. It is seen from the figures that fractional order m is
proportional to phase of reflection coefficient w: We
also observe that RFBCj j is constant when w is changed.

We present some numerical examples of the total
field intensity and discuss the scattering characteristics
of the semi-infinite plate with the FBCs and the IBCs.
The normalized total field intensity is introduced as

/t q; hð Þ
�� ��½dB� ¼ 20log10

/t q; hð Þ
�� ��

max
hj j�p

/t q; hð Þ
�� ��

2
64

3
75 ð29Þ

Figures 4 and 5 show numerical examples of the
total field intensity as a function of observation angle h;
where the incidence angle is fixed as h0 ¼ 608 and the
distance from the origin q is k (k: wavelength). We have
chosen the fractional order m and the surface impedance

Figure 2. Magnitude of RFBC and RIBC versus phase of reflection
coefficient w; where h0 ¼ 608 and Reg ¼ 1= 2Y0 sin h0ð Þ:

Figure 3. Fractional order m and surface impedance g versus phase of
reflection coefficient w for RFBC and RIBC ; where h0 ¼ 608 and Reg
¼ 1= 2Y0 sin h0ð Þ:

Figure 4. Total electric field /t q; hð Þ
�� ��[dB] versus observation angle

h for h0 ¼ 608; q ¼ k; w ¼ 3p=4; p=4:
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g; referring to Figure 3, where the phase of reflection
coefficient w ¼ 3p=4; p=4 and w ¼ 0:99p; p=2; 0:01p;
respectively. In Figures 4 and 5, we observe by
comparing the results for the FBCs and the IBCs
having the same w that the peak locations of the total
field intensity exhibit close features over the whole
ranges. We also see that, the magnitude of the results
for the FBCs and the IBCs having the same w show
good agreement when approaching w! 0 (PMC). On
the other hand, the results become very different when
w approaches p (PEC).

5. Conclusions

In this article, we have solved exactly the plane
wave diffraction by a semi-infinite plate with the FBCs
and the IBCs for E polarization using the Wiener–Hopf

technique. We have obtained the exact solution to the
Wiener–Hopf equations. The scattered field has been
derived with the aid of the steepest descent method,
leading to a Fresnel integral representation. We have
carried out the numerical computation of the reflection
coefficients for the FBCs and the IBCs and the
normalized field intensity. We have investigated the
scattering characteristics of the semi-infinite plate with
the FBCs and the IBCs.
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