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Abstract – The problem of E-polarized plane wave
diffraction by a semi-infinite plate with fractional
boundary conditions is rigorously analyzed using the
Wiener–Hopf technique. The Wiener–Hopf equations
are solved via the factorization and decomposition
procedure leading to the exact solution. The scattered
field is asymptotically evaluated with the aid of the
steepest descent method leading to a Fresnel integral
representation. Numerical examples on the total field
intensity are presented, and scattering characteristics of
the semi-infinite plate are discussed.

1. Introduction

Fractional boundary conditions (FBC) [1–3]
describe an intermediate case between perfect electric
conductor (PEC) and perfect magnetic conductor
(PMC). Fractional means a fractional derivative of
the total electric field components in this article. The
surfaces with FBC have scattering characteristics
similar to the artificial magnetic conductor surfaces
because the reflection phase of the surfaces with FBC is
controllable by shifting the fractional order. Therefore,
the analysis of the electromagnetic scattering by
materials with FBC becomes a more important subject
in electromagnetic theory and antenna design studies.

The diffraction problems related to FBC have
been analyzed thus far in several papers. For example,
[2] analyzed the plane wave diffraction problem
involving a semi-infinite plate with FBC and clarified
the near-field behavior. In this article, we shall
consider a semi-infinite plate with FBC and rigorously
analyze the E-polarized plane wave diffraction by
using the Wiener–Hopf technique together with Jones’s
method [4–6]. Note that the Wiener–Hopf technique
was applied, for the first time, in this article for the
analysis of diffraction problems involving structures
with FBC.

Introducing the Fourier transform of the scattered
field and applying FBC in the transform domain, the
problem was reduced to Wiener–Hopf equations,
exactly solved via the factorization and decomposition
procedure. The scattered field in the real space was
evaluated by taking the Fourier inverse of the solution
in the transform domain and using the steepest descent
method, which led to a Fresnel integral representation.
Numerical examples of the near- and far-field intensity

are presented, and scattering characteristics of the
semi-infinite plate are discussed. The time factor is
assumed to be exp �ixtð Þ and suppressed throughout
this article.

2. Formulation of the Problem

We consider the diffraction of a plane wave by a
semi-infinite plate with FBC as shown in Figure 1. The
incident field is assumed to be of E polarization.

Let the total electric field /t x; zð Þ½[ Et
y x; zð Þ� be

/t x; zð Þ ¼ /i x; zð Þ þ / x; zð Þ ð1Þ
where /i x; zð Þ is the incident field given by

/i x; zð Þ ¼ e�ik x sin h0þz cos h0ð Þ; 0 , h0 , p=2 ð2Þ
In (2), k½¼ x l0e0ð Þ1=2� is the free-space wavenumber,
where e0 and l0 denote the permittivity and permeabil-
ity of vacuum, respectively. The term / x; zð Þ in (1) is
the unknown scattered field and satisfies the two-
dimensional wave equation as follows:

]2=]x2 þ ]2=]z2 þ k2
� �

/ x; zð Þ ¼ 0 ð3Þ
On the surface of the semi-infinite plate, the total
electric field /tðx; zÞ satisfies the FBC as given by

Dm
xEt

y x; zð Þ
���
x¼60

¼ 0; z , 0 ð4Þ

where the fractional order m takes the value between 0
and 1, and Dm

x f xð Þ denotes a fractional derivative
defined by the integral of Riemann–Liouville [7, 8]

Dm
x f xð Þ ¼ 1

C 1� mð Þ
d

dx

Z x

�‘

f tð Þ x� tð Þ�m
dt ð5Þ

with C �ð Þ being the gamma function. For m ¼ 0, the
plate with the FBC in (4) reduces to a PEC plate, and
m ¼ 1 implies a PMC plate. For intermediate values

Figure 1. Geometry of the problem.
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0 , m , 1, the FBC describes a fractional boundary with
specific properties.

It is convenient to introduce a slight loss into the
medium so that the free-space wavenumber k becomes
complex, as in k ¼ k1 þ ik2 with 0 , k2 � k1. It
follows from the radiation condition that the asymp-
totic behavior of the scattered field for large zj j is
given by

/ðx; zÞ ¼ O ek2z cos h0
� �

; z! �‘

¼ O e�k2z
� �

; z! ‘
ð6Þ

We define the Fourier transform of the unknown
scattered field / x; zð Þ with respect to z as

U x; að Þ ¼ 2pð Þ�1=2

Z ‘

�‘

/ x; zð Þeiazdz ð7Þ

where a ¼ rþ is. We can show from (6) and a
fundamental theorem on the regularity of Fourier
transforms [9] that U x; að Þ is regular in the strip �k2 ,
s , k2 cos h0 of the complex a-plane. We also see that
U x; að Þ is bounded for xj j ! ‘. If we further introduce
the Fourier integrals

U6 x; að Þ ¼ 6 2pð Þ�1=2

Z 6‘

0

/ x; zð Þeiazdz ð8Þ

we find by using theorems on the regularity of Fourier
integrals [9] that Uþ x; að Þ and U� x; að Þ are regular in
s .� k2 and s , k2 cos h0, respectively. Using the
notations of (8), U x; að Þ is written as

U x; að Þ ¼ U� x; að Þ þ Uþ x; að Þ ð9Þ
By taking the Fourier transform of (3) and making

use of the radiation condition, we find that

d2
�
dx2 � c2

� �
Uðx; aÞ ¼ 0 ð10Þ

for any a in the strip �k2 , s , k2 cos h0, where
c ¼ a2 � k2ð Þ1=2; (10) is the transformed wave equation.
Because c is a double-valued function of a, we choose a
proper branch for c such that c reduces to �ik when
a ¼ 0. The solution of (10), bounded for xj j ! ‘, is
expressed as follows:

U x; að Þ ¼ A að Þe�cx; x . 0

¼ B að Þecx; x , 0 ð11Þ
where A að Þ and B að Þ are unknown functions. From (4)
and (11), we find that

�cð ÞmA að Þ � cmB að Þ ¼ 0 ð12Þ

�cð ÞmA að Þ þ cmB að Þ ¼ 2U þð Þ að Þ ð13Þ

where

UðþÞðaÞ ¼ Dm
xUþð0; aÞ �

Am

a� k cos h0

ð14Þ

with

Dm
xUþ 60; að Þ ¼ Dm

xUþ 0; að Þ ð15Þ

Am ¼ �i 2pð Þ�1=2 �ik sin h0ð Þm ð16Þ
The parentheses in the subscript of U þð Þ að Þ in (14)
imply that U þð Þ að Þ is regular in s .� k2 cos h0, except
for a simple pole at a ¼ k cos h0.

Taking into account the boundary conditions, we
obtain that

AðaÞ � BðaÞ ¼ J�ðaÞ ð17Þ

AðaÞ þ BðaÞ ¼ �J 0
�ðaÞ=c ð18Þ

where

J 0
� að Þ ¼ d

dx
U� þ0; að Þ � U� �0; að Þ½ � ð19Þ

J� að Þ ¼ U� þ0; að Þ � U� �0; að Þ ð20Þ
From (12), (13), (17), and (18), we derive, after some
manipulation, that

U þð Þ að Þ þ K að ÞJ 0
� að Þ ¼ 0; 0 � m , 1 ð21Þ

U þð Þ að Þ þM að ÞJ� að Þ ¼ 0; 0 , m � 1 ð22Þ
where

K að Þ ¼ i1þm

eipm þ 1

1

k2 � a2ð Þ 1�mð Þ=2
ð23Þ

M að Þ ¼ im

eipm � 1
k2 � a2
� �m=2 ð24Þ

Here, (21) and (22) are the Wiener–Hopf equations
satisfied by the unknown spectral functions, where
J 0
� að Þ and J� að Þ are the Fourier transform of electric

and magnetic surface currents induced on the plate,
respectively. The problems for m ¼ 0 and 1 correspond
to the diffraction by PEC and PMC plates, respectively.

3. Exact Solution

The kernel functions K að Þ and M að Þ are factor-
ized as follows:

KðaÞ ¼ KþðaÞK�ðaÞ ð25Þ

MðaÞ ¼ MþðaÞM�ðaÞ ð26Þ
where

K6 að Þ ¼ i1þm

eipm þ 1

� �1=2
1

k6að Þ 1�mð Þ=2
ð27Þ

M6 að Þ ¼ im

eipm � 1

� �1=2

k6að Þm=2 ð28Þ
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Using the split functions K6 að Þ and M6 að Þ and
applying the analytic continuation and the Liouville’s
theorem, we obtain from (21) and (22) that

J 0
� að Þ ¼ Am

Kþ k cos h0ð Þ
1

K� að Þ a� k cos h0ð Þ ð29Þ

J� að Þ ¼ Am

Mþ k cos h0ð Þ
1

M� að Þ a� k cos h0ð Þ ð30Þ

Thus, (29) and (30) are the exact solution of Wiener–
Hopf (21) and (22), respectively.

4. Scattered Field

Taking into account the boundary conditions, the
scattered field in the Fourier transform domain is
expressed as

U x; að Þ ¼ ~U að Þe�c xj j ð31Þ

where

~U að Þ ¼ � 1

2c
J 0
� að Þ6 1

2
J� að Þ; x⁄ 0 ð32Þ

Taking the inverse Fourier transform of (31), the
scattered field in the real space is found to be

/ x; zð Þ ¼ 2pð Þ�1=2

Z ‘þic

�‘þic

~U að Þe�c xj j�iazda ð33Þ

where �k2 , c , k2 cos h0.
We introduce the polar coordinate x ¼ q sin h and

z ¼ q cos h for �p , h , p and let k2 ! þ0. Using the
steepest descent method [9], we can show after some
manipulations that (33) is reduced to the Fresnel
integral representation

/ q; hð Þ

;�h
s;d
0 h; h0; mð Þe�ikq cos hj jþh0ð ÞF 2kqð Þ1=2

cos
hj jþh0

2

� 	h i
� h

d;s
0 h; h0; mð Þe�ikq cos hj j�h0ð ÞF 2kqð Þ1=2

cos
hj j�h0

2

� 	h i
þ H hj j � pþ h0ð Þe�ikq cos hj jþh0ð Þ

� h
s;d
0 h; h0; mð Þ � 1

2
1þ e�ipm
� �

6 1� e�ipm
� �
 �� 

;

x⁄ 0

ð34Þ
under the condition that kj jq is not too small, where F �ð Þ
is the Fresnel integral defined by

F zð Þ ¼ e�ip=4p�1=2

Z ‘

z

eit2

dt ð35Þ

and

h
s;d
0 h; h0; mð Þ ¼ 1

2
e�ipm þ 1
� � sinm h0=2ð Þ

cosm hj j=2ð Þ

6
1

2
e�ipm � 1
� � cos1�m hj j=2ð Þ

sin1�m h0=2ð Þ
ð36Þ

H nð Þ ¼ 1; n . 0

¼ 0; n , 0 ð37Þ
The solution (34) reduces to exact solutions with PEC
and PMC boundary conditions when m ¼ 0; 1 (see the
Appendix).

5. Numerical Results

We present some numerical examples of the total
field intensity and discuss scattering characteristics of
the semi-infinite plate. The normalized total field
intensity is introduced as

Figure 2. Total electric field /t q; hð Þ
�� ��[dB] versus observation angle

h for h0 ¼ 608, q ¼ k.
Figure 3. Total electric field /t q; hð Þ

�� �� [dB] versus observation angle
h for h0 ¼ 608, q ¼ 20k.
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/t q; hð Þ
�� ��½dB� ¼ 20log10

/t q; hð Þ
�� ��

max
hj j�p

/t q; hð Þ
�� ��

2
64

3
75 ð38Þ

Figures 2 and 3 show numerical examples of the
total field intensity as a function of observation angle h,
where the incidence angle is fixed as h0 ¼ 608 and the
distance from the origin q is chosen as k and 20k. The
fractional order m is chosen as 0 (PEC), 0.25, 0.5, 0.75,
and 1 (PMC). In Figures 2 and 3, we observe by
comparing the results for different m that the scattering
characteristics exhibit close features within the range
�1208 , h , 908. On the other hand, the results become
very different over the ranges �1808 , h ,�1208 and
908 , h , 1808. The differences in peak locations over
908 , h , 1808 may be due to the phase shift of
reflection by changing the value of m. Comparing the
characteristics for q ¼ k (near field) and 20k (far field),
we also see that, the total field intensity shows rapid
oscillation for larger distance from the origin q over the
range 908 , h , 1808.

6. Conclusions

In this article, we exactly solved the plane wave
diffraction by a semi-infinite plate with FBC for E
polarization by using Wiener–Hopf technique. We
obtained the exact solution to the Wiener–Hopf
equations. The scattered field was derived with the aid
of the steepest descent method, leading to a Fresnel
integral representation. We carried out numerical
computation of the normalized field intensity and
investigated the scattering characteristics of the semi-
infinite plate with FBC.
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Appendix. Exact Solutions for Semi-Infinite PEC
and PMC Plates

This appendix is concerned with exact solutions to
the diffraction problems involving PEC m ¼ 0ð Þ and
PMC m ¼ 1ð Þ plates. Substituting m ¼ 0; 1 into (33) and
using (16) and (27)–(32), we obtain

/ x; zð Þjm¼0 ¼ �
1

2pi

Z ‘þic

�‘þic

2kð Þ1=2
cos h0

2
e�c xj j�iaz

k þ að Þ1=2 a� k cos h0ð Þ
da

ðA1Þ

/ x; zð Þjm¼1 ¼ 6
1

2pi

Z ‘þic

�‘þic

2kð Þ1=2
sin h0

2
e�c xj j�iaz

k � að Þ1=2 a� k cos h0ð Þ
da

ðA2Þ
for x⁄ 0, respectively. A closed form evaluation of
(A1) in terms of the Fresnel integral is discussed in
detail in [9]. Following a procedure similar to that used
in [9], we can reduce (A2) to the Fresnel integral
representation. Thus, we arrive at the following result:

/ q; hð Þjm¼0;1 ¼ �e�ikq cosðh�h0ÞF ð2kqÞ1=2
cos h�h0

2

h i

7e�ikq cosðhþh0ÞF ð2kqÞ1=2
cos hþh0

2

h i

ðA3Þ
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