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Abstract

An algorithm for designing an aperture field that radiates
caustic (Airy-beam type) beams along a predefined 3-D
beam trajectory in free-space, with arbitrary curvature and
torsion is presented. The predefined beam-axis trajectory
sets the aperture field’s phase to form a smooth caustic sur-
face. The aperture amplitude distribution is constructed to
manipulate both the on-axis intensity profile and the off-
axis beam-width, via an iterative procedure. Once the aper-
ture distribution is calculated, the radiation from a finite
sampled aperture is computed numerically using a fast nu-
merical technique. The algorithm is demonstrated for the
case of a helical trajectory beam.

1 Introduction

The topic of curved (sometimes termed “accclerating”)
beam design has received significant attention in recent
years. These so-called beams are field patterns with inten-
sity profiles that peak along curved trajectories and are of a
weakly-diffractive nature. Such patterns have been shown
useful for various applications. These include particle ma-
nipulation, super-resolution imaging, plasmon excitation,
light-sheet microscopy, optical coherence tomography, and
plasma-channel generation, to name but a few [1-6]. These
patterns are formed by directing energy, produced by a radi-
ating aperture, to positions along a curved caustic surface.
To produce such field patterns, corresponding field distri-
butions on the aperture should be designed, in accordance
with the desired pattern’s peak intensity trajectory and other
field characteristics. To that end, a technique should be de-
veloped, with the goal of optimizing the aperture distribu-
tion. Ideally, these aperture fields should be able to produce
caustic beams (CBs) with complex desired features.

This work focuses on the design of an aperture field which
is close to the desired one, and is therefore expected to
enable convergence of the optimization algorithm. Natu-
ral candidates for such an initial solution are source dis-
tributions that give rise to CB patterns that follow the de-
sired trajectory. Early works on the design of CBs, such as
that in [7], focused on the Airy-type caustic beam. These
beams were produced by using finite energy Airy functions
as aperture distributions. The caustic mechanisms govern-
ing the Airy beam were studiced analytically in [8], and laid

the foundation for the development of more general design
techniques, suitable to broader classes of CBs. These pro-
pose to use a ray-field description of the desired pattern, fol-
lowed by back-tracing the rays, to form the pertinent aper-
ture field distribution [9]. The ray description enables the
analytical calculation of the aperture field’s phase and am-
plitude distributions. Specifically, the technique in [9] is
capable of producing caustic beams along arbitrary trajec-
tories in 2-D, which are not of any particular spatial sym-
metry.

In this paper we extend the methodology in [9] to the 3-
D case of beam trajectories with arbitrary curvature and
torsion. The work also addressed the issue of controlling
certain features of the intensity profile, such as the beam-
width and the peak intensity profile along the beam axis.
In the following section we describe the proposed method,
demonstrate it via an example, and finally we discuss its
role within optimization techniques in a follow-up research.

2 Problem Definition
Given an arbitrary trajectory in a 3-D domain

ry(0) = [x(0),y(0),2(0)], (1

with G € [Omin, Omax] denoting the arc length along the
beam-axis trajectory, we aim at designing a source (aper-
ture field) in the z = O plane that produces a 3-D beam-field,
with a beam-axis that follows this curved trajectory, in free-
space. The beam-field’s desired transverse width is denoted
Wy (o) (see figure 1) and I, (o) denotes the desired intensity
profile along the beam-axis. The designed aperture field,
denoted ug(x',y"), is sought in the form of a ray-field

UO(X,:)’,) :A(x/7y,)exp[_jks(x,7y,)]7 (2)

where k = @/c is the wavenumber, with ¢ being the free-
space wave velocity. Also in (2), (x',)") are coordinates in
the z = 0 plane, and A and § are identified as the aperture
field’s amplitude and phase (Eikonal) distributions, respec-
tively. In section 3, we present a method for designing the
two functions, A and S, given the desired beam-axis trajec-
tory, rp(o), intensity, I,(o), and beam-width, Wy, (o). The
design approach relies on the observation that the radiated
field’s intensity can be confined to the vicinity of a geo-
metrically complex trajectory ry (o), if the aperture phase,



asymptotically, gives rise to a caustic surface that contains
rp(0). The methodology is summarized in the following
section.

Ray

Figure 1. Mapping the beam-axis to the aperture curve.
Each point on the beam-axis ry (o) is mapped to a point
r, (o) over the aperture from which the ray is emanating in
the direction [6,(0), 6y(5)].

3 Methodology

3.1 Aperture Phase Distribution

The aperture phase dictates the beam-axis trajectory. This
phase is determined by associating, with each point on the
aperture, a ray, such that a caustic is formed over a surface
containing the beam-axis ry (o). The ray from point (x',y)
on the aperture is emanating in the direction [10]

3
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where S(x'y’) is the phase in (2) and 6,, are the angles
formed between the ray and corresponding axes (see figure
1). From each point r,(0) along the beam-axis we follow
the tangent ray back to the emanating point on the aper-
ture, denoted r}(c). This procedure maps points on the
axis to points on the curved trajectory r; (o) in the aperture,
and corresponding (rays’) angles. Next, we define the lo-
cal curve coordinates, (0’,n'), on the aperture plane, where
o’ is the arc length along the curve r(c’) and n’ denotes
the distance of a point (x,)’) from r,(¢’) (in the normal
direction), with corresponding unit vectors, 6’ and i’ (see
figure 2). The parameter ¢ € [Opin, Omax] can be mapped to
o’ €]0,0},,]- Using these definitions, we first evaluate the
phase, S(o’,n’), along the curve r;(0’), i. e., S(¢’,0), and
then, the phase is extended to other points on the aperture.
In order to satisfy (3) for point over r}(c’), we extend the
phase S(o’,0) for small »’ values via

S(c’,n") =S(c’.0)+n'8(c’) -0 (). )

The phase in (4) forms a smooth caustic surface that passes
through the beam-axis.

o) X

Figure 2. The local curve coordinates, (¢”,n’). For each
point over the planar curve r}(c’) we project the ray direc-
tion § onto the unit vectors t and fi’ and reconstructs the
aperture field accordingly.

3.2 Aperture Amplitude Distribution

In order to manipulate and control the beam-width, we ap-
ply the local beam coordinates that are associated with the
beam-axis in (1). Denoting ¢ the arc length along the
beam-axis trajectory, the beam local coordinates are defined
by the unit vectors £(c),fi(o), and fip, being the tangent,
normal, and bi-normal to r}, directions. Since ry is a tra-
jectory over a caustic surface, we identify the mechanism
of enhanced intensity along the local coordinate n as the
caustic local structure. Therefore, in the proposed method,
control over the width of the beam intensity in the local
n direction is not possible. However, the beam-width in
the transverse ny, coordinate and the intensity profile along
o are controllable. In our implementation, we design the
aperture field amplitude in (2) to be of the general form

AW Y) =w(n', 6" )m(c’). ®)

The beam-width along the ny, coordinate is controlled by the
transverse filter, wi(n',6”), and the on-axis intensity profile
is adjusted using the longitudinal window wy(c’). The de-
sign of the two functions is accomplished, via an iterative
procedure, detailed in the full paper.

4 Example

In this example, we choose to synthesize a CB that follows
a right-handed helical beam-axis with beam-width profile

Wi, = 20 <1 + 0.2sin(2nm)> ©6)

Omax — Omin

and on-axis intensity profile I,(c) = 1. The helical trajec-
tory is described by

ry(0) = [R(coso — 1),Rsino,Po], 0.57 < 0 < 37w, (7)

where R denotes the helix radius and the parameter P sets
the pitch to be 27P. By setting R = P = 20A and follow-
ing the procedure in section 3, we numerically calculate the
phase aperture function S(x’,y") and the amplitude aperture
function A(x',y’). Using this aperture design, we cvaluate
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Figure 3. Control of the on-axis and off-axis intensity. (a)
Iso-level surfaces of the -3dB of the CB maximum intensity
in the z > 0 half-space (the desired trajectory is plotted in
black line). (b) On-axis intensity profile of the CB (the de-
sired profile in black line and the measured one in red). (c)
Beam-width profile of the CB (the desired one in black and
the measured one in red).

the intensity and plot in figure 3 the resulting iso-surfaces
of the -3dB of the peak intensity 3(a), the on-axis intensity
profile 3(b), and the beam-width in the fy direction 3(c).
Clearly, the resulting intensity profile and beam width (red
lines) follow the desired features /(o) and Wy(o) (black
lines).

5 Conclusions and Future Research

The design of optimal aperture distributions that can pro-
duce arbitrary CBs involves various challenges. This pa-
per addresses that of selecting the initial guess to facilitate
convergence of aperture optimization schemes. This was
achieved by constructing aperture distributions that corre-
spond to CBs with desired trajectorics, using a ray-based
back-propagation technique. Basic control of the beam-
width and the on-axis intensity profiles was achieved by
employing an iterative correction scheme. Following this
stage is the implementation of a suitable optimization tech-

Figure 4. Gaussian beams decomposition of aperture
fields. The field is described by the superposition of shifted
and tilted Gaussian beam propagators that are emanating
from a discrete spatial-directional lattice over the aperture.

nique that is required to address more complex design fea-
tures.

Note that the optimization will not be performed directly
on vectors comprising samples of the aperture field, as that
will result in a large dimensionality variable-space and ex-
cessive computational costs. Instead, we plan to take ad-
vantage of the ray-field nature of the desired beam patterns,
in order to construct the radiating field via a sparse basis of
Gaussian beams, emanating from points in the aperture in
different directions (Fig.4).

Finally, this work can be extended to other applications that
involve field pattern manipulation, such as antenna array or
near-field design. Another research avenue is on the exten-
sion for in-homogeneous media, which is of relevance to
localized inverse scattering, geophysical applications, non-
destructive evaluation methods, and beyond.
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