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ABSTRACT: It is well-knownthatsub-wavelengthsizedmetallicstructuredmaterialssuchastheSplit Ring
Resonator(SRR)canhavean effectivenon-zeromagneticsusceptibility.The magneticpermeabilityof such
materialcanalsobecomenegativein thevicinity of the internalLC resonanceof theSRRstructuredueto the
over-screenedunder-dampedresponseof the system.When imbeddedin a Kerr non-linearmedium,such
structuresshowinterestingnon-linearbehavioursuchas bistability etc. The non-linearmaterialchangesthe
capacitanceof the structure,andhencethe effectivemediumpermeabilitycanbe switchedfrom negativeto
positive depending on the intensity of the electromagnetic wave.

In recent years, the effective medium propertiesof sub-wavelengthsized metallic composite
materialshavebeenthesubjectof intenseinvestigation.Whenthesizeof thestructuresaremuchsmallerthan
thewavelengthof electromagneticradiation,typically at leastsmallerby oneor two ordersof magnitude,then
the structuredcompositemedium appearseffectively homogeneousto the radiation. A set of effective
responsefunctions,the effectivedi-electricpermittivity � andthe effectivemagneticpermeability � canthen
describethe electromagneticresponseof such materials. Note that theseeffective media parametersare
different from the permittivity and permeability of the underlying constituent materials of the composite. 

Structurescomprisingof arraysof theSplit Ring Resonator(SRR)have beenof particularinterest
[1,2]. TheseSRRareresonantstructureswhich behaveasan artificial magneticatomdueto a over-screened
responseto anappliedmagneticfield. Whenthelevelof dampingis low, drivenby thebackemf, thestructure
exhibitsan anti-phasedresponsein a frequencybandabovethe resonantfrequencyandmakesit possiblefor
the structure to have a negative effective magnetic permeability. It is now known that the SRR is one of a class
of resonantstructuresthat exhibit such a resonantresponsewhich includesthe Omega-particlesetc. The
commonfeatureof all thesestructuresis that all of themhavea closedgeometryaroundwhich the magnetic
fields inducecurrentsto flow andthushavea finite inductance,andthereis a certainamountof capacitance
incorporatedinto theseparticlesaswell. Thecombinedinductanceandcapacitanceresultsin a LC resonance,
which is the key element responsible for the negative magnetic permeability.  

Thepossibilityof negativemagneticpermeabilitycombinedwith theplasma-likebehaviourof thin-
wire structures[3] hasgiven rise to a new classof materialstermednegativerefractiveindex materials[4].
Thesenegativerefractiveindex materialssupportthe propagationof left-handedelectromagneticwaveswith
negativephasevelocity in a bandof frequenciesandgive rise to noveleffectssuchasa negativerefractionat
interfaces,negativeDoppler shifts, and the possibility of imaging without a limit on the resolution, i.e.,
perfect lenses [5] etc.   (See [6,7] for recent reviews on negative refractive index materials). 

Herewepresenta nano-structuredSRRmeta-materialthatpossessesnegativemagneticpermeability
at near-infra-red(NIR) frequencies. We analysethe non-linearbehaviourof the SRRwhen imbeddedin a
non-linearmedium.Thenon-linearityof thematrix affectsthecapacitanceof theSRRstructuredependingon
thefield intensity.Thereis immenseconcentrationof electromagneticfields in thecapacitivegapsof theSRR
andthis amplifies the non-linearitiesof the imbeddingmedium.We presentan expressionfor the changein
the resonancefrequencyof the structureas a function of the incident magneticfield strengthand give an
estimatefor thecharacteristicmagneticfield strengthwhich leadsto a bistableresponseandswitchingof the
effectivemagneticpermeabilityfrom negativeto positive. Sucha non-linearmeta-materialhave immense
potential in photonic applicationsas even a slab with only four layers of SRR can have very small
transmissionin the negativemagneticpermeabilityregime while being highly transparentwhen it can be
switched to a positive magnetic permeability material.  



First let usanalysea modified form of theSRRasshownin the insetof Fig. 2. This SRRconsists
of a singlering with four splitsplacedsymmetricallyaboutit. Thesplitsprovidethecapacitancein thesystem
andthemagneticfields shouldbe visualisedto be perpendicularto the planeof the ring which drive theLC
resonanceand this results in a dispersivemagneticpermeability. The symmetricallyplaced splits avoid
problemsof bi-anisotropyencounteredin othervarietiesof split rings [7]. Thecapacitanceperunit lengthof
the cylindrical structure C = � 0 � s �

/ndc cannow be tunedby changingthe thickness(
�

�

, the spacingof the
splits (dc), the numberof splits (n)or the dielectric constant( � s) of the mediumin the capacitivegaps.The
parametersshownin thefigure enableoperationof theSRRmediumat NIR frequencies.Thepermeabilityof
this effective medium of SRR was shown [8] by a quasi-static calculation to be

                        (1)

wheref= Lgf /(Lg+L i), � = Li � /(Lg + Li) and � 0
2 = 1/C (Lg + Li) andLg = � 0 Ag is thegeometricalinductance,

Ag beingthegeometricalareaof theSRR,andLi = lc/ � 0 � p
2

�

is anadditionalinductancethatstemssolelyfrom
thereactivebehaviourof themetalat high frequenciesandthatwe call the inertial inductanceasit is directly
proportional to the electronic mass. Here lc is the perimeter length of the SRR. 

A photonicbandstructurecalculationbasedon thetransfermatrix methodyieldedthereflectionand
transmissioncharacteristics(solid lines) as shown in Fig. 1 for four layers of such infinitely long split
cylinders.A plasmaform for thedielectricpermittivity of theconstituentmetalviz. Silver wastakento beof
the form 

                        (2)

wheretheempiricalvaluesof 	
� p = 9.013eV,� s = 0.018eVand ����
 5.7wereused. Thefigure focusseson
thestop-bandbetween190 to 210Terahertzfrequenciescausedby the negativemagneticpermeabilityof the
structure.One should note that just four layers of the structure is sufficient to lower the transmission
coefficientto about10-7. Thereflectivity is still about85%to 90%indicatingthatthe lossesarenot extremely
high. Thedashedlinesshow theresponseof anidealhomogenisedmaterialfrom thequasi-staticcalculation
[8] which agree reasonably well with the numerical calculations.  

Fig. 1: ReflectanceandTransmittanceof a slabof four layersof SRRasa function of frequencyobtainedby the transfer
matrix method (solid lines) and of an homogeneousslab of equivalentthicknessand effective responsefunction
determined by a quasistatic calculation (dashed lines). 

Now considerthecasewhenthematerialin thecapacitivegapswereto exhibit a Kerr non-linearity.
The inset in Fig. 2 showsthe SRR just being enclosedby the non-linearmatrix as consideredby us. The
refractive index of the non-linear material has a dependence

                        (3)
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on thefield intensity(I) wheren0 is therefractiveindex in the linear limit of low intensity. Materialswith a
defocussingnon-linearity (n2 < 0) are of particular interest here. In such a caseas the intensity of the
electromagneticfield increases,the dielectricconstantdecreases,in the processreducingthe capacitanceof
the SRR and thereby switch to a regime of positive permeability below the (now intensity dependent)
resonancefrequency.Thuswe canswitchfrom a high reflectivity behaviourto a highly transmittingonewith
low losses.A relation betweenthe incident field strengthand the non-linearresonancefrequencycan be
obtained as [9] 

(4)

whereY = $&%'$ 0, X = $ NL %'$ 0, ( ' = ()%'$ 0, $ 0 is the resonantfrequencyfor the linear SRR and $ NL is the
resonantfrequencyof the SRR imbeddedin the non-linearmedium.The plot of the non-linearresonance
frequencywith theincidentfield strengthis shownin Fig. 2. Thebistablebehaviouris foundto befairly stable
againstdissipation.The curve with opencircles is for a situationwhen the intrinsic dissipationratesin the
materialweretakento be threetimesthatof silver. Realisticvaluesof n2 = -2.5 X 10-12 cm2/W which have
been recently obtained were used for these calculations.  The incident switching field strength of only about 20
kA/m implies that a sourcewith about100 mW peakpowershouldbe enough.This underlinesthepotential
of non-linear SRR for switching applications

Fig. 2: The non-linear resonance frequency versus the field strength for two values of the dissipation rate : filled circles
are for the * s of silver and open circles are for  3* s. The inset shows the unit cell of the SRR structure with four splits and
dimensions for operation in the NIR frequencies. The inner box shows the non-linear material just enclosing the SRR. 

Finally, we should mention that the Kerr non-linearity that we have consideredhere is always
possiblein a dielectricregardlessof the frequencyof operation.Hencethe effectswe havediscussedin this
paperarepossibleover the entireelectromagneticspectrum. The local field enhancementsin the capacitive
gapsof theSRRcanbe largerat microwavefrequenciesby aboutoneorderof magnitudecomparedto higher
frequencies. Thus one can also use this switching behaviour to switch betweennegativeand positive
refractive index in compositethin wire and SRR microwavemedia which are the only materialswhere
negative refractive index has been experimentally demonstrated so far. 
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