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Initialize Population with
random position (X) and

velocity (V) vectors

For Each
Particle

Update Personal Best
(if necessary)

Update Global Best
(if necessary)

Evaluate Fitness (F) Update Position Matrix

While
termination
condition is

not met

Update Velocity Matrix

End
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Design Param Pencil Pattern Sector Pattern
SLL -30 dB -25 dB
HPBW 6.4° 24°
BW at SLL 20° 40°
Peak-to-Peak Ripple N/A 0.5 dB
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rε Thickness ( �

1 1.152 2.725
2 1.609 3.003
3 1.722 1.585
4 1.826 1.438
5 1.932 6.253
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Case b: 3 wires - parallel
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5 wires : parallel

0.0

0.1

0.2

0.3

0.4

0.5

1 10 100D/a

Fi

F1=F5

F1∞=F2∞=F3∞
=F4∞=F5∞

F3

F2=F4

'$����
�,I�/�&��
��%�0�����
�

5 wires : star

0.0

0.1

0.2

0.3

0.4

0.5

1 10 100D/a

Fi

F2=F3=F4=F5
F1∞=F2∞
=F3∞ =F4∞=F5∞

F1

/$����
��I�/�&��
��%�����

������������������
����������
� �� ��������
������
������������
�������� � ��
�����
��
���
�����������
��������
���������������
��

��������������������������������

1.00

1.05

1.10

1.15

1.20

1.25

1 10 100D/a

R/R∞

Case a:
2 wires - parallel

Case b:
3 wires - parallel

Case c:
3 wires - triangle

1.00

1.05

1.10

1.15

1.20

1.25

1 10 100D/a

R/R∞

Case f:
4 wires - star

Case d:
4 wires - parallel

Case e:
4 wires - square

1.00

1.05

1.10

1.15

1.20

1.25

1 10 100D/a

R/R∞ Case i:
5 wires - star

Case g:
5 wires - parallel

Case h:|
5 wires - quintic

F00����,� ��
� ��-0����

� �00������ ��� �.+#�� ��
� ���
�� ��
0������
����

��	
����-0������
E0�
�������������
�
5��	��
��
��
���� ∞� �����
���������
����
�����4�,��
Q/I

��#I� ∞ = ���� �� ��

��#I� ∞ = =�� � � �� � � �� �� � � ���	� �� �� ��

��#I� ∞ = � �� �� �� ��

�
#I� ∞ = =�� 
 ��� � �� 
 � �� 
� � � � ����� �� �� ��

�
#I� ∞ = =��� � �� 
 � �� 
� � � ��
�� �� �� �� ����.1#

��#I� ∞ = =���� � �� � � �� �� � � ��	�� �� �� ��

�,#I� ∞ = =��� � ��� � ��� � ���� � � � �	�
� �� �� ��

��#I� ∞ = � �������� �� ��

��#I� ∞ = =
�	� � ��� � ���	 � � ��	�� �� �� ��

F����,
�
�������
���������&���������
�
5��	��
�����
����
���� ���,
� 	���
�� ��� ��
� 
������
� � �� ��� 0��0��������� ��
( )conductor radius ���� � ��
� ( )distance −� ���� �� �� &���
� ����
�������0�
�
��$����4�,��
QJ�&
�0�
�
�����
�	��������
��� ��
� 
5��	��
��� ��
���� ���-���L

� ��� ��
� �
�0
���	

���-0������	���
��.1#������������������ ��
�
������
$�!�

��-
��������������

�	���
��������-������ ��
����-0�����
�
��	�����.1#������,��
��00��E�-������&�
����
����
������
��
�������������
�&�����
�0
��������
����
��������
���$

���������� ∞� � ��
�����
������
������������
�������

���
�������
�
������������������
�������� � ��
�����
��

����
�����������
��������
���������������
��������
� �����������!�



�� �����������������������
��� ��.+/���
0�
-�
���1++.#

Case j: 3 wires (2 + 1)
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Spectral Domain Calculation

of the

Excess Capacitance Matrix

for a Stripline Crossing

Daniël De Zutter
Jegannathan Srinivasan

Abstract

In this paper, we present a method for calculating
the excess capacitance matrix of a stripline crossing.
We use a spectral domain formulation of the method
of moments. By making use of the circular symmetry
of the kernels and by introducing a sinc function ex-
pansion basis, it is shown that the calculation of the
moment method matrix is considerably simplified.
Numerical simulations demonstrate the accuracy of
the proposed method.

1. Introduction

In high speed digital interconnects, packages and
VLSI circuits, parasitic couplings such as that ex-
ist between neighbouring lines, via-holes, via-holes
and lines etc. can have a significant impact on signal
integrity [1]. A lot of effort has been spent in order to
model these effects in an efficient way, as for exam-
ple in [2] and [3]. Recently 3-D capacitance extrac-
tion techniques based on a multiresolution method
of moments approach [4] and on a novel dimension-
reduction technique to subdivide some typical 3-D
structures into a set of 2-D problems [5] have been
put forward. Their common aim is to reduce the
computation time. In this paper we investigate one
important structure namely the line crossing. It
is our purpose to show that a suitably formulated
method of moments in the spectral domain yields ac-
curate and fast results. Our approach is inspired by
similar approaches for the analysis of microstrip-like
transmission lines published many years ago [6,7]. It
will be shown that by taking advantage of the circu-
lar symmetry of the integral equation kernels and by
introducing a sinc function expansion basis, the cal-
culation of the moment method matrix can be con-
siderably simplified and hence speeded up. Results
are presented in terms of an excess capacitance ma-
trix and can easily be included in a circuit simulator

as the excess capacitance matrix can be cast into the
form of a π-network consisting of one coupling ca-
pacitor between the crossing lines (themselves rep-
resented by their transmission line equivalent) and
two capacitors, one for each line, in parallel over the
line. Special attention is devoted to assessing the
accuracy of the obtained results by comparison with
reliable results for parallel lines. This is certainly
necessary as the excess quantities are very small (typ-
ically of the order of femtofarad!). In this paper
we have restricted ourselves to the stripline cross-
ing, albeit embedded in a multilayered but planar
stratified medium and infinitely thin perfect conduc-
tors to show the potential benefits of the proposed
method.

2. Mathematical analysis

The strip to strip crossing is depicted in Fig. 1.

ε1

ε2

ε3

y

h

h+d

z

h+d+r

PEC

PEC

Figure 1: Crossing strips in a stripline

configuration.

The static potential distribution φ (x, y, z) and the
charge density distribution ρ (x, y, z) in the structure
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must obey the Poisson’s equation:

∇2φ (x, y, z) =
−ρ (x, y, z)

ε
(1)

where ε is the permittivity. In the following analy-
sis, we consider infinitely thin perfectly conducting
(PEC) strips. We can express the charge density dis-
tribution as:

ρ = δ (y − h) fb (x, z) + δ (y − h− d) ft (x, z) (2)

where δ is the Dirac delta function.
With the Fourier transform defined as:

Φ (y) =

∫

∞

−∞

φe−jkxxe−jkzzdxdz (3)

(where, to simplify the notation, the single integral
sign stands for both the integration over x and over
z) the Poisson equation becomes:

(

∂2

∂y2
− k2

x − k2
z

)

Φ (y) = 0 (4)

(y 6= h, y 6= h + d), which has the solution:

Φ (y) = C1e
√

k2
x+k2

zy + C2e
−

√
k2

x+k2
zy (5)

in the bounded region; the arbitrary constants C1

and C2 are decided by the appropriate boundary con-
ditions.

The boundary conditions and the continuity con-
ditions in the Fourier transform domain read

Φ (0) = 0 (6a)

Φ (h + 0) = Φ (h− 0) (6b)

ε2
∂
∂y

Φ (h + 0) = ε1
∂
∂y

Φ (h− 0)− Fb (6c)

Φ (h + d + 0) = Φ (h + d− 0) (6d)

ε3
∂
∂y

Φ (h + d + 0) = ε2
∂
∂y

Φ (h + d− 0)− Ft(6e)

Φ (h + d + r) = 0 (6f)

where the argument of Φ is the value of the height
y, where ε1,ε2,ε3 are the dielectric constants shown
in Fig. 1; Ft and Fb are the Fourier transforms of
the charge density functions ft (x, z) and fb (x, z), re-
spectively. Imposing these conditions on the solution
of Eqn. (4) and eliminating the arbitrary constants,
we find that:

Φb = A (kx, kz) sinh (krh) (7)

Φt = A (kx, kz) [sinh (krh) cosh (krd)

+
ε1
ε2

cosh (krh) sinh (krd)]− Fb

ε2kr

sinh (krd) (8)

where Φb = Φ (h), Φt = Φ (h + d), and kr =
√

k2
x + k2

z . In the above equations A (kx, kz) is given
by:

A (kx, kz) = P1Fb + P2Ft (9)

where

P1 =
ε3
ε2

[coth (krr) sinh (krd)

+
ε2
ε3

cosh (krd)]P2 (10)

and

P2 = {krε3[sinh (krh)(coth (krr) cosh (krd)

+ ε2
ε3

sinh (krd))

+ cosh (krh)( ε1
ε2

coth (krr) sinh (krd) (11)

+ ε1
ε3

cosh (krd))]}−1

Rearranging the above equations, we obtain:

(

R11 R12

R21 R22

)(

Ft

Fb

)

=

(

Φt

Φb

)

(12)

where

R11 = P2( sinh (krh) cosh (krd)

+
ε1
ε2

cosh (krh) sinh (krd)) (13)

R12 = P2 sinh (krh) (14)

R21 = P2 sinh (krh) (15)

R22 = P1 sinh (krh) (16)

We note that

φt =
1

(2π)
2

∫

∞

−∞

Φte
jkxxejkzzdkxdkz (17a)

φb =
1

(2π)
2

∫

∞

−∞

Φbejkxxejkzzdkxdkz (17b)

The potential functions must satify:

lim
x,z→topstrip

φt (x, z) = ct (18a)

lim
x,z→bottomstrip

φb (x, z) = cb (18b)

In the above equations, ct and cb are the constant po-
tentials at which the top and bottom strips are held.
The task is to solve (12) subject to the conditions
expressed by (18). A moment method formulation
is employed towards this purpose. Let us first focus
our attention on the top strip. Let it be divided into
M equal square cells. Upon implementing (18a) on
the ith cell in an integral sense, we get:

1

Acell

∫

i

φt (x, z) dxdz = ct (19)
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where Acell is the area of a cell. From (17a) and (19)
we have

1
Acell

∫

i
[ 1
(2π)2

∫

∞

−∞
Φte

jkxxejkzzdkxdkz]dxdz

= ct (20)

Interchanging the order of the integrations, we get

1
Acell

∫

∞

−∞
Φt[

1
(2π2

∫

i
ejkxxejkzzdxdz]dkxdkz

= ct (21)

After some calculations, the final result obtained for
ct is:

1

(2π)
2

∫

∞

−∞

Φte
jkxxciejkzzci

sinc

(

kx∆x

2

)

sinc

(

kz∆z

2

)

dkxdkz = ct (22)

where xci and zci are the (x, z) coordinates of the
centre of the ith cell on the top strip and ∆x and ∆z
are the sampling intervals in the x and z directions
respectively. We expand the charge density function
using a sinc function basis:

ft(x, z) =

M
∑

i=1

ftisinc[
π

∆x
(x− xci)]

×sinc[
π

∆z
(z − zci)] (23)

Taking the Fourier transform on both sides:

Ft = Acell

M
∑

i=1

ftie
−jkxxcie−jkzzci (24)

for −π
∆x

< kx < π
∆x

and −π
∆z

< kz < π
∆z

and zero
otherwise. From (12) and (22) we have:

∫

∞

−∞

R11FtT (kx, kz) ejkxxciejkzzcidkxdkz +

∫

∞

−∞

R12FbT (kx, kz) ejkxxciejkzzcidkxdkz

= 1
(2π)2

ct (25)

where

T (kx, kz) = sinc

(

kx∆x

2

)

sinc

(

kz∆z

2

)

(26)

Substituting in (25) for Ft from (24), and for Fb a
similar expression, we get:

M
∑

j=1

ftj

∫

∞

−∞

R11W (kx, kz)T (kx, kz) fdkxdkz +

N
∑

l=1

fbl

∫

∞

−∞

R12W (kx, kz)T (kx, kz) fdkxdkz = c1

(27)

with

f(kx, kz) = ejkx(xci−xcj)ejkz(zci−zcj) (28)

and where c1 = (2π)2ct

Acell
. The window function

W (kx, kz) is equal to one for: −π
∆x

< kx < π
∆x

and
−π
∆z

< kz < π
∆z

and zero otherwise. In (27), the num-
ber of cells in the bottom strip is taken to be N and
for simplicity, their area is taken to be the same as
the area of the cells in the top strip. The coordinates
of the centres of the cells where the potential is im-
posed are (xci, zci) while (xcj , zcj) and (xcl, zcl) are
the centres of the cells on the top and bottom cells
respectively over which the summation is carried out.
We also choose ∆x = ∆z = ∆ for convenience. The
above equation can be written as:

M
∑

j=1

αijftj +

N
∑

l=1

βilfbl = ct (29)

where

αij = Acell(FT−1[R11W (kx, kz)T (kx, kz)]) (30)

βil = Acell(FT−1[R12W (kx, kz)T (kx, kz)]) (31)

and with the above expressions evaluated at x =
xci − xcj and z = zci − zcj . Similarly, by impos-
ing the constant potential at the bottom strip, we
arrive at another system of equations:

M
∑

j=1

γijftj +

N
∑

l=1

δilfbl = cb (32)

where

γij = Acell(FT−1[R21W (kx, kz)T (kx, kz)]) (33)

δil = Acell(FT−1[R22W (kx, kz)T (kx, kz)]) (34)

From (29) and (32), we have:




[α̃]
[

β̃
]

[γ̃]
[

δ̃
]









[

f̃t

]

[

f̃b

]



 =





[

φ̃t

]

[

φ̃b

]



 (35)

where the elements of the matrices [α̃],
[

β̃
]

, [γ̃],
[

δ̃
]

are given by (30), (31),(33), (34) respectively; the el-

ements of the column vectors
[

f̃t

]

and
[

f̃b

]

are the

unknown fti, i = 1, 2, · · · ,M and fbi, i = 1, 2, · · · , N

respectively; the column vectors
[

φ̃t

]

,
[

φ̃b

]

are con-

stant column vectors having ct and cb as the el-
ements, respectively. The above equation can be
solved for the unknown charge densities first with
the top strip at a potential of unity and the bottom
strip at a potential of zero, and subsequently with
the potentials reversed. The total charge on the top
and bottom can be easily evaluated in both the cases
giving the entries of the capacitance matrix.
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3. Determination of the matrix
coefficients

Equations (30)-(31) and (33)-(34) may be directly
evaluated to determine the coefficient matrix in (35).
We can, however make use of the circular symmetry
to simplify the calculations. We will not go into de-
tail here. It turns out and is proven by the numerical
results that a sufficiently accurate approximation for
αij (30) is

αij = Acell [r11(xci − xcj , zci − zcj)] (36)

with r11 given by

r11 = FT−1 {R11(kr)W (kx, kz)} (37)

Noting from (13) that R11 is circularly symmetric,
we may represent (37) using the Fourier-Bessel trans-
form to get:

αij =
Acell

2π

∫

∞

0
R11 (kr)W (kr) J0 (krρij) krdkr (38)

where

ρij =

√

(xci − xcj)
2

+ (zci − zcj)
2

(39)

In (38) we have approximated W (kx, kz) by the
circularly symmetric window W (kr) which has the
value one in the interval 0 ≤ kr ≤ π

∆ ; outside this
interval, it is zero. We can also make use of other
circular windows to approximate W (kx, kz); circles
with radius greater than the inner circle but less than
or equal to the ex-circle of the square can also be used
to describe the equivalent circular window. However,
simulations have shown that while the choice of this
radius has only a small influence on the final results,
the best answers are obtained by choosing the inner
circle as we have done here.

4. Numerical results

The above method was implemented in MATLAB on
a PC with a 200 MHz processor. It will be instruc-
tive to consider specific numerical examples. Let
h = 200µm, d = 90µm, r = 300µm. Let the di-
electric constants be ε1 = 2.0ε0, ε2 = 9.0ε0, and
ε3 = 4.0ε0. Let the width of the strips be 210µm
and their length be 1050µm. The sampling interval
∆ was chosen as 30µm, and the strips were taken to
be parallel to each other (θ = 0).

To verify the correctness of the results, the
following approach was used: Let C be the capac-
itance matrix of the structure with strips of length
l1. Let C + δC be the capacitance matrix of the same
structure but with striplength l1 + δl. The capaci-
tance matrix per unit length of the infinite structure
will then be given by δC / δl with the strips paral-
lel. The obtained results can be compared with the
accurate results based on a surface integral equation

approach [8]. This is done in Tables 1-3 below.
Table 1 illustrates the effect of ∆ on the accuracy of
the results. The first row is the result for ∆ = 30µm,
the second row is the result for ∆ = 70µm. The other
parameters are: h = 200µm, d = 90µm, r = 300µm,
ε1 = 2.0ε0, ε2 = 9.0ε0, ε3 = 4.0ε0, length=1050µm
and width=210µm.

C δC / δl Method of [8]
fF pF/m pF/m

(

313 −217
−217 290

) (

281 −206
−206 263

) (

291 −216
−216 273

)

(

300 −207
−207 278

) (

271 −198
−198 253

) (

291 −216
−216 273

)

Table 1: effect of ∆ on the accuracy.

Table 2 presents a similar result as in Table 1
but for different dielectric constants, i.e. ε1 = 4.0ε0,
ε2 = 2.0ε0, ε3 = 6.0ε0 and only for ∆ = 30µm.

C δC / δl Method of [8]
fF pF/m pF/m

(

159 −51
−51 137

) (

137 −48
−48 121

) (

141 −50
−50 125

)

Table 2 : The same structure as in Table 1,
but for different dielectric constants.

Finally, Table 3 shows results for the same layered
structure as in Table 1 but for a much larger width
and length (h = 200µm, d = 90µm, r = 300µm,
ε1 = 2.0ε0, ε2 = 9.0ε0, ε3 = 4.0ε0, ∆ = 70µm,
length=3430µm and width=910µm).

C δC / δl Method of [8]
pF pF/m pF/m

(

3.40 −2.81
−2.81 3.25

) (

973 −818
−818 934

) (

994 −836
−836 954

)

Table 3 : A large structure is considered here.

As seen from these tables, the results of the
surface integral equation method and the present
method show good agreement. Although we have
presented here only a few examples, simulations were
carried out for a large number of examples. In all the
cases, similar agreement was observed. This verifies
the validity of the method proposed and in particular
of the approximations to obtain (37) and (38).
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We next consider the perpendicular case (θ =
π
2 rad). Let us consider the capacitance matrix of the
structure:

Qt = CttVt + CtbVb (40)

Qb = CtbVt + CbbVb (41)

Let Q̂t be the total charge on the top strip in the
absence of the bottom strip; likewise, let Q̂b be the
total charge on the bottom strip in the absence of
the top strip. Let

Q̂t = ĈttVt (42)

Q̂b = ĈbbVb (43)

The excess charges ∆Qt = Qt − Q̂t and ∆Qb =
Qb − Q̂b are given by:

∆Qt =
(

Ctt − Ĉtt

)

Vt + CtbVb (44)

∆Qb = CtbVt +
(

Cbb − Ĉbb

)

Vb (45)

Noting that Ctb < 0, we can write the above equa-
tions as:

∆Qt =
(

Ctt − Ĉtt − |Ctb|
)

Vt + |Ctb| (Vt − Vb)(46)

∆Qb = |Ctb| (Vb − Vt) +
(

Cbb − Ĉbb − |Ctb|
)

Vb(47)

If the structure is symmetric, we have the equiv-
alent circuit for the excess capacitance as shown in
Fig. 2(a) (inset) where CA = Ctt − Ĉtt − |Ctb| and
CB = |Ctb|. With h = r chosen so that we have 50Ω
lines, and ε1 = ε2 = ε3 = 4.0ε0, the excess capac-
itance matrix was determined for various values of
the strip-width and the parameter d. These results
are shown in Fig. 2(a) and Fig. 2(b). Results are pre-
sented for 75Ω strips in Fig. 3(a) and Fig. 3(b). Note
that the CA values are negative. This is easily under-
stood: charge repulsion between the individual lines
reduces the originally present charge density per unit
length.

140 180 220 260 300 340

-40

-30

-20

-10 t b

C
A

GND GND

C
A

C
B

Strip-width in µm

CA(fF)

d=200 µm

d=150 µm

d=100 µm

Figure 2a: CA versus strip width for 50Ω lines

crossing orthogonally.
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Figure 2b: CB versus strip width for 50Ω lines

crossing orthogonally.
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Figure 3a: CA versus strip width for 75Ω lines

crossing orthogonally.
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Figure 3b: CB versus strip width for 75Ω lines

crossing orthogonally.

5. Conclusion

In this manuscript, we have presented a fast method
for calculating the capacitance matrix of the stripline
crossing. The theory presented is quite general, in as
much as the strips can be of any shape, although in
our numerical examples we have dealt only with the
simplest strips. Further work is needed to study the
applicability of the method to multiple strip cross-
ings, rectangular bends crossings etc.; the method
should also be examined in the context of thick
strips.
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Core Radius �
(cm)

Shell Radius �
(cm)

Computed L
(�H)

Measured L
(�H)

0 � 0.0701 0.0704
0.970 � 0.0648 0.0641
1.315 � 0.0645 0.0533

0 1.830 0.0463 0.0456
0 2.150 0.0575 0.0577
0 3.800 0.0674 0.0683

0.970 2.150 0.0536 0.0552
0.970 3.820 0.0600 0.0639
1.315 2.150 0.0430 0.0476
1.315 3.820 0.0453 0.0534
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Core Radius �
(cm)

Shell Radius �
(cm)

Computed L
(�H)

Measured L
(�H)

0 � 0.1423 0.1430
0.970 � 0.1378 0.1420
1.315 � 0.1334 0.1390
1.908 � 0.1192 0.1270

0 0.038 0.1216 0.1235
0.970 3.820 0.1198 0.1210
1.315 3.820 0.1178 0.1240
1.908 3.820 0.1097 0.1200
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Aims  & Scope:
The wireless communication revolution is bringing fundamental changes to
data networking, telecommunication, and is making integrated networks a
reality. By freeing the user from the cord, personal communications
networks, wireless LAN's, mobile radio networks and cellular systems,
harbor the promise of fully distributed mobile computing and
communications, any time, anywhere. Numerous wireless services are also
maturing and are poised to change the way and scope of communication.
WINET focuses on the networking and user aspects of this field. It provides
a single common and global forum for archival value contributions
documenting these fast growing areas of interest. The journal publishes
refereed articles dealing with research, experience and management issues
of wireless networks. Its aim is to allow the reader to benefit from
experience, problems and solutions described. Regularly addressed issues
include: Network architectures for Personal Communications Systems,
wireless LAN's, radio , tactical and other wireless networks, design and
analysis of protocols, network management and network performance,
network services and service integration, nomadic computing,
internetworking with cable and other wireless networks, standardization and
regulatory issues, specific system descriptions, applications and user
interface, and enabling technologies for wireless networks.
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APPLICATION FOR AN URSI CORRESPONDENT

The URSI Secretariat
c /o Ghent University / INTEC

Sint-Pietersnieuwstraat 41
B-9000 GENT, BELGIUM

fax (32) 9-264.42.88


